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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 29 ]. This is test number [ 181 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. (29) %0.(0)

Mathematica | % 100. ( 29 ) %0.(0)
Maple % 65.52 (19) | % 34.48 (10)
Maxima % 41.38 (12) | % 58.62 (17)
Fricas % 86.21 (25) | %13.79 (4)
Sympy % 13.79 (4) | %86.21 (25)
Giac % 27.59 (8) | %72.41 (21)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 556.17 3.45 41.38 0.
Maple 24.14 41.38 0. 34.48
Maxima 13.79 27.59 0. 58.62
Fricas 13.79 34.48 37.93 13.79
Sympy 13.79 0. 0. 86.21
Giac 24.14 3.45 0. 72.41




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.34 200.48 0.86 95. 1.
Mathematica 10.76 888.79 2.33 185. 1.79
Maple 0.07 343.68 2.29 260. 2.74
Maxima 1.01 247.92 2.25 185. 2.96
Fricas 1.59 3501.88 13.36 1760. 11.09
Sympy 0. 0. 0. 0. 0.
Giac 0.58 78.75 1.38 42. 1.17




1.4 list of integrals that has no closed form an-
tiderivative

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {1}[6}[17][18}[22}[23} [24} |26} 27]}
Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.



1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A e (IBBEBEOAE O BEHNIBE N 2B 56
28,129

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { [1}[2) [4 5} 7} 810 L2} [13} [L4} 15} [16, [20} 21} [25} 29 }
B grade: {[10]}

C grade: {[3[6}[LT}[17,[18} 19 [22}[23] [24) [26] [27} [28] }
F grade: { }

2.1.3 Maple

A grade: { B[4} [7[8}[12}[20} 21] }
B grade: {@@}
C grade: { }

13
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F grade: {[T3T015 167,18 22,23 26,27

2.1.4 Maxima

A grade: {
B grade: {[T}[2}[5}[7} [0} [L0}[20} 29] }
C grade: { }

F grade: { B}[6} L1} [13}[14}[15}[16,[17, [18} 19} 22} 23 24,25} [26} 27,28} }

21.5 FriCAS

A grade: {}

B grades (BB IL I EDEIESEBE)
C grade: { [T} 2[5} 9} [10}[17} 18} 22} [23) [26} 27}
F grade: {[I3}[14}[15,[16]}

21.6 Sympy

A grade: {}
B grade: { }

C grade: { }
F grade: { [T}[2} 3} 56} [7) 9% [10} [L1} L3} [14} [15} [16}[17} [18} [19} [20} 22} [23} [24} [25] [26} 27} [28} [29] }

21.7 Giac

A grade: { [4}[8}[12}[20}[21} 25} 29] }
B grade: {[7}
C grade: { }

F grade: {[1}[2,B}[5} 6 B} [10} 11} L3} [1 4 [15} [16} 17} [[8, [} 22 28} 24} 26} 27,28} }

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
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F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is

given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B C F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 149 149 191 541 450 986 0 0
normalized size | 1 1. 1.28 3.63 3.02 6.62 0. 0.
time (sec) N/A 0.134 0.168 0.014 1536 1.673 0. 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 99 99 118 306 263 635 0 0
normalized size | 1 1. 1.19 3.09 2.66 6.41 0. 0.
time (sec) N/A 0.088 0.106 0.013 1.452  1.542 0. 0.
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 174 60 0 340 0 0
normalized size | 1 1. 3.48 1.2 0. 6.8 0. 0.
time (sec) N/A 0.04 0.068 0.004 0. 1.591 0. 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 12 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.018 17.53 0.075 0. 0. 0. 0.
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 103 103 185 473 432 2689 0 0
normalized size | 1 1. 1.8 4.59 4.19 26.11 0. 0.
time (sec) N/A 0.22 0.902 0.022 1.803  1.803 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 74 74 198 240 0 1521 0 0
normalized size | 1 1. 2.68 3.24 0. 20.55 0. 0.
time (sec) N/A 0.144 5.23 0.018 0. 1.741 0. 0.
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 52 56 123 431 0 108
normalized size | 1 1. 1.79 1.93 4.24 14.86 0. 3.72
time (sec) N/A 0.031 0.093 0.016 1122  1.606 0. 1.123
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 14 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.03 6.488 0.056 0. 0. 0. 0.
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 256 256 440 876 817 8979 0 0
normalized size | 1 1. 1.72 3.42 3.19 35.07 0. 0.
time (sec) N/A 0.277 3.228 0.033 1.891 2145 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 154 154 420 444 531 5252 0 0
normalized size | 1 1. 2.73 2.88 3.45 341 0. 0.
time (sec) N/A 0.167 6.404 0.027 1886  1.874 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 92 92 313 197 0 2677 0 0
normalized size | 1 1. 3.4 2.14 0. 291 0. 0.
time (sec) N/A 0.082 2.195 0.023 0. 1.673 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 14 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.03 41.904 0.154 0. 0. 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 24 24 17 0 0 0 0 0
normalized size | 1 1. 0.71 0. 0. 0. 0. 0.
time (sec) N/A 0.108 0.095 0.004 0. 0. 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 24 24 17 0 0 0 0 0
normalized size | 1 1. 0.71 0. 0. 0. 0. 0.
time (sec) N/A 0.114 0.101 0. 0. 0. 0. 0.
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 45 0 0 0 0 0
normalized size | 1 1. 0.96 0. 0. 0. 0. 0.
time (sec) N/A 0.124 0.097 0. 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 76 76 63 0 0 0 0 0
normalized size | 1 1. 0.83 0. 0. 0. 0. 0.
time (sec) N/A 0.208 0.131 0. 0. 0. 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F C F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 448 448 2122 0 0 4582 0 0
normalized size | 1 1. 4.74 0. 0. 10.23 0. 0.
time (sec) N/A 0.732 27171 0.496 0. 2.006 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F C F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 330 330 1167 0 0 3051 0 0
normalized size | 1 1. 3.54 0. 0. 9.25 0. 0.
time (sec) N/A 0.599 10.252 0.283 0. 1.692 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 212 212 435 483 0 1760 0 0
normalized size | 1 1. 2.05 2.28 0. 8.3 0. 0.
time (sec) N/A 0.351 1.357 0.159 0. 1.734 0. 0.
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 34 34 30 52 112 354 0 84
normalized size | 1 1. 0.88 1.53 3.29 10.41 0. 247
time (sec) N/A 0.089 0.022 0.001 1.234  1.651 0. 1.151
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 34 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.108 93.689 0.303 0. 0. 0. 0.
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) C F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 696 696 3187 0 0 8699 0 0
normalized size | 1 1. 4.58 0. 0. 12.5 0. 0.
time (sec) N/A 1.283 14.477 0.405 0. 2.333 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-2) C F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 510 510 2340 0 0 5658 0 0
normalized size | 1 1. 4.59 0. 0. 11.09 0. 0.
time (sec) N/A 1.109 10.831 0.339 0. 2.041 0. 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) B F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 327 327 1579 1012 0 3200 0 0
normalized size | 1 1. 4.83 3.09 0. 9.79 0. 0.
time (sec) N/A 0.64 5.659 0.184 0. 1.886 0. 0.
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 95 95 109 260 0 1150 0 223
normalized size | 1 1. 1.15 2.74 0. 12.11 0. 2.35
time (sec) N/A 0.25 0.521 0.049 0. 1.735 0. 1.177
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F C F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 864 864 7881 0 0 17256 0 0
normalized size | 1 1. 9.12 0. 0. 19.97 0. 0.
time (sec) N/A 1.188 40.14 0.411 0. 2.721 0. 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F C F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 636 636 3874 0 0 10886 0 0
normalized size | 1 1. 6.09 0. 0. 17.12 0. 0.
time (sec) N/A 0.973 17.075 0.355 0. 2.424 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 400 400 743 1102 0 5828 0 0
normalized size | 1 1. 1.86 2.76 0. 14.57 0. 0.
time (sec) N/A 0.551 5.828 0.191 0. 1.983 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 85 85 75 428 247 1613 0 215
normalized size | 1 1. 0.88 5.04 291 18.98 0. 2.53
time (sec) N/A 0.182 0.224 0.053 1.212 1.826 0. 1.185
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio is given. The larger this ratio is, the harder the

integrand size

integral was to solve. In this test, problem number [26] had the largest ratio of [ 0.6071 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand N
# grade steps unique antideri\./ative leaf size ntegrand leal size
used rules leaf size

1 A 9 5 1. 14 0.357

2 A 7 4 1. 14 0.286

3 A 5 3 1. 12 0.25

4 A 0 0 0. 0 0.

5 A 6 6 1. 16 0.375

6 A 5 5 1. 16 0.312

7 A 2 2 1. 14 0.143

8 A 0 0 0. 0 0.

9 A 15 8 1. 16 0.5

10 A 9 6 1. 16 0.375
11 A 6 4 1. 14 0.286
12 A 0 0 0. 0 0.

13 A 4 2 1. 20 0.1

14 A 4 2 1. 20 0.1

15 A 5 2 1. 20 0.1

16 A 7 5 1. 24 0.208
17 A 17 10 1. 26 0.385
18 A 14 9 1. 26 0.346
19 A 11 8 1. 24 0.333
20 A 5 4 1. 19 0.21
21 A 0 0 0. 0 0.

22 A 24 15 1. 28 0.536
23 A 21 15 1. 28 0.536

Continued on next page




Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?2?;; %
used rules leaf size

24 A 16 11 1. 26 0.423
25 A 6 6 1. 21 0.286
26 A 31 17 1. 28 0.607
27 A 24 14 1. 28 0.5

28 A 18 13 1. 26 0.5

29 A 5 4 1. 21 0.19
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Chapter 3

Listing of integrals

3.1 f (c + dx)>csch(a + bx) dx

Optimal. Leaf size=149

6d%(c + dx)PolyLog (3, —e”+bx) 6d2(c + dx)PolyLog (3, e’”b") 3d(c + dx)*PolyLog (2, —e‘”bx) 3d(c + dx)*Pol
- - +
b3 b3 b2 b

[Out] (-2%(c + d*x)~3*ArcTanh[E~(a + b*x)])/b - (3*d*(c + d*x) 2*PolyLogl[2, -E~(a
+ b*x)])/b"2 + (3*d*(c + d*x) "2*PolyLog[2, E"(a + b*x)])/b"2 + (6%d"2x(c +
d*x)*PolyLog[3, -E~(a + b*x)])/b~3 - (6*d"2*(c + d*x)*PolyLog[3, E~(a + bx
x)]1)/b”"3 - (6*d"3*PolylLogl[4, -E~(a + b*x)])/b"4 + (6*d"3*PolylLogl[4, E~(a +
b*x)])/b"4

Rubi [A] time = 0.13374, antiderivative size = 149, normalized size of antiderivative =
1., number of steps used = 9, number of rules used = 5, integrand size = 14, number of rules _

integrand size
0.357, Rules used = {4182, 2531, 6609, 2282, 6589}

6d%(c + dx)PolyLog (3, —e”+bx) 6d2(c + dx)PolyLog (3, e‘”bx) 3d(c + dx)*PolyLog (2, —e‘”b") 3d(c + dx)*Pol
- - +
b3 b3 b2 b

Antiderivative was successfully verified.

[In] Int[(c + d*xx) 3*Cschla + b*x],x]

[Out] (-2*(c + d*x)~3*ArcTanh[E~(a + b*x)])/b - (3xd*(c + d*x) 2*PolyLog[2, -E~(a
+ b*x)])/b"2 + (3*d*x(c + d*x) 2+PolyLog[2, E"(a + bxx)])/b"2 + (6*xd"2*(c +
d*x)*PolyLog[3, -E~(a + b*x)])/b~3 - (6*%d"2*(c + d*x)*PolyLogl[3, E"(a + bx

23
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x)1)/b~3 - (6%d"3*PolyLog[4, -E"(a + bx*x)])/b"4 + (6xd"3*PolyLogl[4, E~(a +
b*x)])/b~4

Rule 4182

Int[cscl(e_.) + (Complex[0, fz_1)*(f_.)*(x_)1*((c_.) + (d_)*(x_))"(m_.), x
_Symbol] :> Simp[(-2*(c + d*x) m*ArcTanh[E~(-(Ixe) + f*xfzxx)])/(f*fz*I), x]
+ (-Dist[(d*m)/(fxfz*I), Int[(c + d*x)"(m - 1)*Log[l - E~(-(I*xe) + f*xfz*x)
1, x], x] + Dist[(d*m)/(£xfz*I), Int[(c + d*x)"(m - 1)*Logl[l + E~(-(Ixe) +
fxfz*x)], x], x]) /; FreeQ[{c, 4, e, f, fz}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_.)*((F_)"((c_)*((a_.) + (b_)*x_ N (a_)I*((£_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*xc*n*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (f_.)*(x_)) " (m_.)*PolyLogln , (d_.)*((F_)"((c_)*((a_.) + (b_.
)*(x ))))"(p_.)1, x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxcxp*xLog[F]1), x] - Dist[(f*m)/(b*c*p*Logl[F]), Int[(e + f*x)~
(m - 1)*PolyLogl[n + 1, d*(F~(c*(a + b*x)))~"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*x((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_8
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)7pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps
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2(c + dx)3 tanh ™ (e“*b") (3d) [(c +dx)*log (1 -~ e”*bx) dx  (3d) [(c +dx)?log (1
- +

f (c + dx)3csch(a + bx) dx = - 7 7 -

2(c +dx)> tanh™ (") 3d(c + dx)?Liy (—e***)  3d(c + dx)?Lip (%) (642)
b b2 b2

2(c +dx)> tanh™ (™) 3d(c + dx)?Lip (—e™**)  3d(c + dx)?Lip (¢*)  6d(c-
b b2 b2

2(c +dx)> tanh™ (%) 3d(c + dx)?Lip (—e***)  3d(c + dx)?Lip (%) 6d(c-
b b2 b2

2(c +dx)> tanh™ (™) 3d(c + dx)?Lip (—e™*)  3d(c + dx)?Lip (¢*)  6d(c-

= b B P2 * 2 "

Mathematica [A] time = 0.167589, size = 191, normalized size = 1.28

-3d (bz(c + dx)?PolyLog(2, — sinh(a + bx) — cosh(a + bx)) — 2bd(c + dx)PolyLog(3, — sinh(a + bx) — cosh(a + bx)) -

Warning: Unable to verify antiderivative.

[In] Integrate[(c + d*x)~3*Cschla + b*x],x]

[Out] (-2*%b~3*(c + d*x) " 3xArcTanh[Cosh[a + b*x] + Sinh[a + b*x]] - 3*d*x(b~2*(c +
d*x) “2*PolyLog[2, -Cosh[a + b*x] - Sinh[a + b*x]] - 2xb*d*(c + d*x)*PolyLog

[3, -Cosh[a + bxx] - Sinh[a + b*x]] + 2%d~2*PolyLog[4, -Cosh[a + b*x] - Sin

hla + b*x]]) + 3*d*x(b72x(c + d*x) 2%PolyLog[2, Cosh[a + b*x] + Sinh[a + b*x

11 - 2#bxd*(c + d*x)*PolyLogl[3, Cosh[a + b*x] + Sinh[a + b*x]] + 2%d"2xPoly
Log[4, Cosh[a + bxx] + Sinh[a + bx*x]]))/b"4

Maple [B] time = 0.014, size = 541, normalized size = 3.6

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) "3*csch(b*x+a),x)

[Out] 3/b*c™2*d*1ln(1l-exp(b*x+a))*x-3/b*c”2*xd*1n(1+exp (b*x+a))*x-3/b"2%c™2*d*1n(1+
exp (b*x+a) ) *a+6/b~2*c " 2xd*a*xarctanh (exp (b*x+a) ) -6/b~3*c*d~2*a”2*arctanh (exp
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(b*x+a))+3/b*c*d~2*1n(1-exp (b*x+a) ) *x~2-3/b~3*xc*d"2*1n(1-exp (b*x+a))*a~2-3/
b*c*d~2*1n(1+exp (b*x+a))*x~2+3/b"3*c*d~2*1n (1+exp (b*x+a))*a”~2-6/b"2xc*d ™ 2*p
olylog(2,-exp(b*x+a))*x+6/b"2*c*d"2*polylog (2, exp (b*x+a))*x+3/b"2%c~2xd*1n(
1-exp(b*x+a))*a-6/b"3*c*d"2*polylog(3,exp(b*x+a))+6/b~3*xc*d~2xpolylog(3,-ex
p(b*x+a))-3/b~2*c~2*d*polylog(2, -exp(b*x+a))+3/b~2xc~2*d*polylog (2, exp (bxx+
a))+3/b~2%d"3*polylog (2, exp(b*x+a))*x"2-6/b"3*d"3*polylog(3, exp (b*x+a))*x-1
/b*d”~3*1n (1+exp (b*x+a))*x~3-3/b"2xd"3*polylog (2, -exp (b*x+a) ) *x~2+6/b~3*d "3
polylog(3,-exp(b*x+a))*x-1/b"4*d"3*a”3*1n(1+exp (b*x+a))+1/b"4*d"3*%a~3*1n(1-
exp (b*x+a) ) +1/b*d~3*1n(1-exp (b*x+a))*x~3+2/b~4*d~3*a~3*arctanh (exp(b*x+a)) -
6*d~3*polylog(4,-exp(bxx+a))/b~4+6+d~3*polylog(4,exp(b*x+a))/b"4-2/b*c”3*ar
ctanh (exp (b*x+a))

Maxima [B] time = 1.53645, size = 450, normalized size = 3.02

o log (e(‘bx‘“) + 1) ) log (e(‘bx‘”) - 1) 3 (bx log (e(bx+”) + 1) + Li, (—e(bx+“)))c2d N 3 (bx log (—e(b”“) + 1) + Li, (

= b b B 12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*csch(b*x+a),x, algorithm="maxima"

[Out] -c™3*(log(e”(~b*x - a) + 1)/b - log(e~(~b*x - a) - 1)/b) - 3*(b*x*log(e” (b*
x +a) + 1) + dilog(-e”~(b*x + a)))*c™2xd/b"2 + 3x(bxx*log(-e~(b*x + a) + 1)

+ dilog(e”(b*x + a)))*c”2xd/b~2 - 3x(b"2+x"2xlog(e”(b*x + a) + 1) + 2*b*x*
dilog(-e”~(b*x + a)) - 2*xpolylog(3, -e~(b*x + a)))*c*d~2/b~3 + 3*(b~2*x"2%1lo
g(-e7(b*x + a) + 1) + 2xbxx*dilog(e”(b*x + a)) - 2*polylog(3, e (b*x + a)))
xc*d"2/b”"3 - (b~3*x"3*%log(e”(b*x + a) + 1) + 3*xb"2*xx"2*dilog(-e” (b*x + a))

- 6xb*x*polylog(3, -e~(b*x + a)) + 6xpolylog(4, -e (b*x + a)))*d~3/b™4 + (b
~3*x73xlog(-e"(b*x + a) + 1) + 3*b7"2xx"2xdilog(e” (b*x + a)) - 6xb*x*polylog

(3, e (b*x + a)) + 6%polylog(4, e~ (b*xx + a)))*d~3/b~4

Fricas [C] time =1.67317, size = 986, normalized size = 6.62

6 d*polylog (4, cosh (bx + a) + sinh (bx + a)) — 6 d&°polylog (4, — cosh (bx + a) — sinh (bx + a)) + 3 (b2d3x2 + 2 bPcd?x -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*csch(b*x+a),x, algorithm="fricas")
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[Out] (6%d~3*polylog(4, cosh(bxx + a) + sinh(b*x + a)) - 6*d"3xpolylog(4, -cosh(b
*x + a) - sinh(b*x + a)) + 3x(b72xd™3%x72 + 2%b~2%c*xd™2%x + b72%c72%d)*dilo
g(cosh(bxx + a) + sinh(b*x + a)) - 3*%(b72xd"3*%x"2 + 2*b72*c*d"2*x + b™2%c™2
xd)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - (b73*d"3%x"3 + 3*%b~3*cxd~2*x"2
+ 3*b~3%c”2*%d*x + b~3%c”3)*log(cosh(b*xx + a) + sinh(b*x + a) + 1) + (b™3*c”
3 - 3xaxb”2%c72xd + 3%a"2*bxc*d"2 - a”3%d"3)*log(cosh(b*x + a) + sinh(b*x +
a) — 1) + (b73%d"3*x"3 + 3xb"3*kc*d"2*x"2 + 3*b"3*cT2xd*x + 3xaxb"2*xc”2xd -
3%a~2*xbxc*d"2 + a”3*d"3)*log(-cosh(b*x + a) - sinh(b*x + a) + 1) - 6*(b*d~
3xx + bxc*d"2)*polylog(3, cosh(b*x + a) + sinh(b*x + a)) + 6x(bxd~3*x + b*c
*d~2) *polylog(3, -cosh(b*x + a) - sinh(b*x + a)))/b~4

Sympy [F] time = 0., size = 0, normalized size = 0.

f (c+ dx)3 csch (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*csch(b*x+a),x)

[Out] Integral((c + d*x)**3*csch(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (dx + c)3 csch (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*csch(b*x+a),x, algorithm="giac")

[Out] integrate((d*x + c) 3*csch(b*x + a), x)
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3.2 f (c + dx)*csch(a + bx) dx

Optimal. Leaf size=99

2d(c + dx)PolyLog (2, —e”*b") 2d(c + dx)PolyLog (2, e””’") 2d%PolyLog (3, —e“*bx) 2d?PolyLog (3, e”*b")
b? b? b3 b3

[Out] (-2*(c + d*x) 2xArcTanh[E~(a + b*x)])/b - (2xd*(c + d*x)*PolyLog[2, -E~(a +
b*xx)])/b~2 + (2*d*(c + d*x)*PolyLog[2, E~(a + b*x)])/b"2 + (2*d~2xPolyLogl
3, -E"(a + b*x)]) /b3 - (2%d"2*PolyLog[3, E"(a + b*x)])/b"3

Rubi [A] time = 0.087713, antiderivative size = 99, normalized size of antiderivative =
. . b f rul
1., number of steps used = 7, number of rules used = 4, integrand size = 14, e

integrand size
0.286, Rules used = {4182, 2531, 2282, 6589}

2d(c + dx)PolyLog (2, —e”*bx) 2d(c + dx)PolyLog (2, e‘”bx) 2d?PolyLog (3, —e‘”b") 2d?PolyLog (3, e”””‘)
b? b? b3 b3

Antiderivative was successfully verified.

[In] Int[(c + d*xx) 2*Cschla + b*x],x]

[Out] (-2*(c + d*x) 2xArcTanh[E~(a + b*x)])/b - (2xd*(c + d*x)*PolyLog[2, -E~(a +
b*xx)])/b~2 + (2*d*(c + d*x)*PolyLog[2, E~(a + b*x)])/b"2 + (2*d~2xPolyLogl
3, “E7(a + b*x)])/b”3 - (2%d"2%PolyLogl[3, E~(a + b*x)])/b"3

Rule 4182

Int[csc[(e_.) + (Complex[0, fz ])*(f_.)*(x )I*x((c_.) + (d_)*(x D))" (m_.), x
_Symbol] :> Simp[(-2*(c + d*x) m*ArcTanh[E~(-(I*e) + f*xfz*xx)])/(fxfz*I), x]
+ (-Dist[(d*m)/(f*fz*I), Int[(c + d*x)"(m - 1)*Log[l - E~(-(Ixe) + f*xfzxx)
1, x], x] + Dist[(d*m)/(f*xfz*I), Int[(c + d*x)"(m - 1)*Logl[l + E~(-(Ixe) +
fxfz*xx)], x1, x1) /; FreeQl{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_)*((F_)"((c_)*((a_.) + (b_)*x_D)ND"(_)I*x((E_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}r, x] && GtQ[m, 0]
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Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)x((a_.) + (b_.)*(x_))"(p_.)1/C@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rubi steps
2(c + dx)? tanh ™ (e7+t%)  (2d dx)log (1 —e*) dx (2 dx) log (1
f(c+dx)2csch(a+bx)dx:— (c+ &) E;n (e )—( )J(e+ ) Zg( i ) x+( )J(e+dv (;g( i
2(c + dx)? tanh ™ (e’”bx) 2d(c + dx)Li, (—e‘”bx) 2d(c + dx)Li, (e‘”b") (2d2) [
b b2 b2
2(c +dx)? tanh™ (e"¥)  2d(c + dx)Liy (~e**¥)  2d(c + dx)Li, () (242) st
b b2 b2
2(c + dx)? tanh ™ (e“*bx) 2d(c + dx)Li, (—e"*b") 2d(c + dx)Li, (e‘”b") 2d°Lis (
- b B b2 + b2 + b

Mathematica [A] time = 0.105743, size = 118, normalized size = 1.19

2d (b(c+dx)PolyLog(2,—e“ +bx ) —dPolyLog(3,—e‘”bx )) N 2d (b(c+dx)PolyLog(2,e“+bx ) —dPolyLog(?),e“bx ))
_ b2 b2
b

+ (c + dx)?log (1 -~ e’”b") —(c+d

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~2+Cschl[a + b*x],x]

[Out] ((c + d*x)"2*Logl[l - E"(a + bxx)] - (c + d*x) 2+Log[l + E"(a + bxx)] - (2*d
x(bx(c + d*x)*PolyLog[2, -E"(a + b*x)] - d*PolyLogl[3, -E~(a + b*x)]))/b"2 +

(2%d* (bx(c + d*x)*PolyLog[2, E~(a + b*x)] - d*PolyLog[3, E~(a + bx*x)]))/b”
2)/b
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Maple [B] time = 0.013, size = 306, normalized size = 3.1

c*Artanh (ebx+“) cdln (1 - ebx+“) a cdln (1 + eh"+”) x cdln (l + eb"+“) a
-2 5 +2 7 -2 5 -2 ) +2 2

cdln (1 —ebx“‘)x +4£0L

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) " 2xcsch(b*x+a),x)

[Out] -2/b*c”2*arctanh(exp(b*x+a))+2/b~2*cxd*1ln(1-exp(b*x+a))*a-2/bxc*xd*1n(1+exp(
b*x+a) ) *x-2/b"~2xc*d*1n(1+exp (b*x+a) ) *a+2/b*xcxd*1n(1-exp (b*x+a) ) *x+4/b~2*c*d
xaxarctanh (exp (b*x+a))-1/b~3*d"2*1n(1-exp (b*x+a))*a~2+2/b~2xd"2*polylog(2,e
xp (b*x+a) ) *x+1/b*d"2*1n(1-exp (b*x+a) ) *x~2-1/b*d"2*1n(1+exp (b*x+a) ) *x~2+1/b~
3xd~2*x1n(1+exp(b*x+a))*a~2-2/b~2*d"2*polylog(2,-exp (b*x+a) ) *x-2/b~2*c*d*pol
ylog(2,-exp(b*xt+a))+2/b~2xc*d*polylog(2,exp(b*x+a))-2/b"3*d"2*a"2*arctanh (e
xp (b*x+a) ) +2*d~2*polylog(3,-exp(b*x+a)) /b~ 3-2xd~2*polylog(3,exp (b*x+a))/b~3

Maxima [B] time = 1.45238, size = 263, normalized size = 2.66

5 log (e(‘bx‘”) + 1) B log (e(‘bx‘”) - 1) B 2 (bx log (e(bx+“) + 1) + Li, (—e(bx+“)))cd N 2 (bx log (—e(bx+“) + 1) + Li, (e
b b b? b?

—C

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "2*csch(b*x+a),x, algorithm="maxima")

[Out] -c™2*(log(e”(-b*x - a) + 1)/b - log(e~(~b*x - a) - 1)/b) - 2x(b*x*log(e” (b*
x +a) + 1) + dilog(-e~(b*x + a)))*c*d/b~2 + 2*(b*x*log(-e”~(b*x + a) + 1) +
dilog(e~(b*x + a)))*cxd/b"2 - (b™2xx"2*xlog(e”(bxx + a) + 1) + 2xb*xxdilog(
-e"(b*x + a)) - 2%polylog(3, -e"(b*x + a)))*d"2/b~3 + (b~2*x"2*log(-e” (b*x

+ a) + 1) + 2*b*x*dilog(e”(b*x + a)) - 2*polylog(3, e~ (b*x + a)))*d~2/b”3

Fricas [C] time = 1.54205, size = 635, normalized size = 6.41

2 d%polylog (3, cosh (bx + a) + sinh (bx + a)) — 2 d?polylog (3, — cosh (bx + a) — sinh (bx + a)) — 2 (bdzx + bcd)Liz (c

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c) 2xcsch(b*x+a),x, algorithm="fricas")

[Out] -(2*d"2#polylog(3, cosh(b*x + a) + sinh(b*x + a)) - 2*d~2*polylog(3, -cosh(

b*x + a) - sinh(b*x + a)) - 2*%(b*d"2*x + b*cxd)*dilog(cosh(b*x + a) + sinh(

bxx + a)) + 2x(bxd"2+x + bxcxd)*dilog(-cosh(b*x + a) - sinh(b*x + a)) + (b~

2%d72%x72 + 2xb"2kxckxd*x + b72%c”2)*log(cosh(b*x + a) + sinh(b*x + a) + 1) -
(b™2%c™2 - 2xa*xbxc*d + a~2xd"2)*log(cosh(b*x + a) + sinh(b*x + a) - 1) - (

b~2*%d"2%x72 + 2%b~2%cxd*x + 2*axb*ckxd - a”2*d"2)*log(-cosh(b*x + a) - sinh(

b*x + a) + 1))/b73

Sympy [F] time = 0., size = 0, normalized size = 0.

f (c+ dx)2 csch (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2*csch(b*x+a),x)

[Out] Integral((c + d*x)#**2xcsch(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (dx + c)2 csch (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2xcsch(b*x+a),x, algorithm="giac")

[Out] integrate((d*x + c) 2*csch(b*x + a), x)
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3.3 f (c + dx)csch(a + bx) dx

Optimal. Leaf size=50

dPolyLog (2, —e”*b") dPolyLog (2, e‘“bx) 2(c + dx) tanh ™" (e”*b")
) 2 * 2 ) b

[Out] (-2*(c + d*x)*ArcTanh[E~(a + b*x)])/b - (d*PolyLog[2, -E~(a + b*x)])/b~2 +
(d*PolyLog[2, E~(a + b*x)])/b~2

Rubi [A] time = 0.0398603, antiderivative size = 50, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 3, integrand size = 12, number of rules

0.25, Rules used = {4182, 2279, 2391}

dPolyLog (2, —e”*bx) dPolyLog (2, e‘”b") 2(c + dx) tanh ™" (e“*bx)
) P i P2 ) b

integrand size

Antiderivative was successfully verified.

[In] Int[(c + d*x)*Cschl[a + b*x],x]

[Out] (-2*(c + dxx)*ArcTanh[E~(a + b*x)])/b - (d*PolyLog[2, -E~(a + bxx)])/b"2 +
(d*PolyLog[2, E~(a + b*x)])/b~2

Rule 4182

Int[csc[(e_.) + (Complex[0, fz 1)*(f_.)*(x )]1*x((c_.) + (d_D)*x))"(m_.), x
_Symbol] :> Simp[(-2*(c + d*x) m*ArcTanh[E~(-(I*xe) + fxfz*xx)])/(fxfz*I), x]
+ (-Dist[(d*m)/(f*fz*I), Int[(c + d*x)"(m - 1)*Log[l - E~(-(I*xe) + f*xfz*x)
1, x], x] + Dist[(d*m)/(f*xfz*I), Int[(c + d*x)"(m - 1)*Logl[l + E~(-(Ixe) +
fxfzxx)], x], x]) /; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]
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Rubi steps
2(c + dx)tanh ™ (e%%)  d [log (1 - ™) dx d [log (1 + e**?*) dx
f(c+dx)csch(a+bx)dx:— ( x ( )_ f g( - ) " f g( - )
2(c +dv) tanh™ (e++4) dSuhﬁ(fggFﬁdnxﬂﬂwﬂ dSubﬁ(j@%%iﬂd&xm
= - 7 - 2 + 7
2(c + dx) tanh™ (e‘”bx) dLi, (—e‘”bx) dLi, (e“+bx)
T b - b2 + b2

Mathematica [C] time = 0.0677337, size = 174, normalized size = 3.48

d (—a log (tanh (%(a + bx))) —i (i (PolyLog (2, —ei(i“+ib")) — PolyLog (2, ei(i“+ib"))) + (ia + ibx) (log (1 - ei(i”+ibx)) —1c
2

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)*Cschla + b*x],x]

[Out] -((c*LoglCoshla/2 + (b*x)/2]1)/b) + (c*LoglSinh[a/2 + (b*x)/2]11)/b + (d*(-(
axLog[Tanh[(a + bxx)/2]]) - I*((I*a + Ixb*x)*(Log[l - E~(I*(Ixa + I*b*x))]

- Logl[l + E7(I*(I*a + Ixb*x))]) + I*(PolyLogl[2, -E~(I*(I*a + Ixb*x))] - Pol
yLog[2, E~(I*(I*a + I*bx*x))]1))))/b"2

Maple [A] time = 0.004, size = 60, normalized size = 1.2

: -2bx-2 A bx+
% (g [2 dilog (e‘bx‘”) - dilog (62 i “) +2 da rtalzh (e i “) —2cArtanh (ebx+“)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)*csch(b*x+a),x)

[Out] 1/b*(1/b*d*(2*dilog(exp(-b*x-a))-1/2*dilog(exp(-2*b*x-2%a)))+2/b*d*a*arctan
h(exp(b*x+a))-2*c*arctanh (exp(b*x+a)))
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Maxima [F] time = 0., size = 0, normalized size = 0.
log (eC7*=® +1)  log (e0*=2 —1
B Ll G B Gt} PP A A R SR
b b 2 (e(bx+a) + 1) 2 (e(bx+a) _ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*csch(b*x+a),x, algorithm="maxima"

[Out] -c*(log(e”™(-b*x - a) + 1)/b - log(e”(-b*x - a) - 1)/b) + 2*d*(integrate(1/2
*xx/ (e (b*x + a) + 1), x) + integrate(1/2*xx/(e”(b*x + a) - 1), x))

Fricas [B] time = 1.59146, size = 340, normalized size = 6.8

dLi, (cosh (bx + a) + sinh (bx + a)) — dLi, (— cosh (bx + a) — sinh (bx + a)) — (bdx + bc) log (cosh (bx + a) + sinh (bx +
b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*csch(b*x+a),x, algorithm="fricas")

[Out] (dxdilog(cosh(b*x + a) + sinh(b*x + a)) - d*dilog(-cosh(b*x + a) - sinh(b*x
+ a)) - (b*xd*x + b*c)*log(cosh(b*x + a) + sinh(b*x + a) + 1) + (b*c - axd)
xlog(cosh(b*x + a) + sinh(b*x + a) - 1) + (b*d*x + a*d)*log(-cosh(b*x + a)

- sinh(b*x + a) + 1))/b"2

Sympy [F] time = 0., size = 0, normalized size = 0.

f(c + dx) csch (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*csch(b*x+a),x)

[Out] Integral((c + d*x)*csch(a + b*x), x)




Giac [F] time = 0., size = 0, normalized size = 0.

f (dx + ¢) csch (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*csch(b*x+a),x, algorithm="giac")

[Out] integrate((d*x + c)*csch(b*x + a), x)
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3 4 fwdx

X

Optimal. Leaf size=12

h
Unintegrable (M, x)

[Out] Unintegrable[Cschl[a + b*x]/x, x]

Rubi [A] time = 0.0175481, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — ,
integrand size

*)

Rules used = {}

csch(a + bx)
f — dx

Verification is Not applicable to the result.

[In] Int[Cschl[a + b*x]/x,x]

[Out] Defer[Int] [Cschla + b*x]/x, x]

Rubi steps

csch(a + bx) csch(a + bx)
fesiarin,, . podiesin,

Mathematica [A] time = 17.5299, size = 0, normalized size = 0.

csch(a + bx)
f — dx

Verification is Not applicable to the result.

[In] Integrate[Cschla + b*x]/x,x]

[Out] Integrate[Cschla + b*x]/x, x]



Maple [A] time = 0.075, size = 0, normalized size = 0.

csch (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csch(b*x+a)/x,x)

[Out] int(csch(b*x+a)/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

csch (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(b*x+a)/x,x, algorithm="maxima"

[Out] integrate(csch(b*x + a)/x, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

csch (bx + a) )
_, X

integral
integra ( "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(b*x+a)/x,x, algorithm="fricas")

[Out] integral(csch(b*x + a)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

csch (a + bx)
f — dx




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(b*x+a)/x,x)

[Out] Integral(csch(a + bxx)/x, x)
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Giac [A] time = 0., size = 0, normalized size = 0.

csch (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(b*x+a)/x,x, algorithm="giac")

[Out] integrate(csch(b*x + a)/x, x)
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3.5 [+ dx)3csch’(a + bx) dx

Optimal. Leaf size=103

3d%(c + dx)PolyLog (2, ez(‘”bx)) 3d°PolyLog (3, ez(”+b")) 3d(c + dx)?log (1 —~ ez(‘”b")) (c + dx)® coth(a + bx)
— + j— -
b3 2b* b2 b

[Out] -((c + d*x)~3/b) - ((c + d*x)~3*Coth[a + b*x])/b + (3*d*(c + d*x) 2xLogl[l -
ET(2x(a + b*x))])/b"2 + (3*d"2*(c + d*x)*PolyLog[2, E~(2*(a + b*x))])/b"3
- (3*d"3*PolyLog[3, E~(2x(a + b*x))])/(2xb~4)

Rubi [A] time = 0.220057, antiderivative size = 103, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 16, e -

0.375, Rules used = {4184, 3716, 2190, 2531, 2282, 6589}

integrand size

3d2(c + dx)PolyLog (2, ez(‘”b")) 3d*PolyLog (3, ez(‘”bx)) 3d(c + dx)?log (1 - ez(”+bx)) (c + dx)® coth(a + bx)
— + — -
b3 2b4 b2 b

Antiderivative was successfully verified.

[In] Int[(c + d*x) 3*Cschla + b*x]~2,x]

[Out] -((c + d*x)~3/b) - ((c + d*x)~3*Coth[a + b*x])/b + (3*d*(c + d*x) 2xLogl[l -
E7(2x(a + b*x))]) /b2 + (3*d"2x(c + d*x)*PolyLogl[2, E~(2*(a + b*x))])/b~3
- (3%d~3*PolyLog[3, E~(2x(a + b*x))])/(2¥b~4)

Rule 4184

Int[csc[(e_.) + (f_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x)"m*xCot[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3716

Int[((c_.) + (@_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz 1)*(f_
D*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*E~ (2% (-(Ixe) + fxfzxx)))/(E~(2xI*k*Pi)*(1 + E~(2*(-(Ix
e) + fxfz*x))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4*k] && IGtQ[m, O]

Rule 2190
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Int [(CF_)"((g_)*((e_.) + (f_)*(x_ DN (a_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) mxLogl[l + (b*(F~(gk(e + £*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_)))) " (n_D1*x((f_.) + (g_.)
*(x_ ))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(e*(F~(c*(a + bxx
)))7"n)1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(bxc*kn*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_)) " (p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rubi steps



(c + dx)® coth(a + bx) .\ (3d) [(c + dx)? coth(a + bx) dx

f(c + dx)3csch?(a + bx) dx = — ;

b

a+bx) (c+dx)2

41

2

_ (et dx)3 (e dx)3 coth(a + bx) _ (6d) [ Bl_ew dx
- b b b

(c+dx)3 (c+dx)3coth(a+bx) 3d(c+dx)*log (1 - ez(””’x)) (6512) [(c+dx)]
R b * P -

(c+dx)® (c+dx)3coth(a+bx) 3d(c+dx)*log (1 - 32(a+bx)) 3d(c + dx)Li, (f

b b b2 b3

(c+dx)®  (c+dx)3coth(a+bx) 3d(c+dx)*log (1 - 32(a+bx)) 3d(c + dx)Li, (f
T b ¥ 2 " P

(c+dx)® (c+dx)Pcoth(a+bx) 3d(c+dx)?log(1-e2@)  3d2(c + dx)Li, (.
- T b + 12 + 13

Mathematica [A] time = 0.902219, size = 185, normalized size = 1.8

—6d? (b(c + dx)PolyLog (2, —e‘”‘bx) + dPolyLog (3, —e‘”‘b")) — 642 (b(c + dx)PolyLog (2, e‘“‘b") + dPolyLog (3, e

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3*Cschla + b*x]~2,x]

[Out] ((-2%b73x(c + d*x)~3)/(-1 + E~(2%a)) + 3*b~2xd*(c + d*x) 2*xLog[l - E"(-a -
b*x)] + 3*%b~2*d*(c + d*x) 2xLog[l + E"(-a - b*x)] - 6%d"2x(b*x(c + d*x)*Poly
Log[2, -E"(-a - b*x)] + d*PolyLog[3, -E~(-a - b*x)]) - 6%d"2x(bx(c + d*x)*P
olyLog[2, E"(-a - b*x)] + d*PolyLog[3, E"(-a - b*x)]) + b~3*(c + d*x)~3*Csc

h[a]*Csch[a + b*x]*Sinh[b*x])/b"4

Maple [B] time = 0.022, size = 473, normalized size = 4.6

43 1n (1 + ebx”‘) x? A i

-12 b2 b2 b3

acd®x '3 d31n (1 - eb“”) x? e d*polylog (2, eb"+“) x  d%%In (1 - ebx+”)

0 +3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3*csch(b*x+a)”2,x)

2 +3
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[Out] -12%d~2/b"2xc*a*xx+3*d~3/b"2*1n(1-exp(b*x+a))*x"2+6%d"3/b~3*polylog(2, exp (b*
x+a) ) *x-3*%d"3/b"4*a”"2*1n(1-exp (b*x+a) ) +3*d~3/b~2x1n (1+exp (b*x+a) ) *x~2+3*d~3
/b~4xa~2*1n(exp (b*x+a)-1)+6*d~2/b"3*c*polylog(2,-exp(b*x+a))+6%xd~2/b~3*c*po
lylog(2,exp(bxx+a))-6*d~3/b"4*a"2x1n (exp (b*x+a))+3*d/b~2xc~2*1n (exp (b*x+a) -
1)-6*d/b~2*c”~2*1n (exp (b*x+a) ) +6%d~3/b~3*a~2*x-6%d"2/b~3*c*xa”~2-6*d~2/b*c*x "2
+3%d/b~2xc”2*1n(1+exp (b*x+a) ) +6*d~3/b"3*polylog (2, —exp (b*x+a) ) *x+4*d~3/b~4x
a~3-2/b*x (d73*x73+3*c*xd"2*%x"2+3*c"2*xd*x+c”3) / (exp (2%b*x+2%a) -1) -6*d~3/b " 4*po
lylog(3,exp(b*x+a))+6*d~2/b"2*c*1ln(1-exp(b*x+a) ) *x+12*xd~2/b~3*c*a*1ln (exp (b*
x+a))-6%d~2/b~3*c*a*xln(exp (b*x+a)-1)+6%d~2/b~3*c*x1n(1-exp(b*x+a))*a+6*xd~2/b
~2xc*1n(1+exp (b*x+a) ) *x-2*d~3/b*x~3-6%d~3/b"4*polylog(3,-exp (b*x+a))

Maxima [B] time = 1.80344, size = 432, normalized size = 4.19

y 2 xe@bx+2a)  log ((e“’“’” + 1)6(‘“)) log ((e(bx+“) - 1)3(‘“)) 6 (bx log (e(b"+”) + 1) + Li, (—e(bx+“)))cd2
-3¢ - - +

be@bx+2a) _ B2 B2 B3 t

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*csch(b*x+a)~2,x, algorithm="maxima")

[Out] -3*%c™2*d*(2xx*e” (2xb*xx + 2*a)/(b*e”(2%b*x + 2*%a) - b) - log((e”(b*x + a) +
Dxe”(-a))/b"2 - log((e”(b*x + a) - 1)*xe”(-a))/b"2) + 6*x(b*x*xlog(e”(b*x + a

) + 1) + dilog(-e~(b*x + a)))*cxd"2/b~3 + 6% (b*x*log(-e”(b*x + a) + 1) + di
log(e”™(b*x + a)))*c*xd”~2/b"3 + 2%c~3/(b* (e~ (-2*%b*x - 2%a) - 1)) - 2x(d"3*x"3

+ 3*cxd"2%x72) /(bxe” (2%b*x + 2*%a) - b) + 3*x(b"2*xx"2*log(e”(b*x + a) + 1) +
2xbxx*dilog(-e~(b*x + a)) - 2*polylog(3, -e~(b*xx + a)))*d~3/b"4 + 3*x(b~2x*x
“2xlog(-e~(b*x + a) + 1) + 2*b*x*dilog(e”(b*x + a)) - 2*polylog(3, e~ (b*x +
a)))*d~3/b74 - 2+ (b73%d"3*x"3 + 3xb~3*kc*kd"2*x"2) /b4

Fricas [C] time = 1.80343, size = 2689, normalized size = 26.11

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*csch(b*x+a)~2,x, algorithm="fricas")

[Out] -(2%b"3%c™3 - 6*axb™2xc™2xd + 6*%a~2*xb*cxd™2 - 2%a”~3%d"3 + 2% (b~3*xd"3*x"3 +
3xb73kckd"2%x"2 + 3%b"3%cT2kxd*x + 3*xaxb"2*xc"2%d - 3*%a”2%bxcxd"2 + a~3xd"3)x*
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cosh(b*x + a)~2 + 4*x(b7™3*d"3*x"3 + 3*xb73%c*d"2*x"2 + 3*b~3*kc™2xd*x + 3xaxb”
2%c”2*d - 3*a”2*%bxcxd"2 + a~3%d"3)*cosh(b*x + a)*sinh(b*x + a) + 2*x(b~3*d"3
*x73 + 3*xDb73xckxd72*%x72 + 3*%b73*xcT2xd*x + 3*ka*xb"2%xcT2xd - 3%a”2%b*c*kd"2 + a”
3*d"3)*sinh(b*x + a)~2 + 6%(b*d"3*x + b*c*d"2 — (b*d~3*x + b*c*d~2)*cosh(bx*
X + a)”2 - 2x(b*d"3*x + b*ckd"2)*cosh(b*x + a)*sinh(b*x + a) - (b*xd™3*x + b
*xc*xd~2)*sinh(b*x + a)~2)*dilog(cosh(b*x + a) + sinh(b*x + a)) + 6%(b*d ™ 3*x

+ bxckd™2 - (b*d"3*x + b*c*d"2)*cosh(b*x + a)~2 - 2x(b*d~3*x + b*c*d~2)*cos
h(b*x + a)*sinh(b*x + a) - (b*d"3*x + b*cxd~2)*sinh(b*x + a)~2)*dilog(-cosh
(b*x + a) - sinh(b*x + a)) + 3*x(b72%d"3*x"2 + 2*b"2*%c*xd"2*xx + b~ 2*xc™2+d - (
b72*d"3*x72 + 2¥b"2%c*d"2%x + bT2*xc”2*xd)*cosh(b*x + a)”2 - 2x(b72*xd"3*x"2 +
2*%b"2%c*kd"2%x + bT2%c”2*xd) *cosh(b*x + a)*sinh(b*x + a) - (b™2*d"3*x"2 + 2%
b~ 2%cxd"2*%x + b72%c”2xd)*sinh(b*x + a)”~2)*log(cosh(b*x + a) + sinh(b*x + a)
+ 1) + 3x(b72*c72xd - 2*axb*c*d”2 + a”2*d”3 - (b72xc"2*d - 2*axb*c*d”2 + a
~2%d"3) *cosh(b*x + a)~2 — 2x(b72%c™2+xd - 2*axb*c*d™2 + a~2*xd"3)*cosh(b*x +

a)*sinh(b*x + a) - (b72xc™2xd - 2xa*xbxc*d”™2 + a~2+d”3)*sinh(b*x + a)~2)*log
(cosh(b*x + a) + sinh(b*x + a) — 1) + 3x(b"2*xd"3*x"2 + 2*b"2%c*xd™2*x + 2xax
bxcxd™2 - a”2xd"3 - (b72*d"3*x"2 + 2*xbT2xckd"2xx + 2¥axb*c*d”2 - a~2xd”"3)*c
osh(b*x + a)”2 - 2x(b72*xd"3*x72 + 2%b~2*c*d™2*x + 2*axbxcxd™2 - a~2*d”3)*co
sh(b*xx + a)*sinh(b*x + a) - (b™2%d"3*x"2 + 2*xb"2*c*xd~2*x + 2¥axbxc*xd™2 - a”
2*d~3) *sinh(b*x + a)~2)*log(-cosh(b*x + a) - sinh(b*x + a) + 1) + 6*(d"3*co
sh(b*x + a)~2 + 2*xd~3*cosh(b*x + a)*sinh(b*x + a) + d"3*sinh(b*x + a)”2 - d
~3)*polylog(3, cosh(b*x + a) + sinh(b*x + a)) + 6%(d"3*cosh(b*x + a)~2 + 2%
d"3*cosh(b*x + a)*sinh(b*x + a) + d"3*sinh(b*x + a)”2 - d~3)*polylog(3, -co
sh(b*x + a) - sinh(b*x + a)))/(b~4*cosh(b*x + a)”2 + 2*b~4xcosh(b*x + a)*si
nh(b*x + a) + b~ 4xsinh(b*x + a)”2 - b~4)

Sympy [F] time = 0., size = 0, normalized size = 0.
f (c+ dx)3 csch? (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*csch(b*x+a)**2,x)

[Out] Integral((c + d*x)**3*csch(a + bxx)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (dx + 0)® esch (bx + a)? dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*csch(b*x+a)~2,x, algorithm="giac")

[Out] integrate((d*x + c)~3*csch(b*x + a)~2, x)
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3.6 [+ dx)2csch’(a + bx) dx

Optimal. Leaf size=74

d?PolyLog (2, ez(“”’x)) 2d(c + dx)log (1 —~ ez(“bx)) (c + dx)? coth(a + bx)  (c + dx)?
+ — —
b3 b2 b b

[Out] -((c + d*x)"2/b) - ((c + d*x)~2xCoth[a + b*x])/b + (2xd*(c + d*x)*Logl[l - E
~(2x(a + b*x))]1)/b~2 + (d"2*PolyLogl[2, E~(2x(a + b*x))])/b"3

Rubi [A] time = 0.144084, antiderivative size = 74, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 16, e =

integrand size
0.312, Rules used = {4184, 3716, 2190, 2279, 2391}

d®PolyLog (2,e20+99)  2d(c + dx)log (1 - 29) (¢ 4 dx)? coth(a +bx) (¢ + dx)?
+ — —
b3 b2 b b

Antiderivative was successfully verified.

[In] Int[(c + d*x)~2*Cschl[a + b*x]"2,x]

[Out] -((c + d*x)~2/b) - ((c + d*x)~2xCoth[a + b*x])/b + (2%d*(c + d*x)*Log[l - E
“(2x(a + b*x))]) /b2 + (d"2*PolyLog[2, E~(2x(a + b*x))])/b~3

Rule 4184

Int[csc[(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*xCot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*x], x]1, x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3716

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ]1)*(f_
O*x(x_ )], x_Symbol] :> -Simp[(Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*xE~(2x(-(Ixe) + fxfz*x)))/(E-(2xIxk*Pi)*(1 + E~(2x(-(Ix
e) + fxfz¥x))/E~(2+Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
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[((c + d*x) "m*Logl[l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + f*xx)
))7"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl[(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps

(c + dx)? coth(a + bx) N (2d) f (c + dx) coth(a + bx) dx

f(c + dx)2csch’(a + bx) dx = —

b b
u+bx)( +dx)
(c+d? (c+dxPeotha+by) () [ Famr
b b b
(c+dx)? (c+dx)?coth(a+bx) 2d(c+dx)log (1 - 32(a+bx)) (Zdz) f log (1 — e
— p— + —
b b b2 P2
2 log(1—x)
(c+dx? (c+dx?coth(a+bx) 2d(c+dx)log(1-e2@+t0) d=Subst (f —
T b " P2 B B
(c+d0? (c+dxpcotha+bx) 2d(c+dx)log (1 —e2e9)  d2L, (X))
T b i P2 * P

Mathematica [C] time = 5.22988, size = 198, normalized size = 2.68

csch(a) (dz (— sinh(a)PolyLog (2, e_z(tanh_l(tanh(”)“bx)) — b2x2 cosh(a)e tanh_l(tanh(”))\/ sech?(a) + inbx sinh(a) — int s

Warning: Unable to verify antiderivative.

[In] Integrate[(c + d*x)~2#Cschla + b*x]~2,x]

[Out] (Cschlal*(-2%bxcxd*(b*x*Cosh[a] - Log[Sinh[a + b*x]]*Sinh[a]) + d~2x(-((b"2
xx~2*Cosh[a] *Sqrt [Sech[a] "2]) /E"ArcTanh[Tanh[a]]) + Ixb*Pi*x*Sinh[a] - I*Pi
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*xLog[1 + E~(2%b*x)]*Sinh[a] + 2+%b*x*Log[l - E~(-2%(b*x + ArcTanh[Tanh[a]]))
]*Sinh[a] + I*Pi*Log[Cosh[b*x]]*Sinh[a] + 2%ArcTanh[Tanh[a]]*(b*x + Logl[l -
E~(-2x(b*x + ArcTanh[Tanh[al]l))] - Log[I*Sinh[b*x + ArcTanh[Tanh[a]]]])*Si
nh[a] - PolyLog[2, E~(-2*(b*x + ArcTanh[Tanh[a]]))]*Sinh[a]) + b72%(c + d*x
)"2*Csch[a + bxx]*Sinh[b*x]))/b~3

Maple [B] time = 0.018, size = 240, normalized size = 3.2

d2x%2 + 2cdx + 2 cdln (ebx”‘) cdIn (1 + eb“”) cdIn (ebx+“ - 1) P22 alx 22 dPIn|
b(ezmzﬂ—l) -4 2 +2 2 +2 2 -2 2 -4 72 -2 3 +2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) " 2*csch(b*x+a)”~2,x)

[Out] -2/bx(d~2xx"2+2*c*xd*x+c”2) / (exp (2*b*x+2%a)-1) -4*d/b~2*c*1n(exp (b*x+a) ) +2*d/
b~2*cx1n(1+exp (b*x+a) ) +2*d/b~2*c*x1ln(exp (b*x+a) -1) -2%d~2/b*xx"2-4*d"~2/b~2*%a*x
-2%d~2/b"3*a”2+2xd"2/b~2*x1n (1+exp (b*x+a) ) *x+2*d~2/b~3*polylog(2, -exp (b*x+a)
)+2xd~2/b"2*1n(1-exp (b*x+a) ) *x+2xd~2/b~3*1n(1-exp (b*x+a) ) *a+2+*d~2/b~3*polyl
0g(2,exp(b*x+a))+4*d~2/b~3*a*x1ln (exp(b*x+a))-2*d~2/b~3*a*x1ln(exp(b*x+a)-1)

Maxima [F] time = 0., size = 0, normalized size = 0.

A

(bx+a) (-a)
Ty (R SR ) SN R S— T [ _log (el +1)e)
be(2bx+2a) _ p ) (be(bx+”) + b) o) (be(bx+“) _ b) be2bx+2a) _ p b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2xcsch(b*x+a)~2,x, algorithm="maxima")

[Out] -2xd~2*(x"2/(bxe”(2xb*x + 2*a) - b) + 2xintegrate(1/2*x/(b*e”(b*x + a) + b)
, X) - 2xintegrate(1/2*x/(b*e”(b*x + a) - b), x)) - 2kcxd*(2*x*xe” (2%b*x + 2
*xa)/(bxe”™ (2%b*x + 2%a) - b) - log((e™(bxx + a) + 1)*xe"(-a))/b"2 - log((e”(b

*x + a) - 1)*xe"(-a))/b"2) + 2*xc”2/(b*x(e”(-2*b*x - 2*a) - 1))

Fricas [B] time = 1.74105, size = 1521, normalized size = 20.55

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2xcsch(b*x+a)~2,x, algorithm="fricas")

[Out] -2%(b"2*c™2 — 2xaxbxc*xd + a™2*%d"2 + (b72*xd"2*x"2 + 2*b~2*c*d*x + 2*axb*xc*d
- a”2*%d"2)*cosh(b*x + a)~2 + 2% (b"2*%d"2*x"2 + 2*b~2xckxd*x + 2%axb*c*d - a”2
*d"2) *cosh(b*x + a)*sinh(bxx + a) + (b7™2*d"2*x"2 + 2*xb~2xcxd*x + 2¥axb*c*d
- a"2xd"2)*sinh(b*x + a)”~2 - (d"2*cosh(b*x + a)~2 + 2*¥d"2*xcosh(b*x + a)*sin
h(b*x + a) + d"2*sinh(b*x + a)”2 - d"2)*dilog(cosh(b*x + a) + sinh(b*x + a)
) — (d"2*cosh(b*x + a)~2 + 2*xd"2*xcosh(b*x + a)*sinh(b*x + a) + d"2*sinh(b*x
+ a)”2 - d72)*dilog(-cosh(b*x + a) - sinh(b*x + a)) + (b*d"™2*x + bxc*d - (
b*d~2*x + bxcxd)*cosh(b*x + a)”2 - 2x(b*xd~2xx + b*c*d)*cosh(b*x + a)*sinh(b
*x + a) - (b*d™2%x + b*c*d)*sinh(b*x + a)~2)*log(cosh(b*x + a) + sinh(b*x +
a) + 1) + (bxcxd - a*xd™2 - (b*c*d - a*d”2)*cosh(b*x + a)~2 - 2% (b*c*xd - ax
d~2)*cosh(b*x + a)*sinh(b*x + a) - (b*c*d - a*d”2)*sinh(b*x + a)~2)*log(cos
h(b*x + a) + sinh(b*x + a) - 1) + (b*d™2*x + a*d™2 - (b*d"2*x + a*d~2)*cosh
(bxx + a)~2 - 2*x(b*d"2*x + a*d~2)*cosh(b*x + a)*sinh(b*x + a) - (b*d"2*x +
axd~2)*sinh(b*x + a)”~2)*log(-cosh(b*x + a) - sinh(b*x + a) + 1))/(b~3*cosh(
bxx + a)”~2 + 2xb~3*cosh(b*x + a)*sinh(b*x + a) + b~ 3*sinh(b*x + a)”2 - b~3)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (c + dx)? csch? (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2*csch(b*x+a)**2,x)

[Out] Integral((c + d*x)*x2xcsch(a + b*x)*x2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (dx + 0% csch (bx + a)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2xcsch(b*x+a)~2,x, algorithm="giac")



[Out] integrate((d*x + c) 2*csch(b*x + a)~2, x)
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3.7 f (c+ dx)cschz(a + bx) dx

Optimal. Leaf size=29

dlog(sinh(a + bx)) (¢ + dx) coth(a + bx)
b2 - b

[Out] -(((c + d*x)*Coth[a + b*x])/b) + (d*Log[Sinh[a + b*x]])/b~2

Rubi [A] time = 0.0310169, antiderivative size = 29, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 14, T~ > "% _

0.143, Rules used = {4184, 3475}

integrand size

dlog(sinh(a + bx)) (¢ + dx) coth(a + bx)
b2 - b

Antiderivative was successfully verified.

[In] Int[(c + d*x)*Cschla + b*x]~2,x]
[Out] -(((c + d*x)*Coth[a + b*x])/b) + (d*Log[Sinh[a + b*x]])/b"2

Rule 4184

Int[csc[(e_.) + (£_)*(x_ )17 2x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x)"m*Cot[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x]11/d, x] /; FreeQl[{c, d}, x]

Rubi steps

d th b d th(a + bx)d
f(c+dx)csch2(a+bx)dx:_(C+ x)ccl)? (a+ x)+ Jco (Z x) dx

(c + dx) coth(a + bx)  dlog(sinh(a + bx))
= b " P2
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Mathematica [A] time = 0.0933455, size = 52, normalized size = 1.79

dlog(sinh(a + bx)) ccoth(a+bx) dxcoth(a) N dxcsch(a) sinh(bx)csch(a + bx)
2 - b b b

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)*Cschla + b*x]~2,x]

[Out] -((d*x*Coth[a]l)/b) - (c*Coth[a + b*x])/b + (d*Log[Sinh[a + b*x]])/b~2 + (dx
x*Csch[a]*Csch[a + b*x]*Sinh[bx*x])/b

Maple [A] time = 0.016, size = 56, normalized size = 1.9

dx _da dx + ¢ dln (625“2“ —1)
b T 2b(e2bx+2a_1) M b?

Verification of antiderivative is not currently implemented for this CAS.
[In] int((d*x+c)x*csch(b*x+a)”~2,x)

[Out] -2xd/b*x-2*d/b~2%a-2/b* (d*x+c)/(exp(2*¥b*x+2*a)-1)+d/b~2*1n(exp (2*¥b*x+2*a) -1
)

Maxima [B] time = 1.12236, size = 123, normalized size = 4.24

2 xe@bx+2a)  log ((e(bx+a) + 1)6(—a)) log ((e(bxﬂz) - 1)6(—61)) 2c
Y pe@bx+2a) —p b2 - b2 * b(e(—z bx-2a) _ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*csch(b*x+a)~2,x, algorithm="maxima"

[Out] -d*x(2*xx*e” (2*xbxx + 2%a)/(b*e” (2xb*x + 2*a) - b) - log((e~(b*x + a) + 1)*e”(
-a))/b"2 - log((e”(b*x + a) - 1)*e”(-a))/b~2) + 2xc/(b*(e” (-2*b*x - 2%a) -

1)
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Fricas [B] time = 1.60578, size = 431, normalized size = 14.86

2 bdx cosh (bx + a)2 + 4 bdx cosh (bx + a) sinh (bx + a) + 2 bdx sinh (bx + a)2 +2bc - (d cosh (bx + a)2 + 2d cosh (bx

- b2 cosh (bx + a)® + 2 b2 cosh (bx + a) sinh (bx + a) + b2 sinh (b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*csch(b*x+a)”~2,x, algorithm="fricas")

[Out] -(2*b*d*x*cosh(b*x + a)~2 + 4xbxd*x*cosh(b*x + a)*sinh(b*x + a) + 2xbxd*x*s
inh(b*x + a)~2 + 2*b*c - (d*cosh(b*x + a)~2 + 2+d*cosh(b*x + a)*sinh(b*x +
a) + d*sinh(b*x + a)”2 - d)*log(2*sinh(b*x + a)/(cosh(b*x + a) - sinh(b*x +
a))))/ (b 2xcosh(b*x + a)”~2 + 2xb~2*cosh(b*x + a)*sinh(b*x + a) + b~ 2*sinh(

bxx + a)”2 - b"2)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (c +dx) csch? (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*csch(b*x+a)**2,x)

[Out] Integral((c + d*x)*csch(a + b*x)**2, x)

Giac [B] time = 1.1226, size = 108, normalized size = 3.72

2 bdxe2bx+2a) _ ,(2bx+2a) log (e(be+2a) _ 1) +2bc +dlog (e(be+2a) _ 1)
- 2@ bx+2a) _ |2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*csch(b*x+a)”~2,x, algorithm="giac")

[Out] -(2*bkxd*xxe”(2xb*x + 2%a) - dxe”(2xbxx + 2*a)*log(e”(2xbxx + 2*a) - 1) + 2%
bxc + d*xlog(e”(2*bxx + 2xa) - 1))/(b"2*e” (2%b*x + 2*a) - b~2)
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2
38 fcsch (a+bx) dx

X
Optimal. Leaf size=14
h*(a +b
Unintegrable (W, x)

[Out] Unintegrable[Cschla + b*x]~2/x, x]

Rubi [A] time = 0.0298681, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

= .

Rules used = {}

cschz(a + bx)
f — dx

Verification is Not applicable to the result.
[In] Int[Cschl[a + b*x]~2/x,x]

[Out] Defer[Int] [Cschl[a + b*x]~2/x, x]

Rubi steps

cschz(a + bx) cschz(a + bx)
[odfari ,  pedtari,

X X

Mathematica [A] time = 6.48849, size = 0, normalized size = 0.

cschz(a + bx)
[odtab,

X

Verification is Not applicable to the result.

[In] Integrate[Cschla + b*x]~2/x,x]

[Out] Integratel[Cschl[a + b*x]~2/x, x]
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Maple [A] time = 0.056, size = 0, normalized size = 0.

f (csch (bx + a))?
———dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csch(b*x+a)~2/x,x)

[Out] int(csch(b*x+a)~2/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

2 +4 f L dx —4 f ! d
—_— X — X
bxe2bx+2a) _ px 4 (bxze(bx+a) + bxz) 4 (bxze(bx+a) - bxz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(b*x+a)~2/x,x, algorithm="maxima")

[Out] -2/(b*xx*xe”(2xbxx + 2%a) - b*xx) + 4xintegrate(1/4/(bxx"2*e” (b*x + a) + b*x"2
), x) - 4xintegrate(1/4/(b*x"2%e” (b*x + a) - b*xx"2), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

csch (bx + a) ]

int 1
integra ( "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(b*x+a)~2/x,x, algorithm="fricas")

[Out] integral(csch(b*x + a)~2/x, x)




Sympy [A] time = 0., size = 0, normalized size = 0.

csch? (a + bx)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(b*x+a)**2/x,x)

[Out] Integral(csch(a + b*x)**2/x, x)
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Giac [A] time = 0., size = 0, normalized size = 0.

csch (bx + a)z
[t

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(csch(b*x + a)~2/x, x)
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3.9 [(c+ dx)3csch’(a + bx) dx

Optimal. Leaf size=256

3d%(c + dx)PolyLog (3, —e‘”b") 3d%(c + dx)PolyLog (3, e“*b") 3d(c + dx)*PolyLog (2, —e‘”bx) 3d(c + dx)?Pol

b3 b3 2b?

[Out] (-6%d"2x(c + d*x)*ArcTanh[E~(a + b*x)])/b"3 + ((c + d*x) " 3*%ArcTanh[E~(a + b

*x)]1)/b - (3*%d*(c + dxx) 2xCschla + b*x])/(2%b"2) - ((c + d*x)~3xCoth[a + b
xx]*Cschla + b*xx])/(2%b) - (3*d"3*PolyLog[2, -E~(a + b*x)])/b™4 + (3*d*x(c +
dxx) “2*PolyLog[2, -E~(a + bx*x)])/(2¥b~2) + (3*d"3*PolyLog[2, E~(a + b*x)])
/b4 - (3*d*x(c + d*x) 2xPolyLog[2, E~(a + b*x)])/(2%b"2) - (3*d"2x(c + dxx)
*PolyLog[3, -E~(a + b*x)])/b~3 + (3*d"2x(c + d*x)*PolyLogl[3, E~(a + b*x)])/
b~3 + (3*d"3*PolyLogl[4, -E"(a + b*x)])/b"4 - (3*d~3*PolyLogl[4, E~(a + b*x)]
)/b"4

Rubi [A] time = 0.276725, antiderivative size = 256, normalized size of antiderivative =
16 number of rules

1., number of steps used = 15, number of rules used = 8, integrand size =
0.5, Rules used = {4186, 4182, 2279, 2391, 2531, 6609, 2282, 6589}

integrand size

3d%(c + dx)PolyLog (3, —e‘”bx) 3d%(c + dx)PolyLog (3, e‘”bx) 3d(c + dx)*PolyLog (2, —e”*bx) 3d(c + dx)?Pol

2|

b3 b3 2b?

Antiderivative was successfully verified.

[In] Int[(c + d*x)~3*Cschla + b*x]~3,x]

[Out] (-6%d"2x(c + d*x)*ArcTanh[E"(a + b*x)])/b"3 + ((c + d*x) " 3*%ArcTanh[E~(a + b

*x)])/b - (3xd*(c + d*x) 2#Cschla + b*x])/(2xb~2) - ((c + d*x)~3*Coth[a + Db
*xx]*Cschla + bxx])/(2%b) - (3*d~3*PolyLogl[2, -E~(a + b*x)])/b"4 + (3*d*(c +
d*x) “2*PolyLog[2, -E~(a + b*x)])/(2¥b~2) + (3*d~3*PolyLog[2, E~(a + b*x)])
/b4 - (3*d*x(c + d*x) 2xPolyLog[2, E~(a + b*x)])/(2%b72) - (3*d"2x(c + d*x)
xPolyLog[3, -E~(a + b*x)])/b~3 + (3*d"2x(c + d*x)*PolyLog[3, E"(a + b*x)])/
b~3 + (3xd~3*PolyLog[4, -E~(a + b*x)])/b~4 - (3*d~3xPolyLog[4, E~(a + b*x)]
)/b"4

Rule 4186

Int[(cscl(e_.) + (£_.)*x(x_)1*(b_.)) " (n_)*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> -Simp[(b~2*(c + d*x) m*Cot[e + f*x]*(bxCscle + f*xx])~(n - 2))/(f*x(n -
1)), x] + (Dist[(b™2%d"2*m*x(m - 1))/(f"2x(n - D*(n - 2)), Int[(c + d*x)~(
m - 2)*(bxCscle + f*x])"(n - 2), x], x] + Dist[(®P™2*(n - 2))/(n - 1), Int[(

2
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c + dxx) “mx(b*Cscle + f*x])~(n - 2), x], x] - Simp[(b~2xd*m*(c + d*x)~(m -
D*(bxCscle + fxx])"(n - 2))/(f72x(n - D*(n - 2)), x]) /; FreeQl{b, c, d,
e, f}, x] && GtQ[n, 1] && NeQ[n, 2] && GtQ[m, 1]

Rule 4182

Int[csc[(e_.) + (Complex[0, fz 1)*(f_.)*(x )]1*x((c_.) + (d_D)*x))"(m_.), x
_Symbol] :> Simp[(-2*(c + d*x) m*ArcTanh[E~(-(I*xe) + fxfz*xx)])/(fxfz*I), x]
+ (-Dist[(d*m)/(f*fz*I), Int[(c + d*x)"(m - 1)*Log[l - E~(-(I*xe) + f*xfz*x)
1, x], x] + Dist[(d*m)/(f*xfz*I), Int[(c + d*x)"(m - 1)*Logl[l + E~(-(Ixe) +
fxfzxx)], x], x]) /; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*((d ) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(_)I*x((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)1)/(bxcxn*Log[F]1), x] + Dist[(g*m)/(b*c*n*Logl[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}t, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*x((F_)"((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*x(F~(cx(a
+ b*x)))"pl)/ (bxcxp*xLog[F]), x] - Dist[(f*m)/(b*c*p*Logl[F]), Int[(e + f*x)~
(m - 1)*PolyLogl[n + 1, d*(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
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(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]
Rule 6589
Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_)*x(x_)), x_

S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(e*xp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] && EqQ[bxd, axel

Rubi steps

2csch b dx)® coth b h b 1

f@+ﬂfm¢%ﬂh@hz—w¢+mgﬁcm+Aﬂ—@+x)w M;XMR(WFm—Ef@+Mfwm@4
~ 6d%(c + dx) tanh ™ (e‘”bx) (c +dx)®tanh™’ (e‘”bx) 3d(c + dx)?csch(a + bx)  (c-
= i " b B 212 _
&F@+d@tmﬂfl&ﬁm) (c+d@3wnh4(ﬂwﬂ 3d(c + dx)?csch(a + bx)  (c-
=" 5 " b ) 212 T
6d%(c + dx) tanh™* (e‘”bx) (c + dx)® tanh™ (e‘”bx) 3d(c + dx)?csch(a + bx)  (c-
- b3 b - 202 S
6d2(c + dx) tanh ™ (e‘”bx) (c + dx)® tanh™ (e‘”b") 3d(c + dx)?csch(a + bx)  (c-
- b3 b - 202 o
6d2(c + dx) tanh ™ (e“+bx) (c + dx)® tanh™ (e“”’x) 3d(c + dx)?csch(a + bx)  (c-

= — + - e

b3 b 2b?

Mathematica [A] time = 3.22755, size = 440, normalized size = 1.72

=3d (P(c + dx)? - 2d%) PolyLog (2, —e"*%¥) + 3d (b?(c + dx)? — 242) PolyLog (2, ¢***) + 6bcd?PolyLog (3, —e"*) -

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3*Cschla + b*x]~3,x]

[Out] -(b"2*(c + d*x)~2*(3*d + bx(c + d*x)*Coth[a + b*x])*Cschl[a + b*x] + b~3*c~3
xLog[1 - E7(a + b*x)] - 6%bxcxd"2xLogl[l - E~(a + b*x)] + 3*b~3xc”2xd*x*Log[

1 - E7(a + bxx)] - 6*bxd~3*xxLog[l - E~(a + b*x)] + 3*b~3*c*d"2*x"2xLog[1 -

E~(a + b*x)] + b~3*d"3*x"3*Log[l - E~(a + b*x)] - b73*c"3xLog[l + E"(a + b

*x)] + 6%bxcxd"2*Log[l + E~(a + b*x)] - 3*b~3*c”2xd*x*Log[l + E~(a + b*x)]

+ 6%b*xd"3*x*Log[l + E~(a + b*x)] - 3%b"3xc*d"2*x"2xLog[l + E"(a + b*x)] - b
~3%d"3*x"3*Log[1 + E"(a + b*x)] - 3*d*x(-2*%d"2 + b~ 2*(c + d*x)~2)*PolyLogl[2,
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-E"(a + b*x)] + 3*d*(-2%d"2 + b72x(c + d*x)~2)*PolyLog[2, E"(a + b*x)] + 6
xb*cxd~2*PolyLog[3, -E~(a + b*x)] + 6%b*d~3*x*PolyLog[3, -E~(a + bxx)] - 6%
b*xc*d~2%PolyLog[3, E~(a + b*x)] - 6%b*d~3*x*PolyLog[3, E~(a + b*x)] - 6%d~3
xPolyLog[4, -E~(a + b*x)] + 6%d~3*PolyLog[4, E~(a + b*x)])/(2%b"4)

Maple [B] time = 0.033, size = 876, normalized size = 3.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3*csch(b*x+a)~3,x)

[Out] -3/2/b*c”2*d*1n(1-exp(b*x+a))*x+3/2/b*xc”~2xd*1n(1+exp (b*x+a))*x+3/2/b"2%c™ 2%
d*1n(1+exp (b*x+a))*a-3/b~2*c”~2xd*a*arctanh (exp (b*x+a))+3/b~3*kcxd~2*a"2*arct
anh (exp (b*x+a))-3/2/b*cxd~2x1n(1-exp (b*x+a) ) *x~2+3/2/b"3*c*d"2*1n (1-exp (b*x
+a))*a~2+3/2/b*xc*xd"2*1n(1+exp (b*x+a) ) *x~2-3/2/b"3*c*d~2*1n (1+exp (b*x+a) ) *a”
2+3/b~2*xc*d"2xpolylog(2,-exp (b*x+a))*x-3/b~2*c*xd~2*polylog(2,exp (b*x+a)) *x-
3/2/b72xc”2xd*1n (1-exp (b*x+a))*a+3/b~3*d"3*1n(1-exp (b*x+a) ) *x+3/b~4*d~3*1n(
1-exp(b*x+a))*a-6/b~3*cxd ~2*arctanh (exp(b*x+a))-3/b"4*d"3*1n(1+exp (b*xx+a) ) *
a-3/b~3*d"3*%1n(1+exp(b*x+a) ) *x+6/b"4*d"3*a*arctanh (exp (b*x+a))-exp (b*x+a)*(
b*d~3*x"3*%exp (2*¥b*x+2%a) +3*¥bxckd”~2xx " 2%exp (2xb*x+2%a) +3*b*c~2*xd*x*exp (2*b*x
+2%a) +b*xd " 3*x " 3+3*d " 3*%x " 2*%exp (2xb*x+2*a) +b*c”3*xexp (2*¥b*x+2%a) +3xb*kckd~2*x "2
+6kcxd " 2xx*exp (2*¥b*x+2%a) +3xb*c™2xd*x+3*c”2xd*exp (2¥bxx+2%a) —-3*%d~3*xx"2+b*c”
3-6*c*d"2*x-3*c”2xd) /b~2/ (exp (2*b*x+2xa) -1) "2+3/b~3*c*d"2xpolylog(3, exp (b*x
+a))-3/b"3xc*xd~2*polylog(3,-exp(b*x+a))+3/2/b~2xc~2*d*polylog(2,-exp (b*x+a)
)=3/2/b"2%c"2xd*polylog(2,exp(b*x+a))-3/2/b"2*xd"3*polylog(2, exp (b*x+a))*x"2
+3/b73*d"3*polylog(3,exp(b*x+a))*x+1/2/b*xd~3*1n(1+exp (b*x+a))*x~3+3/2/b"2*d
~3*polylog(2,-exp(b*x+a))*x~2-3/b~3*d"3*polylog(3,-exp(b*x+a))*x+1/2/b"4*d"
3*xa~3*x1n(1+exp(b*x+a))-1/2/b"4*d"3*a~3*1n(1-exp(b*x+a))-1/2/b*d~3*1n(1-exp(
bxx+a) ) *x~3-1/b~4*d"3*a~3*arctanh (exp (b*x+a))+3*d~3*polylog(2,exp(b*x+a))/b
~4-3xd"3*polylog(2,-exp(b*x+a)) /b 4+3xd"3*polylog(4,-exp(b*x+a)) /b 4-3xd 3%
polylog(4,exp(b*x+a))/b~4+1/b*c”3*arctanh (exp(b*x+a))

Maxima [B] time = 1.89108, size = 817, normalized size = 3.19

result too large to display

Verification of antiderivative is not currently implemented for this CAS.



60

[In] integrate((d*x+c) 3*csch(b*x+a)~3,x, algorithm="maxima")

[Out] 1/2%c”3*(log(e”(~b*x - a) + 1)/b - log(e~(~b*xx - a) - 1)/b + 2*(e"(-b*x - a
) + e7(-3xbxx - 3%a))/(bx(2%e” (-2%b*x - 2*%a) - e~ (-4*b*x - 4xa) - 1))) + 3/
2% (b~2*x"2xlog(e” (b*x + a) + 1) + 2*bxxxdilog(-e~(b*x + a)) - 2x*polylog(3,
-e"(b*x + a)))*c*d"2/b"3 - 3/2%(b"2*x"2*log(-e~(b*x + a) + 1) + 2*b*x*dilog
(e (b*x + a)) - 2*xpolylog(3, e (b*x + a)))*c*d"2/b"3 - 3*xc*d"2xlog(e” (b*x +
a) + 1)/b”3 + 3*xcxd"2xlog(e”(bxx + a) - 1)/b73 - ((b*d~3*x"3*e”(3*a) + 3*c
“2xd*e” (3%a) + 3*(bxc*d”2 + d73)*x"2%e”(3%a) + 3*(bxc”2*d + 2xc*xd”2)*x*e” (3
*xa))*e” (3*b*x) + (b*d~3*x"3*e"a - 3*kc"2xd*e”a + 3x(bxcxd"2 - d73)*x"2*e"a +
3*(b*c™2%d - 2%c*d”2)*x*e”a)*e” (bxx))/(b"2%e™ (4*bxx + 4*a) - 2%b"2xe” (2%b*
X + 2%xa) + b72) + 1/2x(b"3*x"3*log(e”(b*x + a) + 1) + 3*b~2*x"2xdilog(-e~ (b
*x + a)) - 6xbkxxxpolylog(3, -e~(b*x + a)) + 6*polylog(4, -e~(bxx + a)))*d”3
/b4 - 1/2%x(b~3*x"3xlog(-e~(b*x + a) + 1) + 3*b”"2xx"2*xdilog(e” (b*x + a)) -
6*xb*xx*polylog(3, e~ (b*x + a)) + 6*polylog(4, e (bxx + a)))*d~3/b"4 + 3/2%(b
T2xc72%d - 2xd"3)*(b*xxlog(e”(b*x + a) + 1) + dilog(-e~(b*x + a)))/b~4 - 3/
2% (b72xc"2xd - 2*d"3) *(b*x*log(-e~(b*x + a) + 1) + dilog(e~(b*x + a)))/b~4

Fricas [C] time = 2.14531, size = 8979, normalized size = 35.07

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*csch(b*x+a)~3,x, algorithm="fricas")

[Out] -1/2%(2%x(b~3*d"3*x"3 + b~3*c”3 + 3*b~2*xc"2xd + 3% (b~ 3*c*d”2 + b~2xd~3)*x"2
+ 3% (b73*c™2xd + 2xb"2*c*d"2) *x) *cosh(b*x + a)~3 + 6%(b~3*d"3*x"3 + b~ 3*c”3
+ 3*b72xc"2xd + 3% (b"3*c*d"2 + bT2xd"3)*x"2 + 3*x(b73*%c”2+d + 2*b"2*kckd"2) *
x)*cosh(b*x + a)*sinh(b*x + a)~2 + 2%(b"3*d"3*x"3 + b~3%c”3 + 3*b"2*c~2*d +
3% (b73*ckd™2 + b72xd"3)*x"2 + 3*%(b"3*c”2*xd + 2*b"2xcxd"2)*x)*sinh(b*x + a)
"3 + 2%(b73*d73*x”3 + b73%c”3 - 3*%b72*c”2*d + 3*(b"3*cxd"2 - bT2*%d"3)*x"2 +
3% (b7"3*%c™2*xd - 2*xb"2xcxd"2)*x)*cosh(b*x + a) + 3*x(b"2*xd"3*x72 + 2%b~2*c*d”
2%x + b72*xc72*xd + (b72*%d"3*x72 + 2%b72*c*kd”72*x + bT2*xc"2*xd - 2*%d"3) *cosh (b*
X + a)74 + 4x(b"2+%d"3*x"2 + 2*b"2*kxckd"2*x + b"2*c”2%d - 2*d"3)*cosh(b*x + a
)*¥sinh(b*x + a)”3 + (b™2*d"3*x"2 + 2*b™2%c*d™2%x + b72%c”2*xd - 2*d~3)*sinh(
b*x + a)~4 - 2*xd"3 - 2x(b72*xd"3*x"2 + 2*b"2%c*kd"2%x + bT2*c”2*xd - 2*d~3)*co
sh(b*x + a)”72 - 2% (b7 2xd"3%x"2 + 2*%b"2xc*d"2*x + b~ 2%c”2xd - 2*d~3 - 3*(b"2
*d73%x72 + 2*b72*xckd"2*x + bT2%c72+%d - 2*%d"3)*cosh(b*x + a)~2)*sinh(b*x + a
)72 + 4% ((b72%d"3%x"2 + 2*b"2*%xckd"2*xx + b~ 2%c”2+%d - 2*d"3)*cosh(b*x + a)”3
- (b72%d"3*x72 + 2*%b"2*c*d"2*x + b”"2*c"2*d - 2*d"3)*cosh(b*x + a))*sinh(b*x
+ a))*dilog(cosh(b*x + a) + sinh(b*x + a)) - 3*(b"2*%d"3*x72 + 2xb~2%kc*xd 2%
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X + b72xc72+¢d + (b72*d"3*x72 + 2*bT2%c*d"2%x + bT2%c”2xd - 2*d~3)*cosh(b*x
+ a)”4 + 4x(b72xd"3%x72 + 2%b72*c*kd"2*x + bT2*xc"2xd - 2*%d"3)*cosh(b*x + a)x*
sinh(b*x + a)”3 + (b™2*xd"3*x72 + 2*b~2*c*d"2*x + b™2*xc"2*xd - 2*d~3) *sinh (b*
X + a)74 - 2xd"3 - 2% (b72*d73*x"2 + 2*xb"2xc*d"2*x + b72*c”2*xd - 2*d"3)*cosh
(b*x + a)”2 - 2% (b72*d"3*x"2 + 2*b"2%c*d"2*x + b72*c"2xd - 2*xd"3 - 3*x(b"2*d
“3*xT2 + 2%bT2%ckdT2%x + bT2*%cT2%d - 2*%d"3)*cosh(b*x + a)~2)*sinh(b*x + a)”
2 + 4x((b72*%d73*x"2 + 2*xb"2xcxd"2%x + b72*c”2*xd - 2*d"3)*cosh(bxx + a)~3 -
(b™2%d"3%x"2 + 2*b~2*%c*d"2*x + b~2%c”2+%d - 2*%d"3)*cosh(b*x + a))*sinh(b*x +
a))*dilog(-cosh(b*x + a) - sinh(b*x + a)) - (b73*%d"3*x73 + 3*b~3*kc*xd~2*x"2
+ b73%c”3 + (b™3%d"3*x"3 + 3*b"3kckd"2*x"2 + b~ 3%c”3 - 6xbkckxd”2 + 3% (b 3%
c”2*%d - 2%b*d~3)*x)*cosh(b*x + a)~4 + 4x(b"3*d"3*x"3 + 3*b"3*c*kd™2*%x"2 + b~
3*%c”3 - 6xbxcxd"2 + 3% (b"3*%c”2*d - 2*b*d”~3)*x)*cosh(b*x + a)*sinh(b*x + a)”~
3 + (b73*d"3*x"3 + 3*b"3*ckd"2%x"2 + b"3*c"3 - 6xb*xckd”2 + 3*(b"3*kc"2x%d - 2
*b*d"3) *x) *sinh(b*x + a)~4 - 6*b*c*d™2 - 2*x(b73*d"3*x"3 + 3*b~3*kc*d"2*x"2 +
b~3*%c”3 - 6%b*xc*d”2 + 3k (b"3*kc"2xd - 2*xb*d"3)*x)*cosh(b*x + a)"2 - 2x (b~ 3%
d"3*x"3 + 3*b"3*c*kd"2%x"2 + b"3*%c”3 - 6*bkckd"2 - 3*%(b"3*%d"3*x"3 + 3*kb"3*kc*
d"2*x"2 + b73*%c"3 - 6xb*c*d”2 + 3*%(b”"3*kc”2xd - 2*xb*xd~3)*x)*cosh(b*x + a)”2
+ 3% (b73*c™2xd - 2xb*d~3)*x)*sinh(b*x + a)~2 + 3*x(b~3%c”2*%d - 2*b*d"3)*x +
4x ((b™3*%d"3*x73 + 3*b~3*c*kd"2*x"2 + b73*%c”3 - 6*b*c*d”2 + 3k (b"3*c"2xd - 2%
b*d~3) *x)*cosh(b*x + a)”3 - (b73*d"3*x"3 + 3*b~3*c*d"2*x"2 + b~3*c"3 - B6xb*
c*d”™2 + 3x(b"3xc”2*d - 2xbxd~3)*x)*cosh(bxx + a))*sinh(b*x + a))*log(cosh(b
*x + a) + sinh(b*x + a) + 1) + (b73%c™3 - 3*a*b™2xc™2xd + 3x(a”2 - 2)*b*cx*d
"2 + (b73*%c”3 - 3*axb”"2*c"2*d + 3*%(a”2 - 2)*bxc*d”2 - (a”3 - 6%*a)*d"3)*cosh
(b*xx + a)~4 + 4*x(b73*c”™3 - 3*axb™2*c™2+d + 3*(a”2 - 2)*bxcxd™2 - (a”3 - 6*a
)*d"3)*cosh(b*x + a)*sinh(b*x + a)~3 + (b"3*%c™3 - 3*a*xb™2xc"2*xd + 3*(a”2 -
2)*b*c*d"2 - (2”3 - 6*a)*d"3)*sinh(b*x + a)”4 - (a”3 - 6*a)*d~3 - 2% (b~ 3*c”
3 - 3%xaxb™2%c”2xd + 3*(a”2 - 2)*b*cxd"2 - (a”3 - 6%a)*d~3)*cosh(b*x + a)”2
- 2%(b73*%c”3 - 3*axb"2xc"2xd + 3*x(a”2 - 2)*bxcxd”2 - (a”3 - 6*a)*d”"3 - 3*(b
“3%c”3 - 3*axb"2xcT2xd + 3x(a”2 - 2)*b*c*d”2 - (a”3 - 6*a)*d"3)*cosh(b*x +
a) "2)*sinh(b*x + a)”2 + 4x((b~3*%c™3 - 3*a*b™2*xc™2*d + 3*x(a”2 - 2)*b*c*d"2 -
(a”3 - 6*a)*d"3)*cosh(b*x + a)~3 - (b~3%c™3 - 3*a*b™2*xc”™2*d + 3*x(a"2 - 2)*
bxckxd"2 - (a”3 - 6%a)*d"3)*cosh(b*x + a))*sinh(b*x + a))*log(cosh(b*x + a)
+ sinh(b*x + a) - 1) + (b~3*%d"3*x"3 + 3*b~3*c*xd~2*xx~2 + 3*a*xb”2*c”2*d - 3*a
“2%b*xc*d”2 + (b73*d"3*x"3 + 3%b73*%c*kd"2*x72 + 3kaxb"2xc"2xd - 3*a”2¥b*c*d”2
+ (2”3 - 6*a)*d~3 + 3*%(b"3*%c”2*xd - 2*b*d"3)*x)*cosh(b*x + a)”4 + 4*x(b~3*xd™
3*x"3 + 3%b"3kckd"2*x"2 + 3*kaxb"2%c”2xd - 3*xa"2*bxc*xd"2 + (a”3 - 6*%a)*d~3 +
3% (b~3*%c”™2*xd - 2*b*d"3)*x)*cosh(b*x + a)*sinh(b*x + a)”™3 + (b™3*d"3*x"3 +
3*xb"3*xcxd"2%x”2 + 3*kaxb"2%c”2xd - 3*ka~2xbxcxd"2 + (a”3 - 6*%a)*d”3 + 3x (b~ 3%
c"2xd - 2¥b*d"3)*x)*sinh(b*x + a)~4 + (a”3 - 6*a)*d"3 - 2*x(b~3*d"3*x"3 + 3%
b~ 3*ckxd"2*xx72 + 3*xaxb”2*xc”2*xd - 3*a"2xbxcxd”2 + (a3 - 6*a)*d”3 + 3*(b"3xc”
2%d - 2*b*d"3)*x)*cosh(b*x + a)”2 - 2%(b"3*d"3*x"3 + 3*b~3*xc*xd"2*x"2 + 3kax
b~2xc”2%d - 3*a”2%bkc*d”2 + (2”3 - 6*a)*d”3 - 3*(b"3*d"3*x"3 + 3*b”3xckd"2x%
X"2 + 3xaxb”2xc”2xd - 3*a”"2xbxc*d”2 + (2”3 - 6*a)*d”3 + 3*x(b73*c72*d - 2x%Dbx*
d"3)*x)*cosh(b*x + a)~2 + 3*%(b~3*c™2*d - 2*b*d~3)*x)*sinh(b*x + a)~2 + 3*(b
“3%c72%d - 2*b*d”"3)*x + 4x((b73*%d"3*x"3 + 3*b"3*kckd"2*xx"2 + 3*axb”2*c”2*d -
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3*xa~2xbxc*d"2 + (2”3 - 6*a)*d”3 + 3*(b"3*c”2*d - 2xb*d”3)*x)*cosh(b*x + a)
3 - (b73*%d"3*x73 + 3*b"3*ckd"2*x"2 + 3kaxb " 2%c”2xd - 3*a"2xbxcxd"2 + (a”3
- 6%a)*d”3 + 3% (b73*c”2xd - 2xb*d~3)*x)*cosh(b*x + a))*sinh(b*x + a))*log(-
cosh(b*x + a) - sinh(b*x + a) + 1) + 6x(d"3*cosh(b*x + a)~4 + 4xd~3*cosh(b*
x + a)*sinh(b*x + a)~3 + d"3*sinh(b*x + a)~4 - 2*xd"3*cosh(b*x + a)”2 + 473
+ 2% (3*%d"3*cosh(b*x + a)~2 - d~3)*sinh(b*x + a)~2 + 4*x(d~3*cosh(b*x + a)~3
- d73*cosh(b*x + a))*sinh(b*x + a))*polylog(4, cosh(b*x + a) + sinh(b*x + a
)) - 6x(d"3*cosh(b*x + a)~4 + 4xd~3*cosh(b*x + a)*sinh(b*x + a)~3 + d"3*sin
h(b*x + a)~4 - 2+%d"3*cosh(b*x + a)”2 + d~3 + 2x(3*d"3*cosh(b*x + a)”2 - d”3
)Y*sinh(b*x + a)~2 + 4%(d"3*cosh(b*x + a)~3 - d~3*cosh(b*x + a))*sinh(b*x +
a))*polylog(4, -cosh(b*x + a) - sinh(b*x + a)) - 6%(bxd~3*x + (b*d"3*x + bx
cxd"2)*cosh(b*x + a)”4 + 4x(bxd~3*x + b*c*d~2)*cosh(b*x + a)*sinh(b*x + a)~
3 + (b*d"3*x + bxcxd~2)*sinh(b*x + a)”4 + bxcxd™2 - 2% (b*d"3*x + b*c*xd~2)*c
osh(b*x + a)”2 - 2x(b*xd~3*x + b*c*d™2 - 3*(b*d"3*x + bxc*d~2)*cosh(b*x + a)
~2)*sinh(b*x + a)”2 + 4*x((b*d~3*x + b*c*d"2)*cosh(b*x + a)~3 - (b*d"3*x + b
xcxd~2)*cosh(b*x + a))*sinh(b*x + a))*polylog(3, cosh(b*x + a) + sinh(bx*x +

a)) + 6x(bxd"3*x + (b*xd~3*x + b*c*d"2)*cosh(b*x + a)~4 + 4x(b*d~3*x + b*c*
d"2)*cosh(b*x + a)*sinh(b*x + a)~3 + (b*d"3*x + bxc*d~2)*sinh(b*x + a)~4 +
bxcxd"2 - 2x(b*d~3*x + b*ckd"2)*cosh(b*x + a)~2 - 2*%(b*d"3*x + b*cxd™2 - 3%
(b*d~3*x + b*c*d"2)*cosh(b*x + a)~2)*sinh(b*x + a)~2 + 4*x((b*xd~3%x + b*c*d”
2)*cosh(b*x + a)~3 - (b*d"3*x + b*c*d~2)*cosh(b*x + a))*sinh(b*x + a))*poly
log(3, -cosh(b*x + a) - sinh(b*x + a)) + 2%(b73*d"3*x"3 + b~3*%c™3 - 3*xb™2*c
“2%d + 3% (b73*ckd"2 - bT2xd"3)*x72 + 3*%(b7"3*d"3*x”3 + bT3*%c”3 + 3*%b"2%c”2x*d

+ 3% (b73*c*xd"2 + b72+%d"3)*x"2 + 3k (b"3*c"2xd + 2xb"2*c*d"2) *x) *cosh(b*x +
a)”2 + 3% (b73*xc"2xd - 2*b"2*c*d"2) *x) *sinh(b*x + a))/(b"4*cosh(b*x + a)~4 +

4xb~4*cosh(b*x + a)*sinh(b*x + a)~3 + b 4x*xsinh(b*x + a)~4 - 2xb~4xcosh(b*x

+ a)”2 + b74 + 2x(3*%b"4*xcosh(b*x + a)~2 - b~4)*sinh(b*x + a)~2 + 4*x(b~4*co
sh(b*x + a)~3 - b~4xcosh(b*x + a))*sinh(b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (c+ clx)3 csch® (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3xcsch(bxx+a)**3,x)

[Out] Integral((c + d*x)**3xcsch(a + b*x)**3, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f (dx + c)3 csch (bx + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*csch(b*x+a)~3,x, algorithm="giac")

[Out] integrate((d*x + c) 3*csch(b*x + a)~3, x)
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3.10 [(c+ dx)?csch’(a + bx) dx

Optimal. Leaf size=154

d(c + dx)PolyLog (2,-e"***)  d(c + dx)PolyLog (2,e"*)  d?PolyLog (3,-e"**) d?PolyLog (3,e"") (¢ +,
— - + —
2 2 b3 b3

[Out] ((c + d*x) " 2%ArcTanh[E~(a + b*x)])/b - (d"2*xArcTanh[Cosh[a + b*x]])/b~3 - (
dx(c + d*x)*Cschla + b*x])/b"2 - ((c + dxx)~2*Coth[a + b*x]*Cschl[a + b*x])/

(2%b) + (dx(c + d*xx)*PolyLog[2, -E~(a + b*x)])/b"2 - (d*(c + d*x)*PolyLogl[2

, E7(a + b*x)]) /b2 - (d"2*%PolyLog[3, -E~(a + b*x)])/b~3 + (d"2*PolyLogl[3,

E~(a + b*x)])/b~3

Rubi [A] time = 0.167078, antiderivative size = 154, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 6, integrand size = 16, e o e

0.375, Rules used = {4186, 3770, 4182, 2531, 2282, 6589}

integrand size

d(c + dx)PolyLog (2, —e“+bx) d(c + dx)PolyLog (2, e’”b") d*PolyLog (3, —e“*bx) d*PolyLog (3, e‘”bx) d(c +.
— — + —
b? b? b3 b3

Antiderivative was successfully verified.

[In] Int[(c + d*xx) 2*Cschl[a + b*x]"3,x]

[Out] ((c + d*x)~2*ArcTanh[E~(a + b*x)])/b - (d"2xArcTanh[Cosh[a + b*x]])/b"3 - (
d*(c + d*x)*Csch[a + b*x])/b"2 - ((c + d*x) 2*Coth[a + b*x]*Cschl[a + bx*x])/

(2%b) + (d*x(c + d*x)*PolyLog[2, -E~(a + b*x)])/b"2 - (d*(c + dxx)*PolyLog[2

, E7(a + b*x)]1)/b"2 - (d"2xPolyLogl3, -E~(a + b*x)])/b~3 + (d"2*PolyLogl3,

E~(a + b*x)])/b"3

Rule 4186

Int[(cscl(e_.) + (£_.)*x(x_)I*x(b_.))"(n_)*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> -Simp[(b™2%(c + d*x) “m*Cot[e + f*x]*(b*Cscle + f*x])"(n - 2))/(fx(n -
1)), x] + (Dist[(b™2*d"2*m*(m - 1))/(£f72*%(n - D*(n - 2)), Int[(c + d*x)~(
m - 2)x(bxCscle + f*x])"(n - 2), x], x] + Dist[(b™2*%(n - 2))/(n - 1), Int[(
c + d*x) "mx(b*Cscle + f*x])~(n - 2), x], x] - Simp[(b~™2*d*m*(c + d*x) " (m -
1) *x(bxCscle + fxx])~(n - 2))/(f"2x(n - D*(n - 2)), x]) /; FreeQ{b, c, d,
e, f}, x] && GtQ[n, 1] && NeQ[n, 2] && GtQ[m, 1]

Rule 3770
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 4182

Int[csc[(e_.) + (Complex[0, fz 1)*(f_.)*(x )]1*((c_.) + (d_D)*x D))" (m_.), x
_Symbol] :> Simp[(-2*(c + d*x) m*ArcTanh[E~(-(I*xe) + fxfz*xx)])/(fxfz*I), x]
+ (-Dist[(d*m)/(f*fz*I), Int[(c + d*x)"(m - 1)*Log[l - E~(-(I*e) + f*xfz*x)
1, x], x] + Dist[(d*m)/(f*xfz*I), Int[(c + d*x)"(m - 1)*Logl[l + E~(-(Ixe) +
fxfz*x)], x], x]) /; FreeQl{c, 4, e, £, fz}, x] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*xc*n*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nY, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)x((a_.) + (b_.)*(x_)) " (p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*xd, axe]

Rubi steps
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d d h b dx)? coth b h b 1
f(c N dx)zcsch3(a 4 b)dy = (c+ x)cbs2c (a + bx) B (c +dx)“co (112-;7 x)csch(a + bx) -2 f(C + dxPescha + b
3 (c + dx)? tanh™" (€a+bx) ~ d2 tanh ™' (cosh(a + bx)) _d(c+dx)esch(a +bx)  (c+ dx)?
B b b3 b2
(e dx)? tanh ™ (€a+bx) P tanh ' (cosh(a + bx)) _d(c +dxjesch(a +bx) (¢ +dx)?
B b b3 b2
(e dx)? tanh ™ (€a+bx) s tanh " (cosh(a + bx)) _ d(c +dxjesch(a +bx)  (c +dx)?
B b b3 b2
(e dx)? tanh ™ (€a+bx) d2 tanh ' (cosh(a + bx))  d(c + dx)csch(a + bx) (¢ + dx)?
= b - b3 - b2 h

Mathematica [B] time = 6.404, size = 420, normalized size = 2.73

2bd(c + dx)PolyLog (2, -e"***) — 2bd(c + dx)PolyLog (2, ¢***) - 2d?PolyLog (3, —¢"***) + 242PolyLog (3, ¢™***) + L

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~2+Cschla + b*x]~3,x]

[Out] -((d*(c + d*x)*Cschlal)/b~2) + ((-c”2 - 2xc*xd*x - d"2*x"2)*Cschl[a/2 + (bxx)
/2172)/(8%b) + (-(b~2*c"2*xLog[l - E"(a + b*x)]) + 2xd"2*Log[l - E~(a + Db*x)

1 - 2%b~2*cxd*x*Log[l - E7(a + b*x)] - b~2*d"2*x"2xLog[l - E"(a + b*x)] + b
~2%c"2xLog[1 + E"(a + b*x)] - 2*d"2%Log[l + E~(a + bxx)] + 2*b~2*c*xd*x*Log[

1 + E"(a + bxx)] + b™2xd"2*x"2*Log[l + E~(a + b*x)] + 2xb*d*(c + d*x)*PolyL

ogl2, -E"(a + b*x)] - 2*bxdx(c + d*x)*PolyLog[2, E~(a + b*x)] - 2*d"2xPolyL

ogl3, -E7(a + b*x)] + 2xd"2*xPolyLog[3, E~(a + b*x)])/(2%b73) + ((-c72 - 2xc

xd*x - d"2xx72)*Sech[a/2 + (b*x)/2]72)/(8xb) + (Cschl[a/2]*Cschl[a/2 + (b*x)/

2] % (cxd*Sinh [ (b*x) /2] + d~2*x*Sinh[(b*x)/2]))/(2*¥b~2) + (Sech[a/2]*Sech[a/2

+ (bxx) /2] *(c*d*Sinh [(b*x) /2] + d~2*x*Sinh[(b*x)/2]))/(2%b~2)

Maple [B] time = 0.027, size = 444, normalized size = 2.9

ebx+a (bdzxze2 bx+2a 4 9 podye?br+2a 4 pe2e2bxt2a  pa242 | D J23e2bx420 4 D pedy 4+ D 0de? VX420 4 pe2 — D J2x — D cd)

B2 (e2 bx+2a _ 1)2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((d*x+c) 2*csch(b*x+a)~3,x)

[Out] -exp(b*x+a)*(b*xd~2xx~2%exp (2*b*x+2xa) +2*bkc*xd*x*exp (2*¥b*x+2*a) +b*xc~2*xexp (2%
b*x+2%a) +b*d~2+x " 2+2*d " 2*x*exp (2*bxx+2%a) +2*xbkcxd*kx+2*ckd*exp (2¥b*kx+2%a) +b*
c"2-2%d"2xx-2*c*d) /b~ 2/ (exp (2xb*x+2%a) -1) "2-2/b~2xc*d*a*arctanh (exp (b*x+a))
+1/2/bxd"2x1n(1+exp (b*x+a) ) *x~2+1/b"2*d"2*polylog (2, -exp (b*x+a) ) *x-1/2/b*d"
2x1n(1-exp(b*x+a))*x"2-1/b"2*d"2*polylog(2,exp (b*x+a) ) *x+1/b"2*c*d*polylog(
2,-exp(b*x+a))-1/b~2xc*d*polylog(2,exp(b*x+a))+1/b~3*d~2*a"2*arctanh (exp (b*
x+a))+1/b*xc”2*arctanh (exp(b*x+a))-1/2/b~3*xd"2*1n(1+exp (b*x+a) ) *a~2+1/2/b~ 3%
d~2*1n(1-exp(b*x+a))*a~2-1/b"2*c*d*1n(1-exp (b*x+a) ) *a+1l/bxc*d*1ln(1+exp (b*x+
a))*x+1/b~2*%cxd*1n(1+exp (b*x+a))*a-1/b*c*xd*1n(1-exp (b*x+a))*x+d"2*polylog(3
,exp (b*xx+a)) /b~3-2/b~3*d"2*arctanh (exp (b*x+a) ) -d~2*polylog(3,-exp(b*x+a)) /b
-3

Maxima [B] time = 1.88616, size = 531, normalized size = 3.45

1 ,(log (e(‘bx‘“) + 1) log (e(‘bx‘“) - 1) 2 (e(‘bx‘“) + e(-3bx=3 “)) (bx log (e(b””) + 1) + Li, (—e(bx”‘)))cd
2°€ b - b b(2 p(-2bx-20a) _ p(~4bx—4a) _ 1) * 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*csch(b*x+a)~3,x, algorithm="maxima"

[Out] 1/2*%c™2*(log(e”(-b*x - a) + 1)/b - log(e~(-b*xx - a) - 1)/b + 2*x(e"(-b*x - a
) + e7(=3xbxx - 3xa))/(b*(2xe” (-2xbxx - 2%a) - e~ (-4*b*x - 4%a) - 1))) + (b
xx*xlog(e”(b*x + a) + 1) + dilog(-e~(b*x + a)))*c*d/b~2 - (bxx*log(-e~ (b*x +

a) + 1) + dilog(e~(bxx + a)))*c*d/b"2 - ((b*d™2xx"2%e”(3%a) + 2*c*d*xe” (3*a

) + 2k (bkckd + d72)*x*e”(3%a))*e” (3*b*x) + (b*d™2*%x"2%e”a - 2kcxd¥e”a + 2x(

bkckd - d72)*x*e”a)*e” (b*xx))/(b~2%e” (4d*b*x + 4%a) - 2%b"2xe” (2xb*x + 2%a) +

b~2) + 1/2*%(b"2xx"2x1log(e”(b*x + a) + 1) + 2%b*xxxdilog(-e~(b*x + a)) - 2%p
olylog(3, -e~(b*x + a)))*d~2/b"3 - 1/2*%(b"2*x"2*xlog(-e~ (b*x + a) + 1) + 2*b
*xx*dilog(e” (b*x + a)) - 2*xpolylog(3, e~ (b*x + a)))*d"2/b~3 - d~2xlog(e” (b*x

+a) + 1)/b73 + d"2*log(e”(b*x + a) - 1)/b"3

Fricas [C] time = 1.87378, size = 5252, normalized size = 34.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c) 2xcsch(b*x+a)~3,x, algorithm="fricas")

[Out] -1/2*%(2%(b"2*xd"2*x"2 + b~2%c™2 + 2*b*xckd + 2*x(b~2*xcxd + b*d~2) *x) *cosh (b*x
+ a)”3 + 6x(b72*xd"2*%x"2 + b"2%c”2 + 2*bkxckd + 2*x(b"2xcxd + b*d"2)*x)*cosh(b
*x + a)*sinh(b*x + a)”2 + 2% (b™2+%d"2%x"2 + b™2*c”2 + 2xbxckxd + 2% (b " 2*ckxd +
bxd~2)*x)*sinh(b*x + a)~3 + 2x(b72*xd"2*xx"2 + b72%c”2 - 2xbkckd + 2x (b~ 2xc*
d - bxd"2)*x)*cosh(b*x + a) + 2*%((b*d"2*x + b*xcxd)*cosh(b*x + a)~4 + 4x*x(bxd
“2%x + b*ckxd)*cosh(b*x + a)*sinh(b*x + a)”3 + (b*d"2*x + bx*c*d)*sinh(b*x +
a)”4 + b*d"2*x + bxcxd - 2% (b*d"2*x + bkckd)*cosh(b*x + a)”2 - 2+ (b*d™2*x +
bxcxd - 3% (b*d"2*x + b*ckd)*cosh(b*x + a)~2)*sinh(b*x + a)~2 + 4*x((b*xd~2*x
+ b*c*d)*cosh(b*x + a)~3 - (b*d"2*x + b*c*d)*cosh(b*x + a))*sinh(b*x + a))
xdilog(cosh(b*x + a) + sinh(b*x + a)) - 2*%((b*d™2%x + b*c*d)*cosh(b*x + a)~
4 + 4% (b*xd"2*x + bkckxd)*cosh(b*x + a)*sinh(b*x + a)”3 + (b*d™2*x + b*c*d)*s
inh(b*x + a)~4 + b*d"2*x + b*xcxd — 2*x(b*d~2*x + b*c*d)*cosh(b*x + a)~2 - 2%
(b*d"2*x + b*ckd - 3*(b*d"2*x + b*c*d)*cosh(b*x + a)~2)*sinh(b*x + a)~2 + 4
*((b*xd~2*x + b*c*d)*cosh(b*x + a)~3 - (b*d~2*x + b*cx*d)*cosh(b*x + a))*sinh
(bxx + a))*dilog(-cosh(bxx + a) - sinh(b*x + a)) - (b72*d"2*x"2 + 2*b~2*cxd
*x + (b7™2%d72*x72 + 2%xb"2xcxd*x + b72*%c”2 - 2*d"2)*cosh(bxx + a)~4 + 4*x(b"2
*d72%x72 4+ 2*b72*ckd*x + bT2*%c”2 - 2%d"2)*cosh(b*x + a)*sinh(b*x + a)~3 + (
bT2*xd"2*x72 + 2*%b72%c*kd*x + bT2*c"2 - 2*%d"2)*sinh(b*x + a)”4 + bT2*xc"2 - 2%
(b™2*%d"2%x"2 + 2*b72%c*d*x + b™2*%c”2 - 2%d"2)*cosh(bxx + a)~2 - 2x(b~2*xd~2*
X2 + 2xb72kckd*x + bT2%cT2 - 3% (bT2*xd72%x72 + 2%b 2xckxd*x + bT2%cT2 - 2%4”
2)*cosh(b*x + a)”2 - 2xd"2)*sinh(b*x + a)”2 - 2*d™2 + 4x((b"2*d"2*%x"2 + 2%b
“2%c*d*x + bT2xcT2 - 2*xd"2)*cosh(b*x + a)”3 - (b72xd"2*xx72 + 2*xb72*ckd*x +
b~2%c”2 - 2xd"2)*cosh(b*x + a))*sinh(b*x + a))*log(cosh(bxx + a) + sinh(b*x
+a) + 1) + ((b72%c™2 - 2%axb*ckd + (2”2 - 2)*d"2)*cosh(b*x + a)”4 + 4*x(b~
2%c”2 - 2kaxbkxckd + (a”2 - 2)*d"2)*cosh(b*x + a)*sinh(b*x + a)~3 + (b~2*c™2
- 2*xaxb*cxd + (272 - 2)*d"2)*sinh(b*x + a)”™4 + b™2*xc”2 - 2%a*b*cxd + (a~2
- 2)%d72 - 2x(b72*c”2 - 2xaxb*c*xd + (a2 - 2)*d"2)*cosh(b*x + a)~2 - 2x(b"2
*Cc72 - 2kaxbkckd + (272 - 2)*d"2 - 3%(b72%c”2 - 2*axbxcxd + (a”2 - 2)*d72)*
cosh(b*x + a) 2)*sinh(b*x + a)”~2 + 4% ((b™2%c™2 - 2*axb*xcxd + (a”2 - 2)*d"2)
xcosh(b*x + a)”3 - (b™2*c™2 - 2%axb*c*d + (a2 - 2)*d"2)*cosh(b*x + a))*sin
h(b*x + a))*log(cosh(b*x + a) + sinh(b*x + a) - 1) + (b72%d"2*x"2 + 2*b7"2*c
*d*xx + (b72*xd"2*x72 + 2*xb"2xc*xd*x + 2*axbkckd - a~2xd"2)*cosh(b*x + a)~4 +
4x (b™2%d"2*%x72 + 2%b"2*ckd*kx + 2*axbxcxd - a”2+%d”2)*cosh(b*x + a)*sinh(b*x
+ a)”3 + (b72*xd"2*x"2 + 2¥b"2*ckd*x + 2*axbkxckxd - a~2%d"2)*sinh(b*x + a)”4
+ 2*xaxbkcxd - a”2x%d"2 - 2% (b72*%d"2*x72 + 2*b72*ckd*x + 2*axbkcxd - a~2xd"2)
*cosh(b*x + a)”2 - 2x(b72xd"2xx72 + 2%b~2*c*d*x + 2*axbxcxd - a~2%d"2 - 3x*(
bT2xd"2*x72 + 2%b72%c*kd*x + 2*axbxcxd - a~2*%d"2)*cosh(b*x + a)”2)*sinh(b*x
+ a)72 + 4x((b72%d"2*xx72 + 2%b"2*c*kd*x + 2*axbxcxd — a~2*%d"2)*cosh(b*x + a)
~3 - (b72*%dA72*x72 + 2*xb"2xcxd*x + 2*axb*ckd - a"2xd"2)*cosh(b*x + a))*sinh(
b*x + a))*log(-cosh(b*x + a) - sinh(b*x + a) + 1) - 2%(d"2*cosh(b*x + a)~4
+ 4*xd"2*cosh(b*x + a)*sinh(b*x + a)~3 + d"2*sinh(b*x + a)~4 - 2*d"2*cosh(bx*
X + a)”2 + 2x(3xd"2*xcosh(b*x + a)”2 - d"2)*sinh(b*x + a)~2 + d72 + 4x(d"2*c
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osh(b*x + a)73 - d™2*cosh(b*x + a))*sinh(b*x + a))*polylog(3, cosh(b*x + a)
+ sinh(b*x + a)) + 2x(d"2*cosh(b*x + a)~4 + 4*xd"2*xcosh(b*x + a)*sinh(b*x +
a)”3 + d"2*sinh(b*x + a)~4 - 2+*d"2*cosh(b*x + a)~2 + 2% (3*d"2*cosh(b*x + a

)72 - d72)*sinh(b*x + a)”2 + d72 + 4x(d"2*cosh(b*x + a)~3 - d"2*cosh(b*x +

a))*sinh(b*x + a))*polylog(3, -cosh(b*x + a) - sinh(b*x + a)) + 2*(b~2%d~2x

X"2 + bT2xcT2 - 2%b¥ckd + 3k (b72xd72*x72 + bT2xc72 + 2%b*c*kd + 2% (bT2xckxd +
b*d~2)*x)*cosh(b*x + a)”2 + 2x(b"2%c*d - b*d~2)*x)*sinh(b*x + a))/(b~3*cos

h(b*x + a)~4 + 4%b~3*cosh(b*x + a)*sinh(b*x + a)~3 + b~ 3*sinh(b*x + a)~4 -

2+%b~3*cosh(b*x + a)”2 + b~3 + 2% (3*%b"3*cosh(b*x + a)~2 - b~ 3)*sinh(b*x + a)

"2 + 4% (b~ 3*cosh(b*x + a)~3 - b~ 3*cosh(b*x + a))*sinh(b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (c+ dx)2 csch® (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2*csch(b*x+a)**3,x)

[Out] Integral((c + d*xx)**2xcsch(a + b*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (dx + c)2 csch (bx + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2xcsch(b*x+a)~3,x, algorithm="giac")

[Out] integrate((d*x + c) 2*csch(b*x + a)~3, x)
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3.11 f(c + dx)csch3(a + bx) dx

Optimal. Leaf size=92

dPolyLog (2, —€“+bx) dPolyLog (2, €“+bx) dcsch(a + bx) . (c +dx) tanh™ (€a+bx) (¢ + dx) coth(a + bx)csch(a
2b? 2b? 2b? b 2b

[Out] ((c + d*x)*ArcTanh[E~(a + b*x)])/b - (d*Cschla + b*x])/(2*¥b"2) - ((c + d*xx)
*xCoth[a + b*x]*Cschla + b*x])/(2xb) + (d*PolyLog[2, -E~(a + bxx)])/(2%b~2)
- (d*PolyLog[2, E~(a + b*x)])/(2%b72)

Rubi [A] time = 0.0820862, antiderivative size = 92, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 4, integrand size = 14, number of rules_

integrand size
0.286, Rules used = {4185, 4182, 2279, 2391}

dPolyLog (2, —€“+bx) ~ dPolyLog (2, €“+bx) _ desch(a + bx) . (c +dx) tanh™ (€a+bx) (c + dx) coth(a + bx)csch(a

2b? 2b? 2b? b 2b

Antiderivative was successfully verified.

[In] Int[(c + d*x)*Cschl[a + b*x]~3,x]

[Out] ((c + d*x)*ArcTanh[E~(a + b*x)])/b - (d*Csch[a + b*x])/(2%b~2) - ((c + d*x)
*Coth[a + b*x]*Cschla + b*xx])/(2xb) + (d*PolyLog[2, -E~(a + bxx)])/(2*b~2)
- (d*PolyLogl[2, E"(a + b*x)])/(2%b72)

Rule 4185

Int[(cscl(e_.) + (£_)*x)I*M_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
-Simp[(b"2x(c + d*x)*Cot[e + f*xx]*(b*Cscle + f*x])"(n - 2))/(fx(n - 1)), x
] + (Dist[(b™2*x(n - 2))/(n - 1), Int[(c + d*x)*(b*xCscle + f*x])"(n - 2), x]
, x] - Simp[(b~2*xd*(b*Cscle + f*x])"(n - 2))/(f"2x(n - D*(n - 2)), x]) /;

FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && NeQ[n, 2]

Rule 4182

Int[csc[(e_.) + (Complex[0, fz ])*(f_.)*x(x_)]*((c_.) + (d_)*(x))"(m_.), x
_Symbol] :> Simp[(-2*(c + d*x) m*ArcTanh[E~(-(I*xe) + f*xfz*xx)])/(fxfz*I), x]
+ (-Dist[(d*m)/(f*fz*I), Int[(c + d*x)"(m - 1)*Log[l - E~(-(I*xe) + f*xfz*x)
1, x], x] + Dist[(d*m)/(f*xfz*I), Int[(c + d*x)"(m - 1)*Logl[l + E~(-(Ixe) +
fxfzxx)], x], x]) /; FreeQl{c, 4, e, £, £z}, x] && IGtQ[m, O]
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Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d ) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps
b d th(a+b h(a+b 1

f(c + dx)csch3(a + bx)dx = _dcschz(;z; x) - (€ + dx) coth(@ ;_b xcsch(a + bx) -5 f(c + dx)csch(a + bx) dx
3 (¢ +dx) tanh™" (€a+bx) desch(a + bx) (¢ + dx) coth(a + bx)csch(a + bx) N dflog
- b 2p2 2b
_(c+d)tanh” (") desch(a+bx)  (c +dx) coth(a + bx)csch(a + bx) . d Subst
- b 2b2 2b
3 (c +dx) tanh™" (€a+bx) _desch(a +bx)  (c +dx) coth(a + bx)csch(a + bx) N dLip (—
- b 2b2 2b 2b

Mathematica [C] time = 2.19513, size = 313, normalized size = 3.4

d (—u log (tanh (%(u + bx))) - i(i (PolyLog (2, —ei(i“”’x)) — PolyLog (2, ¢lim99)) + (ia + ibx) (log (1- ei(i“”bx)) -
- 202

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)*Cschl[a + bxx]~3,x]

[Out] -(d*x*Cschl[a/2 + (b*x)/2]72)/(8*b) - (c*Csch[(a + b*x)/2]72)/(8%b) - (c*Log
[Tanh[(a + b*x)/2]]1)/(2%b) - (d*(-(a*xLogl[Tanh[(a + b*x)/2]]) - I*((I*a + Ix
b*x)*(Log[l - E7(I*x(I*a + I*b*x))] - Logl[l + E"(I*(I*a + Ix*b*x))]) + I*(Pol
yLog[2, -E~(I*(I*a + I*b*x))] - PolyLogl[2, E~(I*(I*a + Ix*b*x))]))))/(2¥b~2)

- (d*xxSech[a/2 + (bx*x)/2]72)/(8xb) - (c*Sech[(a + bxx)/2]72)/(8*b) + (dx*C
schla/2]*Csch[a/2 + (b*x)/2]*Sinh[(bx*x)/2])/(4%b~2) + (d*Sech[a/2]*Sech[a/2

+ (b*x)/2]*Sinh[(b*x)/2])/(4%b~2)
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Maple [B] time = 0.023, size = 197, normalized size = 2.1

ebx+a (bdxe2 bx+2a | poe2bx+2a 4 piy + de2bx+2a 4 cp — d) cArtanh (eb"+“) dln (1 + ebx+“) x dln (1 + ebx+“) a

- 2 * b * 20 * 202

B2 (e2 bx+2a _ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)*csch(b*x+a)”3,x)

[Out] -exp(b*x+a)* (b*d*x*exp (2*¥bxx+2%*a) +b*cxexp (2*b*x+2*a) +b*d*x+d*exp (2*¥b*x+2%a)
+c*xb-d) /b~2/ (exp (2xb*x+2%*a) -1) “2+1/b*c*arctanh (exp (b*x+a) ) +1/2/b*d*1n (1+exp
(b*x+a) ) *x+1/2/b"2*d*1n (1+exp (b*x+a) ) *a+1/2xd*polylog(2,-exp(bxx+a)) /b~2-1/
2/bxd*1n(1-exp(b*x+a))*x-1/2/b"2*d*1n(1-exp (b*x+a) ) *a-1/2*d*xpolylog(2,exp(b
xx+a)) /b~2-1/b"2xd*a*arctanh (exp (b*x+a) )

Maxima [F] time = 0., size = 0, normalized size = 0.

(bxe@“)+-é3”)e6b” + (bxe® — e")e®) . .
A 2e@btaa) _ 3 2eb2a) 1 2 T 8 f 16(e(bx—+ﬂ)+1) dx +8 f m dx |+ >

(=bx—a)
1 C[log(e ;‘ a +1) |

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*csch(b*x+a)”~3,x, algorithm="maxima")

[Out] -d*x(((b*x*e~(3*a) + e~ (3*a))*e”(3*bxx) + (b*x*xe"a - e~a)*e” (bxx))/(b"2xe” (4
*xbxx + 4*a) - 2xb~2xe” (2xb*x + 2*a) + b~2) + 8xintegrate(1/16xx/(e”(b*x + a

) + 1), x) + 8*integrate(1/16*x/(e”(b*x + a) - 1), x)) + 1/2*cx(log(e” (-b*x

- a) + 1)/b - log(e"(-b*x - a) - 1)/b + 2x(e"(~b*x - a) + e~ (-3xb*x - 3%a)

)/ (bx(2xe”™ (-2%b*x - 2%a) - e~ (-4*bxx - 4*a) - 1)))

Fricas [B] time = 1.67274, size = 2677, normalized size = 29.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*csch(b*x+a)~3,x, algorithm="fricas")
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[Out] -1/2%(2*(b*d*x + b*c + d)*cosh(b*x + a)~3 + 6x(b*d*x + bxc + d)*cosh(b*x +
a)*sinh(b*x + a)~2 + 2% (bxd*x + b*c + d)*sinh(b*x + a)~3 + 2x(bxd*x + b*c -
d)*cosh(b*x + a) + (d*cosh(b*x + a)~4 + 4xdxcosh(b*x + a)*sinh(b*x + a)~3
+ d*sinh(b*x + a)~4 - 2*d*cosh(b*x + a)~2 + 2*x(3*d*xcosh(b*x + a)”2 - d)*sin
h(b*x + a)~2 + 4*(d*cosh(b*x + a)~3 - d*cosh(b*x + a))*sinh(b*x + a) + d)*d
ilog(cosh(b*x + a) + sinh(b*x + a)) - (d*cosh(b*x + a)~4 + 4*dxcosh(b*x + a
)*sinh(b*x + a)~3 + d*sinh(b*x + a)~4 - 2*d*cosh(b*x + a)~2 + 2*(3*d*cosh(b
*x + a)”2 - d)*sinh(b*x + a)~2 + 4*(d*cosh(b*x + a)~3 - dxcosh(b*x + a))*si
nh(b*x + a) + d)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - ((b*d*x + b*c)*cos
h(b*x + a)~4 + 4% (bxd*x + b*c)*cosh(b*x + a)*sinh(b*x + a)~3 + (bxd*x + b*c
)xsinh(b*x + a)”4 + bkxd*x - 2x(bxd*x + b*c)*cosh(b*x + a)”2 - 2x(bxdxx - 3%
(bxd*x + b*c)*cosh(b*x + a)~2 + b*c)*sinh(b*x + a)~2 + b*c + 4x((b*d*x + bx*
c)*cosh(b*xx + a)”3 - (b*xd*x + b*c)*cosh(b*x + a))*sinh(b*x + a))*log(cosh(b
*x + a) + sinh(b*x + a) + 1) + ((b*c - a*d)*cosh(b*x + a)~4 + 4x(b*c - axd)
*cosh(b*x + a)*sinh(b*x + a)~3 + (b*c - a*d)*sinh(b*x + a)~4 - 2% (b*c - ax*xd
)*cosh(b*x + a)~2 + 2% (3*(b*c - a*d)*cosh(b*x + a)~2 - b*c + a*xd)*sinh(b*x
+ a)”2 + b*c - axd + 4*%((b*xc - a*xd)*cosh(b*x + a)~3 - (b*c - axd)*cosh(b*x
+ a))*sinh(b*x + a))*log(cosh(b*x + a) + sinh(b*x + a) - 1) + ((b*d*x + axd
Yxcosh(b*x + a)”4 + 4*x(bxd*x + axd)*cosh(b*x + a)*sinh(b*x + a)~3 + (bxd*x
+ axd)*sinh(b*x + a)~4 + bxd*x - 2*(b*d*x + a*d)*cosh(b*x + a)~2 - 2*(b*d*x
- 3x(b*d*x + axd)*cosh(b*x + a)”2 + ax*d)*sinh(b*x + a)~2 + a*xd + 4*x((b*xd*x
+ ax*d)*cosh(b*x + a)~3 - (bxd*x + a*xd)*cosh(b*x + a))*sinh(b*x + a))*log(-
cosh(b*x + a) - sinh(b*x + a) + 1) + 2*x(b*d*x + 3*(b*d*x + b*c + d)*cosh(b*
X + a)72 + bxc - d)*sinh(b*x + a))/(b"2*cosh(b*x + a)~4 + 4*xb~2*xcosh(b*x +
a)*sinh(b*x + a)”3 + b™2xsinh(b*x + a)”4 - 2*b"2*cosh(b*x + a)~2 + 2%(3*b"2
*cosh(b*x + a)”2 - b™2)*sinh(b*x + a)”2 + b™2 + 4*x(b"2*cosh(b*x + a)”3 - b~

2*%cosh(b*x + a))*sinh(b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.
f (c + dx) csch® (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*csch(b*x+a)**3,x)

[Out] Integral((c + d*x)*csch(a + b*x)**3, x)




Giac [F] time = 0., size = 0, normalized size = 0.

f (dx + ¢) csch (bx + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*csch(b*x+a)~3,x, algorithm="giac")

[Out] integrate((d*x + c)*csch(b*x + a)~3, x)

74



75

3
csch™ (a+bx
csch (a+by) 5.

X

312 |

Optimal. Leaf size=14

3
Unintegrable (w, x)

[Out] Unintegrable[Cschla + b*x]~3/x, x]

Rubi [A] time = 0.0299143, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

= .

Rules used = {}

csch3(a + bx)
f — dx

Verification is Not applicable to the result.
[In] Int[Cschl[a + b*x]~3/x,x]

[Out] Defer[Int] [Csch[a + b*x]~3/x, x]

Rubi steps

csch3(a + bx) csch3(a + bx)
[odtart pedlari,

X X

Mathematica [A] time = 41.9044, size = 0, normalized size = 0.

csch3(a + bx)
[odtab,

X

Verification is Not applicable to the result.

[In] Integrate[Cschla + b*x]~3/x,x]

[Out] Integrate[Cschla + b*x]~3/x, x]
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Maple [A] time = 0.154, size = 0, normalized size = 0.

f (csch (bx + a))3
— dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csch(b*x+a)~3/x,x)

[Out] int(csch(b*x+a)”~3/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

(bxe(3 9 — B ”))6(3 b 4 (bxe® + e%)e®) ) )
J 16 -] 16 (

 p2x2e(dbxtha) _ D 2y 20(0x+20) 4 p2y2 b2x3e@x+a)+_b2x3) bZXBewx+a)__b2x@) ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(b*x+a) 3/x,x, algorithm="maxima")

[Out] -((bxx*e”(3*a) - e~ (3*a))*e” (3xb*x) + (b*x*e~a + e”a)*e” (b*x))/(b"2*xx"2%e" (
4xb*x + 4*a) - 2*%b72*x”"2xe” (2%bxx + 2%a) + b"2*x"2) - 8*integrate(1/16x%(b"2

*x72 - 2)/(b”2*x"3*e” (b*x + a) + b™2xx"3), x) - 8xintegrate(1/16*(b~2*x~2 -

2)/ (b~ 2*%x"3*%e” (b*x + a) - b™2%x"3), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

csch (bx + a)° x]
x 7

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(b*x+a)~3/x,x, algorithm="fricas")

[Out] integral(csch(b*x + a)~3/x, x)




Sympy [A] time = 0., size = 0, normalized size = 0.

csch® (a + bx)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(b*x+a)**3/x,x)

[Out] Integral(csch(a + b*x)**3/x, x)

77

Giac [A] time = 0., size = 0, normalized size = 0.

csch (bx + a)3
[,

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(b*x+a)~3/x,x, algorithm="giac")

[Out] integrate(csch(b*x + a)~3/x, x)
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3.13 f —+ %x\/csch(x) dx

csch2(x)
Optimal. Leaf size=24

2x cosh(x) 4

3+/csch(x) ) 9csch%(x)

[Out] -4/(9*Csch[x]~(3/2)) + (2*x*Cosh[x])/(3*Sqrt[Csch[x]])

Rubi [A] time = 0.108343, antiderivative size = 24, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 2, integrand size = 20, number of rules _

integrand size
0.1, Rules used = {4187, 4189}

2x cosh(x) 4

3\/Wh(X) ) 9csch; (x)

Antiderivative was successfully verified.

[In] Int[x/Csch[x]~(3/2) + (x*Sqrtl[Csch[x]])/3,x]
[Out] -4/(9*%Csch[x]~(3/2)) + (2*x*Cosh[x])/(3*Sqrt[Csch([x]])

Rule 4187

Int[(cscl(e_.) + (£_)*(x_)I*(M_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(d*(bxCsc[e + fxx])"n)/(£72*%n"2), x] + (Dist[(n + 1)/(b"2*n), Int[(c
+ d*x)*(b*Cscle + f*x])~(n + 2), x], x] + Simp[((c + d*x)*Cos[e + f*xx]*(bxC
scle + f*x])~(n + 1))/ (bxf*n), x]) /; FreeQ[{b, c, d, e, f}, x] && LtQ[n, -
1]

Rule 4189

Int[(cscl(e_.) + (£_)*(x)I*(_.))"(n_)*((c_.) + (d_.)*(x_))"(m_.), x_Symb
ol] :> Dist[(b*Sin[e + f*x]) n*(b*Cscle + f*x])"n, Int[(c + d*x) m/(b*Sin[e
+ f*x])°n, x], x] /; FreeQ[{b, c, d, e, £, m, n}, x] && !'IntegerQ[n]

Rubi steps
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f[ x3 + %X\/csch(x)] dx = %fx\/csch(x) dx + f x3 dx

csch2(x) csch2(x)

4 2xcosh(x) 1 1 -
=_ - - vesch(x)dx + = h —sinh —
9CSCh;(x) + 3 —csch(x) fo csch(x)dx + 3(\/csc (x)\/ sin (x))f\[

_ 4 N 2x cosh(x)
9csch§(x) 3v/csch(x)

Mathematica [A] time = 0.0954747, size = 17, normalized size = 0.71

2(3x coth(x) — 2)
9csch§ (%)

Antiderivative was successfully verified.

[In] Integrate[x/Csch[x]~(3/2) + (x*Sqrt[Csch[x]])/3,x]

[Out] (2*%(-2 + 3*xx*xCoth[x]))/(9%Csch[x]~(3/2))

Maple [F] time = 0.004, size = 0, normalized size = 0.

f x (csch (x))_g + g\/(:sch (x)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/csch(x)~(3/2)+1/3*x*xcsch(x)”~(1/2),x)

[Out] int(x/csch(x)~(3/2)+1/3*x*csch(x)~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
f 3 xy/csch (x) + % dx

csch (x)2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x/csch(x)”~(3/2)+1/3*x*csch(x)”~(1/2),x, algorithm="maxima")

[Out] integrate(1/3*x*sqrt(csch(x)) + x/csch(x)~(3/2), x)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/csch(x)~(3/2)+1/3*x*csch(x)~(1/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

f 3§ dx+fx\/csch (x)dx

csch2 (x)

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/csch(x)*x(3/2)+1/3xx*csch(x)**(1/2),x)

[Out] (Integral(3*x/csch(x)**(3/2), x) + Integral(x*sqrt(csch(x)), x))/3

Giac [F] time = 0., size = 0, normalized size = 0.

1
fg xy/csch (x) + % dx

csch (x)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/csch(x)~(3/2)+1/3*x*csch(x)”~(1/2),x, algorithm="giac")

[Out] integrate(1/3*x*sqrt(csch(x)) + x/csch(x)~(3/2), x)
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X 3x
314 [+ s |

csch2(x)
Optimal. Leaf size=24

2x cosh(x) ~ 4

3 5
5csch2(x)  25csch2(x)

[Out] -4/(25%Csch[x]~(5/2)) + (2*x*Cosh[x])/(5*Csch[x]~(3/2))

Rubi [A] time = 0.113536, antiderivative size = 24, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 2, integrand size = 20, number of rules _

integrand size
0.1, Rules used = {4187, 4189}

2x cosh(x) ~ 4

3 5
5csch2(x) 25csch2(x)

Antiderivative was successfully verified.

[In] Int[x/Csch[x]~(5/2) + (3*x)/(5*%Sqrt[Csch[x]]),x]
[Out] -4/(25%Csch[x]~(5/2)) + (2*x*Cosh[x])/(5*Csch[x]~(3/2))

Rule 4187

Int[(cscl(e_.) + (£_)*(x_)I*(M_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(d*x(bxCsc[e + fxx])"n)/(£72*n"2), x] + (Dist[(n + 1)/(b"2#n), Int[(c
+ d*x)*(b*Cscle + f*x])~(n + 2), x], x] + Simp[((c + d*x)*Cos[e + f*xx]*(bxC
scle + f*x])~(n + 1))/ (bxf*n), x]) /; FreeQ[{b, c, d, e, f}, x] && LtQ[n, -
1]

Rule 4189

Int[(cscl(e_.) + (£_)*(x_)I*(b_.))"(n_)*((c_.) + (d_.)*(x_))"(m_.), x_Symb
ol] :> Dist[(b*Sin[e + f*x]) n*x(b*Cscle + f*x])"n, Int[(c + d*x) m/(b*Sin[e
+ f*x])°n, x], x] /; FreeQ[{b, c, d, e, £, m, n}, x] && !'IntegerQ[n]

Rubi steps



f x5 N 3x f gy + f
cscha (x) 54/csch(x) "5 ycsch(x) cschZ(x)

4 2x cosh(x) 3 X

= - .
25csch2(x)  5csch2(x) \/CSCh(x
4 N 2x cosh(x)

5 3
25csch2(x)  5csch2(x)

Mathematica [A] time = 0.101049, size = 17, normalized size = 0.71

2(5x coth(x) — 2)

5
25csch2(x)

Antiderivative was successfully verified.

[In] Integratel[x/Csch[x]~(5/2) + (3%x)/(5%Sqrt[Csch[x]]) ,x]

[Out] (2%x(-2 + 5*xx*Coth[x]))/(25%Csch[x]~(5/2))

82

3fx\/— sinh(x) dx

5\/csch(x) /- sinh(x)

Maple [F] time = 0., size = 0, normalized size = 0.

1

3x
fx(csch(x)) 2+ —\/m

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/csch(x)”~(5/2)+3/5*x/csch(x)~(1/2),x)

[Out] int(x/csch(x)~(5/2)+3/5*%x/csch(x)~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f 3x N X I
5+vesch(x)  qepy (x)§
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/csch(x)”~(5/2)+3/5%x/csch(x)”~(1/2),x, algorithm="maxima"

[Out] integrate(3/5*x/sqrt(csch(x)) + x/csch(x)~(5/2), x)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/csch(x)~(5/2)+3/5%x/csch(x)”~(1/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

5x 3x
f —dx+ f dx
5 T ()
csch2 (x) osch (x)

5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/csch(x)*x(5/2)+3/5xx/csch(x)**(1/2),%)

[Out] (Integral (5*x/csch(x)**(5/2), x) + Integral(3+*x/sqrt(csch(x)), x))/5

Giac [F] time = 0., size = 0, normalized size = 0.

f 3x N X i
5+vesch(x)  oqepy (x)§

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/csch(x)~(5/2)+3/5%x/csch(x)”~(1/2),x, algorithm="giac")

[Out] integrate(3/5*x/sqrt(csch(x)) + x/csch(x)~(5/2), x)
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3.15 f — - 25—1x\/csch(x) dx

csch2(x)
Optimal. Leaf size=47

20 4 N 2x cosh(x) _10x cosh(x)

3 7 5
63cschz(x) 49csch2(x)  7cschZ(x) 21+/csch(x)

[Out] -4/(49%Csch[x]~(7/2)) + (2*x*Cosh([x])/(7*Csch[x]~(5/2)) + 20/(63*Cschl[x]~(3
/2)) - (10*x*Cosh[x])/(21*Sqrt[Csch([x]])

Rubi [A] time = 0.124485, antiderivative size = 47, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 2, integrand size = 20, e e .

0.1, Rules used = {4187, 4189}
20 4 N 2x cosh(x)  10x cosh(x)

integrand size

3 7 5
63csch2(x) 49cschz(x) 7csch2(x) 21 csch(x)

Antiderivative was successfully verified.

[In] Int[x/Csch[x]~(7/2) - (5*xxSqrt[Csch([x]])/21,x]

[Out] -4/(49%Csch[x]~(7/2)) + (2*x*Cosh[x])/(7*Csch[x]~(5/2)) + 20/(63*Cschl[x]~(3
/2)) - (10*x*Cosh[x])/(21*Sqrt[Csch([x]])

Rule 4187

Int[(cscl(e_.) + (f£_)*x_)I*(M_.))"(n_)*((c_.) + (d_.)*(x_)), x_Symbol] :>
Simp[(d*x(bxCsc[e + fxx])"n)/(£72+%n"2), x] + (Dist[(n + 1)/(b"2*n), Int[(c
+ d*x)*(b*Cscle + f*x])~(n + 2), x], x] + Simp[((c + d*x)*Cos[e + f*xx]*(bxC
scle + f*x])"(n + 1))/ (bxf*n), x]) /; FreeQ[{b, c, d, e, f}, x] && LtQ[n, -
1]

Rule 4189

Int[(cscl(e_.) + (£_)*(x_D)1*(M_.))"(n_)*((c_.) + (d_)*(x_))"(m_.), x_Symb
0l] :> Dist[(b*Sin[e + f*x]) nx(b*Cscle + f*x])"n, Int[(c + d*x)"m/(b*Sin[e
+ f*x])7°n, x], x] /; FreeQ[{b, c, d, e, f, m, n}, x] & !'IntegerQ[n]

Rubi steps
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f[ x7 - %x\/csch(x)] dx = — (25—1 fx\/csch(x) dx) +f x7 dx

cschz(x) csch2(x)
4 2 h 1

=- 7+ xcosg ) - ; f xé dx — Il (5\/csch(x)\/— sinh(x)) f

49csch2(x) 7csch2(x) csch?(x)
h h

_ 4 . 2xcoss(x) N 203 ~ 10x cosh(x) +25_1fxmdx
49csch2(x)  7cschz(x)  63csch2(x) 21y csch(x)

- _ 4 + 2x cosh(x) N 20 10x cosh(x)

7 5 3 -
49csch2(x) 7csch2(x)  63cschz(x) 21+/csch(x)

Mathematica [A] time = 0.0968768, size = 45, normalized size = 0.96

13 1 88 1 167
yesch(x) [ ——x sinh(2 —x sinh(4 — cosh(2x) — — cosh(4x) - —
csc (x)( 42xsm (2x) + stsm (4x) + o] cosh(2x) 98 cosh(4x) 882)

Antiderivative was successfully verified.

[In] Integratel[x/Csch[x]~(7/2) - (B*x*Sqrt[Csch[x]])/21,x]

[Out] Sqrt([Csch[x]]*(-167/882 + (88*Cosh[2*x])/441 - Cosh[4*x]/98 - (13*x*Sinh[2%
x])/42 + (xxSinh[4%x])/28)

Maple [F] time = 0., size = 0, normalized size = 0.

fx(csch (x))_g - i—f\/csch (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/csch(x)~(7/2)-5/21*x*csch(x)~(1/2),x)

[Out] int(x/csch(x)~(7/2)-5/21*x*csch(x)~(1/2) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

5
f—— xy/csch (x) + % dx

21 csch (x)2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/csch(x)~(7/2)-5/21*x*csch(x)~(1/2),x, algorithm="maxima"

[Out] integrate(-5/21*x*sqrt(csch(x)) + x/csch(x)~(7/2), x)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/csch(x)~(7/2)-5/21xx*csch(x)”~(1/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

f - 21; dx + f 5x+/csch (x) dx

csch? (x)

21

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/csch(x)*x(7/2)-5/21*x*csch(x)**(1/2),x)

[Out] -(Integral(-21xx/csch(x)**(7/2), x) + Integral(5*x*sqrt(csch(x)), x))/21

Giac [F] time = 0., size = 0, normalized size = 0.

f—i xy/csch (x) + % dx

21 csch (x)2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/csch(x)~(7/2)-5/21*x*xcsch(x)~(1/2),x, algorithm="giac")

[Out] integrate(-5/21*x*sqrt(csch(x)) + x/csch(x)~(7/2), x)
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2
X 1
316  [|——+ -x*vesch(x) | dx
csch2(x)
Optimal. Leaf size=76
16 . — o ix 2x2 cosh(x) 8x 16 cosh(x)
-—— h h(x)EllipticF [ — - —,2 -
271\/lsm (x)v/csch(x)Elliptic ( 175 )+ esh(o 9CSCh§(x) t b

[Out] (-8%x)/(9%Csch[x]~(3/2)) + (16*Cosh[x])/(27*Sqrt[Csch[x]]) + (2*x~2*Cosh[x]
)/ (3*Sqrt [Csch([x]]) - ((16%I)/27)*Sqrt[Csch[x]]*EllipticF[Pi/4 - (I/2)*x, 2
1*Sqrt [I*Sinh [x]]

Rubi [A] time = 0.207747, antiderivative size = 76, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 24, e .

0.208, Rules used = {4188, 4189, 3769, 3771, 2641}

integrand size

2x2 cosh(x) 8x 16 cosh(x) 16 . — ( T ooix )
- + - —iyisinh(x)yesch(x)F[ — - —[2
3+y/csch(x) 9csch§(x) 27+/csch(x) 27 v (3)Vesch(x) 4 2

Antiderivative was successfully verified.

[In] Int[x"2/Csch[x]~(3/2) + (x72%Sqrt[Csch([x]])/3,x]

[Out] (-8%x)/(9%Csch[x]~(3/2)) + (16*Cosh[x])/(27*Sqrt[Csch[x]]) + (2*x~2*Cosh[x]
)/ (3*Sqrt [Csch[x]]) - ((16%I)/27)*Sqrt[Csch[x]]*EllipticF[Pi/4 - (I/2)*x, 2
1*Sqrt [I*Sinh [x]]

Rule 4188

Int[(cscl(e_.) + (f_)*(x_)I*(_.))"(n_)*((c_.) + (d_.)*(x_))"(m_), x_Symbo
1] :> Simp[(d*m*(c + d*x)~(m - 1)*(bxCsc[e + fxx])"n)/(£72*#n"2), x] + (Dist
[(n + 1)/("2%n), Int[(c + d*x) mx(b*Cscle + f*x])~(n + 2), x], x] - Dist[(
d"2xmx(m - 1))/(f72*n"2), Int[(c + d*x)"(m - 2)*(b*Cscle + f*x])"n, x], x]
+ Simp[((c + d*x) m*Cos[e + f*x]*(b*Cscle + f*x])"(n + 1))/ (b*f*n), x1) /;
FreeQ[{b, c, 4, e, f}, x] && LtQ[n, -1] && GtQ[m, 1]

Rule 4189

Int[(cscl(e_.) + (£_)*(x_)I*(b_.))"(n_)*((c_.) + (d_.)*(x_))"(m_.), x_Symb
0l] :> Dist[(b*Sin[e + f*x]) nx(b*Cscle + f*x])"n, Int[(c + d*x)"m/(b*Sin[e



+ f*x])7°n, x], x] /; FreeQ[{b,

Rule 3769

Int[(cscl(c_.) + (d_.)*(x_)I*(b_
b*xCsclc + d*x])~(n + 1))/ (bxd#*n),

)7 (n_

c, d, e, f, m, n},

), x_Symbol]
x] + Dist[(n + 1)/(b"2%n),

88

x] && !'IntegerQ[n]

:> Simp[(Cos[c + d¥x]*(
Int [(b*Csc[c +

d*x])"(m + 2), x], x] /; FreeQl{b, c, d}, x] && LtQ[n, -1] && IntegerQ[2*n
]
Rule 3771
Int[(cscl(c_.) + (d_.)*(x_)1*(b_.))"(n_), x_Symbol] :> Dist[(b*Csc[c + d*x]
)"n*Sin[c + d*x] n, Int[1/Sin[c + d*x]°n, x], x] /; FreeQ[{b, c, d}, x] &&
EqQ[n~2, 1/4]
Rule 2641
Int[1/Sqrt[sin[(c_.) + (d_.)*(x_)]], x_Symbol] :> Simp[(2*EllipticF[(1x(c -
Pi/2 + d*x))/2, 2])/d, x] /; FreeQl{c, d}, x]
Rubi steps
2 2
[ ad \/csch(x]dx— f 2y/csch(x) dx+f dx
csch2 (x) csch2 (x)
8x 2x cosh(x) 2\/7 8 1 1
= x“y/csch(x) dx + = dx + = [+/csch
9csch§(x) 3vesch(x) 3 f ? f cschg(x) 3 (
8x 16 cosh(x) 2x2 cosh(x) 8
= - — | +cesch(x)d
9csch§(x) 27+/csch(x) 3\/csch(x) 27f csch(x)dx
8x 16 cosh(x) 2x2 cosh(x) 1 1
= 8 h h
9csch;(x) 27+/csch(x) 3\/csch(x) 27( Vescha)isin (x))f\/isin]
8x 16 cosh(x) 2x2 cosh(x) 16 ( | )
=- h(x)F| — - =|2|+/isinh
9csch;(x) 27+/csch(x) 3\/csch(x) 271 esch(x) tsinh(x

Mathematica [A]

1
— h
> csch(x)

Antiderivative was successfully verified.

time = 0.131453, size = 63, normalized size = 0.83

1
(—161'\/ isinh(x)EllipticF (Z(n - 2ix), 2) + 9x2 sinh(2x) + 12x + 8 sinh(2x) — 12x cosh(Zx))
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[In] Integrate[x”2/Csch[x]7(3/2) + (x~2*Sqrt[Csch[x]])/3,x]

[Out] (Sqrt[Csch[x]]*(12*x - 12*x*Cosh[2xx] - (16*I)*EllipticF[(Pi - (2*I)*x)/4,
2] *Sqrt [I#Sinh[x]] + 8%Sinh[2*x] + 9*x~2*Sinh[2*x]))/27

Maple [F] time = 0., size = 0, normalized size = 0.
3 x?
f x% (csch (x)) 72 + E\/csch (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2/csch(x)~(3/2)+1/3*x"2*xcsch(x)~(1/2),x)

[Out] int(x"2/csch(x)~(3/2)+1/3*x " 2*csch(x)~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

2
f % x%4/esch (x) + x—3 dx

csch (x)2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/csch(x)~(3/2)+1/3*x"2*csch(x)~(1/2),x, algorithm="maxima")

[Out] integrate(1/3*x~2*sqrt(csch(x)) + x72/csch(x)”~(3/2), x)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/csch(x)~(3/2)+1/3*x"2xcsch(x)~(1/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError
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Sympy [F] time = 0., size = 0, normalized size = 0.

il 3x32 dx + [ x®+fesch (x) dx

csch2 (x)

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2/csch(x)**(3/2)+1/3*%x**2*csch(x)**(1/2),x)

[Out] (Integral (3*x*x2/csch(x)**(3/2), x) + Integral (x**2*sqrt(csch(x)), x))/3

Giac [F] time = 0., size = 0, normalized size = 0.

1 2
f 3 x%4/esch (x) + x—3 dx

csch (x)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/csch(x)~(3/2)+1/3*x"2xcsch(x)~(1/2),x, algorithm="giac")

[Out] integrate(1/3*x~2*sqrt(csch(x)) + x"2/csch(x)~(3/2), x)
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e X3COS c+ax
317  [GSIsled gy

a+bcsch(c+dx)

Optimal. Leaf size=448

2 3 qecrax ) 2 ( 3 qecrax ) 2 ( 3 qefrax )
6bf“(e + fx)PolyLog (3, e . 6bf<(e + fx)PolyLog (3, i) 3bf(e + fx)“PolyLog (2, VIR
a?d? a?d? a?d?

[Out] (b*x(e + fxx)74)/(4*a"2+f) - (6*%f~3xCosh[c + d*x])/(axd™4) - (3xfx(e + f*x)~
2xCosh[c + d*x])/(axd™2) - (bx(e + fxx) 3*Log[l + (a*E~(c + d*x))/(b - Sqrt
[a”2 + b72])])/(a"2*%d) - (bx(e + f*x)~3xLog[l + (a*E~(c + d*x))/(b + Sqrtla
2 + b72])]1)/(a"2xd) - (3*xbxfx(e + f*x) 2+PolyLogl[2, -((a*E~(c + d*x))/(b -
Sqrtl[a”2 + b"2]))]1)/(a"2xd"2) - (3*xbxf*x(e + f*x) 2xPolyLogl[2, -((a*xE~(c +
d*x))/(b + Sqrtl[a™2 + b~2]))]1)/(a"2xd"2) + (6*b*f~2x(e + f*x)*PolyLog[3, -(
(axE"(c + d*x))/(b - Sqrt[a™2 + b72]))])/(a"2%d"3) + (6xb*f~2x(e + fxx)*Pol
yLog[3, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))]1)/(a"2*d~3) - (6*%bxf~3*Pol
yLog[4, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b~2]))]1)/(a"2xd~4) - (6xb*xf~3*Pol
yLog[4, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2]))])/(a"2xd~4) + (6%xf~2x(e +
fxx)*Sinh[c + d*x])/(a*d™3) + ((e + f*x)~3%Sinh[c + d*x])/(a*d)

Rubi [A] time = 0.731903, antiderivative size = 448, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 17, number of rules used = 10, integrand size = 26, ==
integrand size

= 0.385, Rules used = {56594, 5579, 3296, 2638, 5561, 2190, 2531, 6609, 2282, 6589}

ae

2 B qecTax ) 2 ( B qectax ) 9 ( B c+dx )
6bf-(e + fx)PolyLog (3, ) | 6bf=(e + fx)PolyLog (3, TTon 3bf(e + fx)"PolyLog |2, T

a2d3 a2d3 a2d?

Antiderivative was successfully verified.

[In] Int[((e + f*xx)~3*Cosh[c + d*x])/(a + b*Cschl[c + d*x]),x]

[Out] (bx(e + f*x)~4)/(4xa~2*xf) - (6%f~3xCoshl[c + d*x])/(a*xd™4) - (3*xfx(e + f*x)~
2xCosh[c + d*x])/(axd™2) - (bx(e + fxx) 3*Log[l + (a*E~(c + d*x))/(b - Sqrt
[a”2 + b72])])/(a"2*d) - (bx(e + fx*x)~3xLogl[l + (a*E~(c + d*x))/(b + Sqrtla
"2 + b72])]1)/(a"2%d) - (3*bxfx(e + f*x) 2+PolyLog[2, -((a*xE~(c + d*x))/(b -
Sqrt[a~2 + b"2]))]1)/(a"2xd~2) - (3*xbxf*x(e + f*x) 2xPolyLog[2, -((a*xE~(c +
d*x))/(b + Sqrt[a”2 + b~2]))])/(a~2*d"2) + (6*%bxf~2x(e + f*x)*PolyLog[3, -(
(axE~(c + d*x))/(b - Sqrt[a™2 + b72]))])/(a"2%d"3) + (6xb*f~2x(e + fxx)*Pol
yLog[3, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))]1)/(a"2*d~3) - (6*bxf~3*Pol
yLog[4, -((a*xE~(c + d*x))/(b - Sqrtl[a”2 + b~2]))]1)/(a"2*d~4) - (6%bxf~3*Pol
yLogl[4, -((a*E~(c + d*x))/(b + Sqrt[a™2 + b72]))]1)/(a"2*d™4) + (6*xf~2*(e +
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f*xx)*Sinh[c + d*x])/(a*d”3) + ((e + f*x)~3*Sinh[c + dx*x])/(a*xd)

Rule 5594

Int[((Ce_.) + (£_)*(x_)) " (m_)*(F_)[(c_.) + (d_)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_.)*x(x_)]*x(_.) + (a_)), x_Symbol] :> Int[((e + f*x) m*Sinh[c + d*x]*F
[c + d*x]"n)/(b + a*Sinh[c + d*x]), x] /; FreeQ[{a, b, c, d, e, f}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

Rule 5579

Int[(Cosh[(c_.) + (d_.)*(x_)]1"(p_.)*((e_.) + (£_.)*(x_))"(m_.)*Sinh[(c_.) +

(d_D*x)]"(m_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> D
ist[1/b, Int[(e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - Di
stla/b, Int[((e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1))/(a + b*Sinh
[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && IGtQ[n,
0] && IGtQ[p, O]

Rule 3296

Int[((c_.) + (@_)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*xCos[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*x], x], x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O]

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 5561

Int[(Cosh[(c_.) + (d_.)*(x_)I*((e_.) + (f£_)*(x_)) " (m_.))/((a_) + (b_.)*Sin
h{(c_.) + (d_.)*(x_)]1), x_Symbol] :> -Simp[(e + f*x)~(m + 1)/(b*f*x(m + 1)),
x] + (Int[((e + f*x) " m*E~(c + d*x))/(a - Rt[a"2 + b™2, 2] + b*E~(c + d*x))
, x] + Int[((e + f*x)"m*E"(c + d*x))/(a + Rt[a"2 + b"2, 2] + b*E"(c + d*x))
, x]1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Rule 2190

Int [CC(F)~((g_)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]
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Rule 2531

Int[Log[l + (e_.)*((F_)"((c_)*((a_.) + (b_.)*(x_))))"(n_)1*((£f_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)]1, x1, x] /; FreeQ[{F, a, b, c, e, £
, g, nr, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLogln + 1, d*(F~(c*(a
+ b*x)))"pl)/ (b*c*p*Log[F1), x] - Dist[(£*m)/(bxc*p*Log[F1), Int[(e + f¥x)~
(m - 1)*PolyLogln + 1, d*x(F~(cx(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] &% IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, ¢, d
, €, n, pt, x] & EqQ[b*d, axe]

Rubi steps
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f (e + fx) cosh(c + dx) = f (e + fx)% cosh(c + dx) sinh(c + dx)
a + besch(c + dx) r= b + asinh(c + dx)

(e+fx)3 cosh(c+dx)
_ f(e + fx)3 COSh(C + dx) dx f b+a sinh(c+dx)
a a

f ec+dX(e+fx)3 d b f ec+dX(e+fx)3
_ ble+ fx)t .\ (e + fx)3sinh(c + dx) ) e ) R saeri X S
40 f ad a a

_ble+fx)* 3f(e+ fx)*cosh(c +dx) ble + fx)° 10%(1+ - W) b(e + f)° log |
- Aef ) ad? a%d 22

be+f0)'  3f(e+ fxPcoshic+dy) e+ S0 log (1 - m) ble + fx)*log

T A f - ad? a2d a2

qeCTax

b+ f9t 6f%coshc+dx) 3f(e+ frPcoshc+dy) e+ ¥ log (1 t
T 42f ad* - ad? a?d

cdx

b+ f0t 6f3coshc+dy) 3f(e+ frPcosh(c+dy) PCtS %)’ log (1 =

4a?f ad* ad? a?d
3 qecrax
_ be+ fx)! ~ 63 cosh(c + dx) _3f(e+ fx)? cosh(c + dx) ble + fx)°log (1 g
© da?f ad* ad? a?d

Mathematica [C] time = 27.1714, size = 2122, normalized size = 4.74

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((e + f*x) 3*Cosh[c + d*x])/(a + b*Cschlc + dxx]),x]

[Out] (exf~2xCschlc + d*x]*(2*b*x~3%(-1 + Coth[c]) - 2*¥b*x~3*Coth[c] - (6xa~2xbx(
d~2xx"2+Log[1 + ((b - Sqrt[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + dxx]))/al

- 2xd*x*PolyLog[2, ((-b + Sqrt[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + dx*x]))

/a]l - 2xPolyLog[3, ((-b + Sqrtl[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))
/al))/(Sqrt[a”2 + b~2]*(-b + Sqrt[a”2 + b~2])*d~3) - (6%a”2xb*(d"2*xx"2*Log[

1 + ((b + Sgrt[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/al - 2*d*x*Poly
Log[2, ((b + Sqrt[a”2 + b~2])*(-Cosh[c + d*x] + Sinh[c + d*x]))/a] - 2*Poly
Log[3, ((b + Sqrt[a™2 + b~2])*(-Cosh[c + d*x] + Sinh[c + d*x]))/al))/(Sqrtl[

a”2 + b72]x(b + Sqrt[a”2 + b"2])*d"3) + (6%b~2x(d"2*x"2*Log[1 + (a*x(Coshl[c
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+ d*x] + Sinh[c + d*x]))/(b - Sqrt[a™2 + b~2])] + 2xd*xxPolyLog[2, (a*x(Cosh
[c + d*x] + Sinh[c + d*x]))/(~b + Sqrt[a”2 + b~2])] - 2*PolyLog[3, (ax(Cosh
[c + d*x] + Sinh[c + d*x]))/(-b + Sqrt[a”2 + b~2])]))/(Sqrt[a”2 + b~2]*d"3)
- (6xb~2x(d"2*x"2xLog[1 + (a*(Cosh[c + d*x] + Sinh[c + dx*x]))/(b + Sqrt[a”
2 + b72])] + 2xd*x*PolyLog[2, -((ax(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sq
rt[a”2 + b72]))] - 2xPolyLogl[3, -((a*(Cosh[c + d*x] + Sinh[c + d*x]))/(b +
Sqrt[a”2 + b~2]))1))/(Sqrt[a”2 + b~2]*d"3) + (6xa*Cosh[d*x]*(-2*d*x*Coshl[c]
+ (2 + d72xx72)*Sinh[c]))/d"3 + (6*%a*x((2 + d~2%x"2)*Cosh[c] - 2xd*x*Sinh[c
1)*Sinh[d*x])/d"3)*(b + a*Sinh[c + d*x]))/(2*xa"2x(a + b*Cschlc + d*x])) + (
f~3*Cschlc + d*x]*(-(b*x~4*Cosh[c]*Csch[c/2]*Sech[c/2])/(4*a"2) + (2*Cosh[d
*x]* (-6*%Cosh[c] - 3*d~2xx"2*Cosh[c] + 6+*d*x*Sinh[c] + d~3*x73*Sinh[c]))/(a*
d™4) + (b*(x"4 - (2*%a"2%(d"3*x"3*Log[l + ((b - Sqrt[a”2 + b~2])*(Cosh[c + d
xx] - Sinh[c + dx*x]))/al - 3*d"2*x"2xPolyLog[2, ((-b + Sqrt[a~2 + b~2])*(Co
shlc + d*x] - Sinh[c + d*x]))/a] - 6xd*x*PolyLog[3, ((-b + Sqgrt[a”2 + b~2])
x(Cosh[c + d*x] - Sinh[c + d*x]))/a]l - 6*%PolyLog[4, ((-b + Sgrt[a”2 + b~2])
*(Cosh[c + d*x] - Sinh[c + d*x]))/al)*(-1 + Cosh[2*c] + Sinh[2*c]))/(Sqrt[a
"2 + b72]*(-b + Sqrt[a”2 + b"2])*d"4) - (2%a”"2x(d"3*x"3*Log[l + ((b + Sqrt[
a”2 + b™2])*(Cosh[c + d*x] - Sinh[c + dx*x]))/al - 3*d~2*x"2xPolyLogl[2, -(((
b + Sqrt[a™2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/a)] - 6xd*x*PolyLogl[3
, =(((b + Sqrt[a~2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/a)] - 6*PolyLog
[4, -(((b + Sgrt[a”2 + b~2])*(Cosh[c + dxx] - Sinh[c + d*x]))/a)])*(-1 + Co
sh[2*c] + Sinh[2%c]))/(Sqrt[a”2 + b"2]*(b + Sqrt[a”™2 + b~2])*d"4) + (2*b*x(d
~3*x"3*Log[1 + (a*x(Cosh[c + d*x] + Sinh[c + dx*x]))/(b - Sqrt[a”2 + b~2])] +
3xd"2*x"2*PolyLog[2, (a*(Cosh[c + d*x] + Sinh[c + d*x]))/(-b + Sqrt[a”2 +
b~2])] - 6*d*x*PolyLogl[3, (a*x(Cosh[c + d*x] + Sinh[c + d*x]))/(-b + Sqrt[a”
2 + b72])] + 6xPolyLogl[4, (a*(Cosh[c + d*x] + Sinh[c + d*x]))/(-b + Sqrt[a”
2 + b72])1)*(-1 + Cosh[2*c] + Sinh[2%c]))/(Sqrt[a”2 + b~2]*d"4) - (2*b*(d"3
*x"3*Log[1 + (a*x(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sqrt[a™2 + b"2])] + 3
xd~2*xx"2*%PolyLog[2, -((a*(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sqrt[a”2 + b
~2]1))] - 6xd*x*PolyLog[3, -((a*x(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sqrtla
2 + b~2]))] + 6xPolyLogl[4, -((ax(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sqrt
[a”2 + b72]))]1)*(-1 + Cosh[2*c] + Sinh[2xc]))/(Sqrtl[a”2 + b~2]*d~4)))/(a~2x*
(-1 + Cosh[2*c] + Sinh[2*c])) + (2*%(6*d*x*Cosh[c] + d"3*x"3xCosh[c] - 6*Sin
hlc] - 3*xd"2*x~2*Sinh[c])*Sinh[d*x])/(a*d~4))*(b + a*Sinh[c + d*x]))/(2x(a
+ b*Cschlc + d*x])) - (e"3#Cschl[c + d*x]*((b*Logl[b + a*Sinh[c + d*x]])/a"2
- Sinh[c + d*x]/a)*(b + a*Sinh[c + dxx]))/(d*(a + b*Csch[c + d*x])) + (3xe”
2xf*Csch[c + d*x]*(b + a*Sinh[c + d*x])*(-(a*Cosh[c + d*x]) - bx(c + d*x)*L
oglb + a*Sinh[c + d*x]] + bxcxLogl[l + (a*Sinh[c + d*x])/b] + I*bx((-I/8)*(2
xc + I*Pi + 2xd*x)”2 - (4*I)*ArcSin[Sqrt[1 + (I*b)/al/Sqrt[2]]*ArcTan[((I*a
+ b)*Cot [((2%I)*c + Pi + (2%I)*d*x)/4])/Sqrtl[a~2 + b~2]] - (((-2xI)*c + Pi
- (2%xI)*d*x + 4*ArcSin[Sqrt[1 + (Ix*b)/al/Sqrt[2]])*Log[l + ((-b + Sqrt[a~2
+ b72])*E"(c + d*x))/al)/2 - (((-2*I)*c + Pi - (2*I)*d*x - 4*xArcSin[Sqrt[1
+ (Ixb)/al/Sqrt[2]1]1)*Logll - ((b + Sqrt[a”2 + b~2])*E~(c + d*x))/al)/2 + (
Pi/2 - Ix(c + d*x))*Logl[b + a*Sinh[c + d*x]] + I*(PolyLogl[2, ((b - Sqrt[a~2
+ b"2])*E~(c + d*x))/a]l + PolyLog[2, ((b + Sqrt[a”™2 + b"2])*E~(c + d*x))/a
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1)) + axd*x*Sinh[c + d*x]))/(a"2*d"2*(a + b*Csch[c + d*x]))

Maple [F] time = 0.496, size = 0, normalized size = 0.

fx+e 3cosh (dx +¢)
( )
f dx

a + besch (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 3*cosh(d*x+c)/(a+b*csch(d*x+c)),x)

[Out] int((f*x+e) ~3*cosh(d*x+c)/(a+bxcsch(d*x+c)),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

1 ,(2dx+c)b e+ eld0  2blog (—2 be =) 4 g(-2dx=2¢) _ u) (bd4 F3xtet + Abdef?x3e" + 6 bd*e fa
2° a’d ad ad a?d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3*cosh(d*x+c)/(atb*csch(d*x+c)),x, algorithm="maxima")

[Out] -1/2*%e"3*%(2x(d*x + c)*b/(a"2*d) - e~ (d*x + c)/(a*xd) + e~ (-d*x - c)/(axd) +

2xbxlog (-2xb*e” (-d*x - c) + axe” (-2*d*x - 2xc) - a)/(a"2xd)) - 1/4x(bxd~4x*f

“3*%x74*e”c + 4xbkd"4d*xexf"2%x"3*e”c + 6*bkd"4ke 2xfxx"2xe"c - 2% (a*xd"3*f " 3*x

“3%e”(2%c) + 3k (d73*exf72 - d72*f73) *a*x"2*e” (2*%c) + 3x(d"3%e”2xf - 2*xd"2*e

*f72 + 2kd*f73) kaxx¥xe” (2xc) - 3*x(d"2*e"2*f — 2xd*kexf~2 + 2xf73)*axe” (2%c))*

e~ (d*x) + 2*x(axd"3*xf"3*x"3 + 3*%(d"3*e*xf"2 + d72xf"3)*axx"2 + 3*%(d"3*ke”2*xf +
2%d72*%exf72 + 2xd*xf"3)*xaxx + 3% (d72%e”2*xf + 2kxdxexf~2 + 2%xf73)*a)*e” (-d*x)
Y*¥e~(-c)/(a"2*%d"4) + integrate(-2*(axb*f~3*%x"3 + 3*axbkexf 2%x"2 + 3xaxb*e”
2%fxx — (b72%f73*x"3%e”c + 3*b"2%exf72x%x"2*%e"c + 3*b"2*ke"2xf*x*e"c)*e” (d*x)

)/ (a~3%e” (2xd*xx + 2%c) + 2%a”~2%b*e~(d*x + c) - a~3), x)

Fricas [C] time = 2.00558, size = 4582, normalized size = 10.23

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3*cosh(d*x+c)/(atb*csch(d*x+c)),x, algorithm="fricas")

[Out] -1/4x(2xaxd"3*f73*%x"3 + 2*a*d~3xe”3 + 6Gkxaxd 2%e”2*xf + 12xaxd*e*xf~2 + 12*axf
73 + 6%(akxd"3*%exf72 + axdT2*xf73)*x72 - 2% (a*xd"3*f73%x"3 + axd"3%e”3 - 3*axd
T2xe”2%f + Gxaxdkexf”2 - 6xa*xf”3 + 3x(axd"3kexf"2 - axd"2*xf73)*x72 + 3*(axd
“3%e72xf - 2%axd"2*exf"2 + 2*axd*f~3)*x)*cosh(d*x + c)72 - 2% (axd"3*f"3%x”3
+ axd”"3xe”3 - 3*axd"2xe"2*f + 6kaxdkexf"2 - 6*xaxf~3 + 3k (axd"3*xexf”"2 - axd
“2xf73)*xx72 + 3k (axd"3xe”24f - 2xaxd"2*e*xf"2 + 2xa*xd*f~3)*x)*sinh(d*x + c)”
2 + 6%(a*xd"3*e”2xf + 2kaxd"2*exf"2 + 2kaxd*f~3)*x - (b*d"4*f73%x74 + 4xbxd”
4xexfT2%x"3 + 6xb*d"4*xe"2+f*x72 + 4xb*d”"4*e"3xx + 8*bkcxd"3*e”3 - 12%bxc”2x
d"2%e”2xf + 8xbkc"3*dxexf"2 - 2xb*xc"4xf"3)*cosh(d*x + c) + 12x((b*d~2*f~3*x
T2 + 2xb*d"2%exf"2*x + bkd"2*e”2*f)*cosh(d*x + c) + (b*d"2*f73%x72 + 2%bx*d”
2xexf"2xx + bxd"2*e”2*f)*sinh(d*x + c))*dilog((b*cosh(d*x + c) + b*sinh(d*x
+ c) + (a*cosh(d*x + c) + a*sinh(d*x + c))*sqrt((a”2 + b~2)/a"2) - a)/a +
1) + 12x((b*d"2*f73*x"2 + 2*%b*d"2*kexf~2*x + b*d"2*e”2*f)*cosh(d*x + c) + (b
*xd"2xf73%x72 + 2xb*d"2%exf"2*x + b*d"2*e”2xf)*sinh(d*x + c))*dilog((b*cosh(
d*x + c) + b*sinh(d*x + c) - (a*cosh(d*x + c) + a*sinh(d*x + c))*sqrt((a~2
+ b72)/a"2) - a)/a + 1) + 4x((b*d"3*e”3 - 3kbkcxd 2*e”2*xf + 3xbkc™2xdxexf”2
- b*c™3*f73)*cosh(d*x + c) + (b*d"3%e”3 - 3xbkckxd 2%e”2*f + 3*bxc~2kd*e*xf”
2 - b*c™3%f"3)*sinh(d*x + c))*log(2*a*xcosh(d*x + c) + 2%a*sinh(d*x + c) + 2
xaxsqrt((a”2 + b~2)/a"2) + 2%b) + 4% ((bxd~3*%e”3 - 3*bkxc*xd"2xe”2*xf + 3xb*c™2
xd*xexf~2 - b*c"3%f7"3)*cosh(d*x + c) + (bxd"3*%e”3 - 3xbkcxd"2xe”2*xf + 3xbxc”
2xdxe*f~2 - bxc~3*f"3)*sinh(d*x + c))*log(2xa*cosh(d*x + c) + 2*a*xsinh(d*x
+ ¢c) - 2xaxsqrt((a”2 + b72)/a"2) + 2*b) + 4*x((bxd"3*f"3*x"3 + 3*b*d"3xexf"2
*X"2 + 3*%bxd"3%e”2%f*kx + 3xbkckd"2xe”2*f - 3xbxcT2*d*kexf"2 + b*c~3*xf73)*cos
h(d*x + c) + (b*d™3*%f73%x73 + 3*%bxd~3*e*xf 2%xx"2 + 3%bxd~3*e”2%f*x + 3*b*xckd
“2%e72xf - 3*bkcT2*kd*e*xf"2 + bxc”3*f73)*sinh(d*x + c))*log(-(b*cosh(d*x + c
) + bxsinh(d*x + c) + (a*cosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/
a”2) - a)/a) + 4x((b*xd"3*f73*x"3 + 3*b*d"3kexf 2%x72 + 3xb*xd"3*ke"2xfxx + 3%
bxckd 2%e”2%f - 3*bkcT2kd*e*xf"2 + bxc”3*f73)*cosh(d*x + c) + (b*d"3*f~3*%x"3
+ 3xbxd"3*e*xf"2xx72 + 3kbxd"3*e”2xf*xx + 3*bkckd"2xe”2*%f - 3xb*xcT2kdxexf "2
+ b*c”™3%f73)*sinh(d*x + c))*log(-(b*cosh(d*x + c) + bxsinh(d*x + c) - (a*co
sh(d*x + c) + a*sinh(d*x + c))*sqrt((a”2 + b~2)/a"2) - a)/a) + 24x(b*xf~3*co
sh(d*x + c) + bxf~3xsinh(d*x + c))*polylog(4, (b*cosh(d*x + c) + bxsinh(d*x
+ c) + (a*cosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/a"2))/a) + 24x
(b*f~3*cosh(d*x + c) + b*f~3*sinh(d*x + c))*polylog(4, (b*cosh(d*x + c) + b
xsinh(d*x + c) - (a*cosh(d*x + c) + a*xsinh(d*x + c))*sqrt((a”2 + b72)/a"2))
/a) — 24*%((b*d*f~3*x + bkxd*e*xf~2)*cosh(d*x + c) + (b*d*f~3*x + bkdxe*f~2)x*s
inh(d*x + c))*polylog(3, (b*cosh(d*x + c) + b*sinh(d*x + c) + (a*xcosh(d*x +
c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/a"2))/a) - 24*((bxd*f~3*x + b*d*xexf
~2)*cosh(d*x + c) + (b*d*f~3*x + bkd*e*xf~2)*sinh(d*x + c))*polylog(3, (b*co
sh(d*x + c) + b*sinh(d*x + c) - (axcosh(d*x + c) + a*sinh(d*x + c))*sqrt((a
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"2 + b"2)/a"2))/a) - (b*xd"4xf"3%x"4 + 4xb*d"4d*xexf"2*xx"3 + 6xb*xd"4*xe " 2*f*x"2

+ 4xbxd"4*e”3%x + 8*b*c*d"3*e”3 - 12%bxc”2xd"2%e"2xf + 8*b*c 3kd*exf"2 - 2
*bkxc"4*xf73 + 4% (axd"3*f"3%x"3 + a*xd"3*e”3 - 3xaxd"2xe”2xf + 6G*xaxdxexf"2 - 6
*a*xf~3 + 3k (axd"3*xexf"2 — axd"2+xf73)*x"2 + 3k (axd"3xe"2xf - 2*axd"2*exf"2 +
2%axd*f~3)*x)*cosh(d*x + c))*sinh(d*x + c))/(a"2xd"4*cosh(d*x + c) + a~2xd
“4xsinh(d*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**3xcosh(d*x+c)/(a+bxcsch(d*x+c)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(fx + 8)3 cosh (dx + ¢)
f dx

besch(dx+c)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e) 3*cosh(d*x+c)/(atb*csch(d*x+c)),x, algorithm="giac")

[Out] integrate((f*x + e) 3*cosh(d*x + c)/(b*csch(d*x + c) + a), x)
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+fx)% cosh(c+d
fx)~ cosh(c x)dx
a+bcsch(c+dx)

318 [&

Optimal. Leaf size=330

3 qecrax B gettix > ( 3 qeftax ) >
_2bf(e+fx)PolyLog (2, b_m) 2bf(e + fx)PolyLog (2, «/mw) . 2bf<PolyLog (3, ) | 2bf<P:

a2d? a2d? a2ds

[Out] (b*x(e + fxx)73)/(3*%a~2+f) - (2*fx(e + fxx)*Coshlc + d*x])/(a*xd™2) - (b*(e +
fxx)"2+Log[1 + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])])/(a"2*d) - (b*x(e + f

xx) “2*Log[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])])/(a"2*%d) - (2xbxf*x(e +
f*xx)*PolyLog[2, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b~2]))]1)/(a"2%d"2) - (2%
bxf*(e + f*x)*PolyLog[2, -((a*E~(c + d*x))/(b + Sqrt[a™2 + b~2]))])/(a~2*xd~

2) + (2¥b*xf~2xPolyLogl[3, -((a*E~(c + d*x))/(b - Sqrt[a™2 + b72]))])/(a"2*d"~

3) + (2xb*f~2%PolyLogl3, -((a*E~(c + d*x))/(b + Sqrt[a™2 + b72]))])/(a"2*d”

3) + (2xf72*Sinh[c + d*x])/(a*d”3) + ((e + f*xx)~2+Sinh[c + d*x])/(axd)

+

+ + +

Rubi [A] time = 0.598721, antiderivative size = 330, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 9, integrand size = 26, e .

integrand size
0.346, Rules used = {6594, 5579, 3296, 2637, 5561, 2190, 2531, 2282, 6589}

c+dx c+dx Cc+dx
2 PolyLog (2, -—==) 2 PolyLog (2 -%=—] 2bf?PolyLog (3, -—==) 2b/P
) bf(e + fx)Poly og( T bf(e + fx)PolyLog (2, N . bf“PolyLog |3, e . bf<P

a2d? a2d? a2d3

Antiderivative was successfully verified.

[In] Int[((e + f*x) 2*Cosh[c + d*x])/(a + bxCsch[c + d*x]),x]

[Out] (bx(e + f*x)73)/(3*a"2xf) - (2xfx(e + f*x)*Cosh[c + d*x])/(a*xd™2) - (b*x(e +
f*x) "2*Log[1l + (axE~(c + d*x))/(b - Sqrt[a™2 + b~2]1)])/(a"2*d) - (b*(e + f

xx) "2*Log[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b72])])/(a"2*d) - (2xbxf*x(e +
fxx)*PolyLog[2, -((a*xE~(c + d*x))/(b - Sqrt[a”2 + b~2]))])/(a"2xd"2) - (2%
bxf*(e + f*x)*PolyLog[2, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))])/(a~2*d~

2) + (2xb*xf~2*%PolyLog[3, -((a*xE~(c + d*x))/(b - Sqrt[a”2 + b~2]))])/(a~2*d"”

3) + (2*b*f~2+PolyLog[3, -((a*E~(c + d*x))/(b + Sqrt[a”™2 + b~2]))]1)/(a"2*d"”

3) + (2*#f72+Sinh[c + d*x])/(axd"3) + ((e + f*x)"2+Sinh[c + d*x])/(axd)

+

+ + +

Rule 5594

Int[((Ce_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_)*(x)1*(b_.) + (a_)), x_Symbol] :> Int[((e + f*x) m*Sinh[c + d*x]*F
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[c + d*x]"n)/(b + a*Sinh[c + d*x]), x] /; FreeQ[{a, b, c, d, e, f}, x] && H
yperbolicQ[F] && IntegersQ[m, n]

Rule 5579

Int[(Cosh[(c_.) + (d_)*x )1 (p_)*((e_.) + (f_.)*(x_))"(m_.)*Sinh[(c_.) +

(d_)*xx )] (m_.))/((a) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> D
ist[1/b, Int[(e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - Di
stla/b, Int[((e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1))/(a + b*Sinh
[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && IGtQ[n,
0] && IGtQ[p, O]

Rule 3296

Int[((c_.) + (@_)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*xx], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, 4}, x]

Rule 5561

Int[(Cosh[(c_.) + (d_.)*(x_)I*((e_.) + (f£_)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]), x_Symbol]l :> -Simp[(e + f*x)"(m + 1)/(b*fx(m + 1)),
x] + (Int[((e + f*x)"m*E"(c + d*x))/(a - Rt[a™2 + 172, 2] + b*E~(c + d*x))
, x] + Int[((e + fxx)"m*E"(c + d*x))/(a + Rt[a"2 + b~2, 2] + b*E"(c + dx*x))
, x1) /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Rule 2190

Int [CCCF_)~((g_.)*((e_.) + (£_)*x_))))"(_)*x((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + fx*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_)*((a_.) + (b_)*(x_))))"(a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLogl[2, -(ex(F~(cx(a + b*x
)))"n)1)/(bxcxn*xLog[F]1), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
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, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w )*((a_.)*(v_ )" (n_ ))"(m_) /; FreeqQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_]1 /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx) pl/(e*xp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps

f (e + fx)? cosh(c + dx) . f (e + fx)? cosh(c + dx) sinh(c + dx)
a + besch(c + dx) r= b + asinh(c + dx)

(e+fx)2 cosh(c+dx)
_ Jle+ fxpPeoshc+dndy b TGnca
B a a
f ec+dX(e+fx)2 d b f ec+d"(e+fx)2
— b(e + fx)3 + (6 + fx)z Sinh(c + dx) _ b—Va2+ b2 +aec+dx b+ Va2 +b2+aec+x _
3a?f ad a a

5 qettax 5
3 be + fx)> 2f(e+ fx)cosh(c + dx) ble + fx) log(l + b_\/m) ble + fx)"log
© o 3a%f ad? a2d a

c+dx

2 2
3 ble + fx)3 2f(e+fx)cosh(c+dx) ble + fx) log(l + \/z_bz) ble + fx)"log
T 3a%f ad? a?d a

2 qetdx 5
bt S0P 2fer fr)coshicrdy P OMog(14 ) et foRlos
T 3a%f ad? a’d a

2 qeCtdx 5
e+ fx)®  2f(e+ fx)cosh(c+dy) b+ f07log (1 + —b_m) ble + fx)"log
-~ 3a%f ad? a?d a3
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Mathematica [C] time = 10.2523, size = 1167, normalized size = 3.54

112 a

mm@+wwmmmmmmmkﬁmmmq®+amm@+wmz 2fcesch(c + dx)(b + asinh(c + dx)) | —a cosh(c +
- +

d(a + besch(c + dx))
Warning: Unable to verify antiderivative.

[In] Integrate[((e + f*x) 2xCosh[c + d*x])/(a + b*Cschlc + dxx]),x]

[Out] (£72xCschlc + d*x]*(2xb*x"3%(-1 + Coth[c]) - 2%b*x"3xCoth[c] - (6xa™2%b*(d”
2xx~2*Log[1 + ((b - Sqrt[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/a] -
2xd*xx*PolyLog[2, ((-b + Sqrt[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/a
] - 2xPolyLog[3, ((-b + Sqrt[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/a
1))/(Sqrt[a™2 + b™2]*(-b + Sqrt[a”2 + b~2])*d"3) - (6*a~2%b*(d"2*x"2*Log[1
+ ((b + Sqrt[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/al - 2*d*x*PolyLo
gl2, ((b + Sqrt[a”2 + b~2])*(-Cosh[c + d*x] + Sinh[c + d*x]))/a] - 2*PolyLo
gl3, ((b + Sqrt[a”2 + b~2])*(-Cosh[c + d*x] + Sinh[c + dx*x]))/al))/(Sqrt[a”
2 + b72]*(b + Sqrt[a”2 + b"2])*d"3) + (6%b~2x(d"2xx"2*Log[1l + (ax(Cosh[c +
d*x] + Sinh[c + d*x]))/(b - Sqrt[a™2 + b~2])] + 2xd*x*PolyLog[2, (ax(Coshl[c
+ d*x] + Sinh[c + d*x]))/(-b + Sqrt[a”2 + b~2])] - 2*PolyLog[3, (a*(Coshlc
+ d*x] + Sinh[c + d*x]))/(-b + Sqrt[a”2 + b~2])]1))/(Sqrt[a”2 + b~2]*d"3) -
(6xb~2x(d"2*x"2*Log[1 + (a*x(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sqrt[a~2
+ b~2])] + 2*d*x*PolyLog[2, -((a*(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sqrt
[a”2 + b72]))] - 2xPolyLogl[3, -((a*(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sq
rt[a”2 + b72]1))]1))/(Sqrt[a”2 + b~2]*d"3) + (6*a*xCosh[d*x]*(-2*d*x*Cosh[c] +
(2 + d72*x72)*Sinh[c]))/d"3 + (6*a*x((2 + d"2*x"2)*Cosh[c] - 2*d*x*Sinh[c])
*xSinh [d*x])/d"3)*(b + axSinh[c + d*x]))/(6*%a"2x(a + b*Cschlc + d*x])) - (e~
2xCsch[c + d*x]*((b*Log[b + a*Sinh[c + d*x]])/a"2 - Sinh[c + d*x]/a)*(b + a
*Sinh[c + d*x]))/(d*(a + b*Cschlc + d*x])) + (2%exfxCschlc + d*x]*(b + a*Si
nh[c + d*x])*(-(a*Cosh[c + d*x]) - b*(c + d*x)*Log[b + a*Sinh[c + d*x]] + b
xcxLog[1 + (a*Sinh[c + d*x])/b] + Ixbx((-I/8)*(2*c + I*Pi + 2xd*x)"2 - (4*I
)*ArcSin[Sqrt[1 + (I*b)/al/Sqrt[2]]*ArcTan[((I*a + b)*Cot[((2%I)*c + Pi + (
2xI1)*d*x) /4])/Sqrt[a”2 + b~2]] - (((-2*I)*c + Pi - (2*I)*d*x + 4*ArcSin[Sqr
t[1 + (Ixb)/al/Sqrt[2]])*Log[l + ((-b + Sqrt[a~2 + b~2])*E~(c + d*x))/al)/2
- (((-2%I)*c + Pi - (2*I)*d*x - 4xArcSin[Sqrt[1 + (Ix*b)/al/Sqrt[2]])*Logl1
- ((b + Sgrt[a”2 + b™2])*E~(c + d*x))/al)/2 + (Pi/2 - I*(c + d*x))*Log[b +
axSinh[c + d*x]] + Ix(PolyLog[2, ((b - Sqrt[a”2 + b"2])*E~(c + d*x))/al +
PolyLog[2, ((b + Sqrt[a”2 + b~2])*E~(c + d*x))/al)) + axd*x*Sinh[c + dx*x]))
/(a"2xd"2*(a + b*Cschlc + dxx]))
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Maple [F] time = 0.283, size = 0, normalized size = 0.

xX+e 2cosh(olx+c)
(fx+e)
f dx

a + besch (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 2%cosh(d*x+c)/(a+b*csch(d*x+c)),x)

[Out] int((f*x+e) "2*cosh(d*x+c)/(a+bxcsch(d*x+c)),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

1 ,(20x+0p pldx+0) N o(—dx—0) N 2blog (—2 bel-dx=0) 4 ge(-2dx-20) _ a) (2 bd® f2x3¢° + 6 bd3efx2et — 3 (ud2 f

2 a2d ad ad a2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2*cosh(d*x+c)/(atb*csch(d*x+c)),x, algorithm="maxima")

[Out] -1/2*%e”2x(2*x(d*x + c)*b/(a"2*d) - e~ (d*x + c)/(axd) + e~ (-d*x - c)/(axd) +
2¥b*log(-2xbxe~ (-d*x - c) + axe” (-2*d*x - 2%c) - a)/(a”2xd)) - 1/6%(2xbxd~3
*f72%x"3%e”c + 6xbxd"3kexfxx"2%e”c - 3k (a*d"2xfT2xx"2xe” (2xc) + 2% (d"2*exf

- d*xf72)*axx*ke” (2xc) - 2x(dxexf - f£72)*a*xe” (2*c))*e” (d*x) + 3*x(a*xd™2*f ~2*x”

2 + 2%(d"2*exf + dxf~2)*axx + 2% (d*exf + f~2)*a)*e” (-d*x))*e”(-c)/(a"2*d"3)

+ integrate(-2x(axb*f~2%x7"2 + 2xaxbkexf*x - (b™2*xf72*x"2%e”c + 2xb~2kexf*x
xe~c)*e” (d*x))/(a"3*e” (2xd*x + 2%c) + 2*a " 2*b*e”(d*x + c) - a~3), x)

Fricas [C] time = 1.69167, size = 3051, normalized size = 9.25

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2*xcosh(d*x+c)/(atb*csch(d*x+c)),x, algorithm="fricas")

[Out] -1/6%(3%a*xd™2*xf " 2%xx"2 + 3%xaxd~2*%xe”2 + Bxakxdxexf + 6xaxf~2 - 3x(axd ™ 2*xf " 2xx~
2 + axd"2%e”2 - 2xaxdkxexf + 2%axf"2 + 2% (axd"2xexf - axdxf"2)*x)*cosh(d*x +
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€)72 - 3k (axd"2*f72%x72 + axd"2%e”2 - 2xakxdxexf + 2*axf"2 + 2k (axd"2%exf -
axd*f~2)*x)*sinh(d*x + c)72 + 6x(axd”~2*xexf + axd*f~2)*x - 2% (b*d~3*f 2%x"3
+ 3%b*d"3%e*xf*x"2 + 3%b*d"3%e”2*x + 6%bkckd"2%e”2 - B*xbxc”2*dxexf + 2%b*xc”
3xf~"2)*cosh(d*x + c) + 12x((b*d*f~2*x + bxd*e*xf)*cosh(d*x + c) + (bxd*f~2xx
+ b*d*exf)*sinh(d*x + c))*dilog((b*cosh(d*x + c) + b*sinh(d*x + c) + (a*co
sh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b7"2)/a"2) - a)/a + 1) + 12*x((b*xd
xf"2%x + bxd*exf)*cosh(d*x + c) + (bxd*f~2%x + b*d*xexf)*sinh(d*x + c))*dilo
g((b*cosh(d*x + c) + b*xsinh(d*x + c) - (axcosh(d*x + c) + a*sinh(d*x + c))x*
sqrt((a”2 + b~2)/a"2) - a)/a + 1) + 6%x((b*d"2%e”2 - 2xbxckdxe*f + b*xc™2xf~2
)*cosh(d*x + c) + (b*d"2*e”2 - 2xb*ckd*e*xf + bxc 2*f72)*sinh(d*x + c))*log(
2xa*xcosh(d*x + c) + 2xa*xsinh(d*x + c) + 2xa*xsqrt((a”2 + b~2)/a"2) + 2*b) +
6% ((b*d"2%e”2 - 2xb*ckdxe*xf + bkxc™2*f72)*cosh(d*x + c) + (b*d"2%e”2 - 2x*b*c
xd*xexf + bxc 2xf72)*sinh(d*x + c))*log(2*a*cosh(d*x + c) + 2*xaxsinh(d*x + c
) - 2xaxsqrt((a”2 + b72)/a"2) + 2*xb) + 6% ((b*d~2+f72%x"2 + 2%bxd~2kexf*x +
2xbxckdxexf - b*c”2xf72)*cosh(d*x + c) + (b*xd"2*f72*x72 + 2xb*d"2%e*xf*x + 2
xbxckxdkexf - bxc"2xf72)*sinh(d*x + c))*log(-(b*cosh(d*x + c) + bxsinh(d*x +
c) + (axcosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b"2)/a"2) - a)/a) + 6
*((bxd"2*%f72%x72 + 2xb*xd"2xe*xf*x + 2xbkckxd*exf - bxc ™ 2*f~2)*cosh(d*x + c) +
(b*xd~2%f"2%x"2 + 2%b*d"2*exf*x + 2*bkckdkexf - bxc™2xf~2)*sinh(d*x + c))x*1
og(-(b*xcosh(d*x + c) + b*sinh(d*x + c) - (a*cosh(d*x + c) + a*sinh(d*x + c¢)
)*sqrt((a”2 + b~2)/a"2) - a)/a) - 12x(b*xf~2*cosh(d*x + c) + b*f~2xsinh(d*x
+ c))*polylog(3, (b*cosh(d*x + c) + bxsinh(d*x + c) + (a*cosh(d*x + c) + ax
sinh(d*x + c))*sqrt((a”™2 + b~2)/a"2))/a) - 12*%(b*f"2*cosh(d*x + c) + bxf~2x
sinh(d*x + c))*polylog(3, (b*cosh(d*x + c) + bxsinh(d*x + c) - (a*cosh(d*x
+ ¢) + axsinh(d*x + c))*sqrt((a”2 + b72)/a"2))/a) - 2x(b*xd~3*f"2*%x"3 + 3x*bx
d"3*exf*xx"2 + 3xb*d"3*e"2%x + 6*bkckd"2%e”2 — 6*b*c”2*dxe*xf + 2xbxc”3*xf"2 +
3x(a*d"2xf72%x"2 + axd"2*e”2 - 2xakxdxexf + 2kaxf"2 + 2k (axd"2xexf - axdxf”
2)*x)*cosh(d*x + c))*sinh(d*x + c))/(a"2*d"3*cosh(d*x + c) + a”2*d"3*sinh(d
*x + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)**2*cosh(d*x+c)/(atb*csch(d*x+c)),x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

fx+e 2(:osh (dx +¢)
( )
f dx

besch(dx +c)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2*cosh(d*x+c)/(atb*csch(d*x+c)),x, algorithm="giac")

[Out] integrate((f*x + e) 2*cosh(d*x + c)/(b*csch(d*x + c) + a), x)
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319 f (e+fx) cosh(c+dx) dx

a+bcsch(c+dx)

Optimal. Leaf size=212

Cc+dx C+dx Cc+dx c+dx
PolyLog (2, -~ ) PolyL (2—“6—) 1 (”“ 1) 1 ( 1)
_bf oy Og( " bVa22) bfPolyLog (2, Va?+b2+b) ble+ fx)log b—Va2+1? i ble+ fx)log Va2+b2+b
a2d? a%d? a2d a%d

[Out] (bx(e + fxx)~2)/(2*a"2*xf) - (f*Coshl[c + dxx])/(axd”2) - (bx(e + fx*x)*Logl[1l
+ (a*E"(c + d*x))/(b - Sqrt[a”2 + b72])])/(a"2*d) - (bx(e + f*x)*Logl[l + (a
*E"(c + d*x))/(b + Sqrt[a™2 + b~2])])/(a"2*d) - (b*f*PolyLogl[2, -((a*E~(c +
d*x))/(b - Sqrtla”2 + b~2]))]1)/(a"2*d~2) - (b*fxPolyLogl[2, -((a*E~(c + d*x
))/(b + Sqrtl[a”2 + b72]))])/(a"2xd"2) + ((e + f*x)*Sinh[c + dx*x])/(axd)

Rubi [A] time = 0.351254, antiderivative size = 212, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 11, number of rules used = 8, integrand size = 24, e .

integrand size
0.333, Rules used = {56594, 5579, 3296, 2638, 5561, 2190, 2279, 2391}

a€c+dx c+dx

aettax C+dx
_bfPolyLog(z,—m)_bfPolyLog(Z,—m) bie + fx)log(b L 1) bie + fx)log( e

),

a2d? a2d? ad a2d

Antiderivative was successfully verified.

[In] Int[((e + f*x)*Cosh[c + d*x])/(a + b*Cschlc + d*x]),x]

[Out] (bx(e + fxx)72)/(2*%a"2*xf) - (f*Coshl[c + dx*x])/(axd"2) - (bx(e + f*x)*Logl[1l
+ (a*xE"(c + d*x))/(b - Sqrt[a~2 + b~"2])])/(a"2xd) - (bx(e + f*x)*Logl[l + (a
*E~(c + d*x))/(b + Sqrt[a”2 + b~2])])/(a"2%d) - (b*f*PolyLogl[2, -((a*E~(c +
d*x))/(b - Sqrt[a”2 + b~2]))]1)/(a"2xd"2) - (bxfxPolyLogl[2, -((a*E~(c + d*x
))/(b + Sqrt[a”2 + b72]))])/(a"2xd"2) + ((e + f*x)*Sinh[c + d*x])/(axd)

Rule 5594

Int[((Ce_.) + (£_D*xx))"(m_)*F_)[(c_.) + (d_)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_D)*x)I*M_.) + (a_)), x_Symbol] :> Int[((e + f*x) m*Sinh[c + d*x]*F
[c + d*x]"n)/(b + a*Sinh[c + d*x]), x] /; FreeQ[{a, b, c, d, e, f}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

Rule 5579

Int[(Cosh[(c_.) + (d_D)*x )] (p_.)*x((e_.) + (f_.)*(x_)) " (m_.)*Sinh[(c_.)
>

+
(d_)*(x)]1"(n_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> D
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ist[1/b, Int[(e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]~(n - 1), x], x] - Di
stla/b, Int[((e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1))/(a + b*Sinh
[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && IGtQ[n,
0] && IGtQlp, 0]

Rule 3296

Int[((c_.) + (@_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + fxx], x], x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O]

Rule 2638

Int[sinl(c_.) + (d_.)*(x_)], x_Symbol]l :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 5561

Int[(Cosh[(c_.) + (d_.)*(x_)]*((e_.) + (f£_.)*x(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]), x_Symbol] :> -Simp[(e + f*x)"(m + 1)/(b*xf*x(m + 1)),
x] + (Int[((e + f*x)"m*E"(c + d*x))/(a - Rt[a"2 + b~2, 2] + b*E"(c + d*x))
, x] + Int[((e + f*x)"m*E"(c + d*x))/(a + Rt[a”2 + 172, 2] + b*E~(c + d*x))
, x1) /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && NeQ[a"2 + b2, 0]

Rule 2190

Int [CCCF_)"((g_D*((e_.) + (£_.)*(x_)) )" (n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
Int[Logl[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps
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(e + fx) cosh(c + dx) = (e + fx) cosh(c + dx) sinh(c + dx)

a + besch(c + dx) B b + asinh(c + dx)
b (e+fx) cosh(c+dx) d
e+ fycoshc+dyde b TG
a a a
e”dx(e+fx) c+dr(e+fx)
_ b(e + fx)> (e + fx)sinh(c + dx) ~ bf R T S bf N +aec+dx ~ f_f
2a%f ad a a

aec+dx \

aec+dx
_ble+ fx  feosh(c+dy) bl fr)log 1+ ) Yot fxlog (=

2a2f

ble+ fx?  fooshc+dx) b+ f¥)los (1 ;

ad?

a2d

a C+i
b—Va?+1?

2a2f

bl fx?  feoshc+dx) b+ f¥)los (1 +

ad?

a2d

a C+i
b—Va2+b?

2a2f

Mathematica [C] time = 1.35671, size = 435, normalized size = 2.05

csch(c + dx)(asinh(c + dx) + b) [1b fli ( (PolyLog

ad?

( (b_m)ecm)

a2d

+ PolyLog|2

a%d
i ) ble + Fx)lo (1+ ettt
S\ T v,

a2d
il ) ble + fx)lo (1+ Ll
S\ T v,

a2d
(WH})@””I’“ 1 (m—b)e
A _EIOg T4

Antiderivative was successfully verified.

[In] Integrate[((e + f*x)*Cosh[c + d*x])/(a + b*Cschlc + d*x]),x]

[Out] (Cschlc + d*x]*(b + a*Sinh[c + d*xx])*(-(a*xf*Coshl[c + d*x]) - bxfx(c + d*x)*

Log[b + a*Sinh[c + d*x]] + bkxcxf*Log[l + (a*Sinh[c + d*x])/b] + I*bxfx((-I/
8)*(2xc + I*Pi + 2xdxx)~2 - (4xI)*ArcSin[Sqrt[1 + (Ixb)/al/Sqrt[2]]*ArcTan[
((I*a + b)*Cot [((2*%I)*c + Pi + (2*I)*d*x)/4])/Sqrt[a”2 + b~2]] - (((-2*I)*c
+ Pi - (2*I)*d*x + 4xArcSin[Sqrt[1 + (Ix*b)/al/Sqrt[2]])*Logl[l + ((-b + Sqr
t[a™2 + b72])*E"(c + d*x))/al)/2 - (((-2*I)*c + Pi - (2xI)*d*x - 4*ArcSin[S
grt[1 + (Ixb)/al/Sqrt[2]]1)*Logll - ((b + Sqrtl[a”2 + b~2])*E~(c + dx*x))/al)/
2 + (Pi/2 - Ix(c + d*x))*Logl[b + a*Sinh[c + d*x]] + I*(PolyLog[2, ((b - Sqr
t[a”2 + b"2])*E~(c + d*x))/al + PolyLogl[2, ((b + Sqrt[a”2 + b"2])*E~(c + dx
x))/al)) + axd*f*x*Sinh[c + d*x] + dxex(-(b*Log[b + a*Sinh[c + d*x]]) + ax*S
inh[c + d*x])))/(a"2*d"2*(a + bxCsch[c + d*x]))
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Maple [B] time = 0.159, size = 483, normalized size = 2.3

bfx® bex (dfx+de—f)e®< (dfx+de+ f)e ™ beln (ae2®+2¢ 4 2 pet+c — g) ) beln (e#+)  pfy |
202 a2 " 2 ad? - 2 ad? - a2d - a2d T w2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e)*cosh(d*x+c)/(atbxcsch(d*x+c)),x)

[Out] 1/2/a”2%b*xfxx"2-1/a"2xb*e*xx+1/2x (dxf*x+d*e-f)/a/d"2xexp(d*x+c)-1/2* (d*f*x+d
xe+f)/a/d"2*%exp (-d*x-c)-1/a"2xb/d*e*1n (a*exp (2xd*x+2*c) +2*bxexp (d*x+c) -a) +2
/a”2%b/d*ex1n(exp(d*x+c))-1/a"2xb/d*f*1n((-a*xexp(d*x+c)+(a”2+b"2) " (1/2)-b)/
(-b+(a”2+b"2) " (1/2)) ) *x-1/a"2%b/d"2xf*1n ((-a*xexp (d*xx+c)+(a~2+b~2)~(1/2)-b)/
(-b+(a”2+b~2) " (1/2)) ) *c-1/a"2*b/d*f*1n((a*exp (d*x+c)+(a~2+b~2) ~(1/2) +b) / (b+
(a”2+b"2)~(1/2)) ) *x-1/a"2*b/d"2*f*1n((axexp (d*x+c)+(a"2+b~2) " (1/2)+b) / (b+(a
“2+b72)7(1/2)) ) *c-1/a"2xb/d"2xf*dilog((~a*exp (d*x+c)+(a~2+b~2) ~(1/2)-b)/(-b
+(a”2+b"2)"(1/2)))-1/a"2xb/d"2xf*dilog((a*exp (d*x+c)+(a~2+b~2) " (1/2) +b) / (b+
(a™2+b72) " (1/2)))+2/a"2*b/d*f*c*x+1/a"2xb/d"2xf*xc™2+1/a"2xb/d"2xf*cx1n (a*ex

p (2*%d*x+2%c) +2*b*exp (d*x+c)-a)-2/a~2*b/d~2*xf*c*1n (exp (d*x+c))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 (2(dx+c)b  elv+)  p-d—0)  2blog (—2 be~#=) 4 ge(-2dx=20) _ a) 1 (bdzxzec —~ (adxe(2 ) — ae C))e(d")
297 a2d ad ad a?d 2 a?d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*cosh(d*x+c)/(atb*csch(d*x+c)),x, algorithm="maxima"

[Out] -1/2xex(2*%(d*x + c)*b/(a"2xd) - e~ (d*x + c)/(axd) + e~ (-d*x - c)/(axd) + 2%
bxlog(-2xb*e” (-d*x - c) + axe” (-2*d*x - 2xc) - a)/(a"2xd)) - 1/2xf*x((b*xd~2x%
x"2%e"c - (axd*x*xe~(2%c) - axe”(2%c))*e”(d*x) + (a*xd*x + a)*e”(-d*x))*e~(-c
)/(a”2+%d"2) - integrate(4*(b~2*x*e” (d*x + c) - axb*x)/(a"3*xe”(2xd*x + 2%c)

+ 2xa”2xb*e”(d*x + c) - a”3), x))

Fricas [B] time = 1.73429, size = 1760, normalized size = 8.3

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*cosh(d*x+c)/(atb*csch(d*x+c)),x, algorithm="fricas")

[Out] -1/2x(axd*xf*x + axdxe - (axd*f*x + axd*e - axf)*cosh(d*x + c)72 - (axd*fx*x
+ axd¥e - axf)*sinh(d*x + c)72 + a*xf - (b*d™2*xf*xx"2 + 2%bxd"2%e*x + 4xb*c*d
*xe — 2%bkxc”2xf)*cosh(d*x + c) + 2%(b*f*cosh(d*x + c) + bxfxsinh(d*x + c))*d
ilog((b*cosh(d*x + c) + b*sinh(d*x + c) + (a*cosh(d*x + c) + axsinh(d*x + ¢
) *sqrt((a”2 + b72)/a"2) - a)/a + 1) + 2*x(bxfxcosh(d*x + c) + b*xfxsinh(d*x
+ c))*dilog((bxcosh(d*x + c) + b*sinh(d*x + c) - (a*cosh(d*x + c) + a*sinh(
dxx + c))*sqrt((a”2 + b"2)/a"2) - a)/a + 1) + 2x((b*d*e - b*cxf)*cosh(d*xx +
c) + (bxd*e - bxcxf)*sinh(d*x + c))*log(2*a*xcosh(d*x + c) + 2*axsinh(d*x +
c) + 2xa*xsqrt((a”2 + b~2)/a”"2) + 2*b) + 2*((b*d*e - bxc*f)*cosh(d*x + c) +
(bxd*e - bxcxf)*sinh(d*x + c))*log(2*a*cosh(d*x + c) + 2*a*xsinh(d*x + c) -
2xaxsqrt((a”2 + b72)/a"2) + 2%b) + 2% ((bxd*f*x + bxc*f)*cosh(d*x + c) + (b
xd*f*xx + bxc*f)*sinh(d*x + c))*log(-(b*cosh(d*x + c) + bxsinh(d*x + c) + (a
xcosh(d*x + c) + a*xsinh(d*x + c))*sqrt((a”2 + b72)/a"2) - a)/a) + 2x((bxdx*f
*xx + bxckxf)*cosh(d*x + c) + (bxd*f*xx + bxc*f)*sinh(d*x + c))*log(-(b*cosh(d
*x + c) + bxsinh(d*x + c) - (axcosh(d*x + c) + a*sinh(d*x + c))*sqrt((a”2 +
b~2)/a"2) - a)/a) - (b*d™2xf*xx"2 + 2xbxd~2%e*x + 4xb*ckdke - 2%b*c™2*xf + 2
*x(axd*xfxx + axdxe - axf)*cosh(d*x + c))*sinh(d*x + c))/(a”2xd"2*cosh(d*x +
c) + a"2xd"2*sinh(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (e + fx) cosh (c + dx) i

a + besch (c + dx)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*cosh(d*x+c)/(atb*csch(d*x+c)),x)

[Out] Integral((e + f*x)*cosh(c + d*x)/(a + bxcsch(c + d*x)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (fx + e) cosh (dx + c) ”

besch(dx +c¢) +a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((f*x+e)*cosh(d*x+c)/(a+b*csch(d*x+c)),x, algorithm="giac")

[Out] integrate((f*x + e)*cosh(d*x + c)/(b*csch(d*x + c) + a), x)
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390 f cosh(c+dx)

a+bcsch(c+dx)

Optimal. Leaf size=34

sinh(c + dx)  blog(asinh(c + dx) + b)
ad a2d

[Out] -((b*Log[b + a*Sinh[c + d*x]])/(a"2*d)) + Sinh[c + d*x]/(a*xd)

Rubi [A] time = 0.0890107, antiderivative size = 34, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 19, "> %% _

integrand size
0.21, Rules used = {3872, 2833, 12, 43}

sinh(c + dx)  blog(asinh(c + dx) + b)
ad a2d

Antiderivative was successfully verified.

[In] Int[Cosh[c + d*x]/(a + b*Cschl[c + d*x]),x]

[Out] -((b*Log[b + axSinh[c + d*x]])/(a"2%d)) + Sinh[c + d*x]/(a*d)

Rule 3872

Int[(cos[(e_.) + (£_D*x(x_)I*x(g_.))"(p_.)*(cscl(e_.) + (£_)*(x)]1*(b_.) +
(a_))"(m_.), x_Symbol] :> Int[((gxCos[e + f*xx]) px(b + a*xSin[e + f*x])"m)/S
inle + f*x]"m, x] /; FreeQ[{a, b, e, f, g, p}, x] && IntegerQ[m]

Rule 2833

Int[cos[(e_.) + (f_)*x(x_)Ix((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1)"(m_.)*((
c_.) + (d_.)*sinf[(e_.) + (f_.)*(x_)]1)"(n_.), x_Symbol] :> Dist[1/(b*f), Sub
st[Int[(a + x)"mx(c + (d*x)/b)"n, x], x, b*Sin[e + f*x]], x] /; FreeQ[{a, b
, c,d, e, f, m, n}, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 43
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Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rubi steps

f cosh(c + dx) P f cosh(c + dx) sinh(c + dx) p
4+ besch(c+dx) ! ib+iasinh(c +dx)

i Subst ( f — dx, x,iasinh(c + dx))

a(ib+x)
ad
. X . .
_z Subst ( f p dx, x,ia sinh(c + dx))
a%d
i Subst (f (1 - %) dx, x, iasinh(c + dx))
a%d
blog(b + asinh(c + dx)) N sinh(c + dx)
a%d ad

Mathematica [A] time = 0.0217856, size = 30, normalized size = 0.88

asinh(c + dx) — blog(a sinh(c + dx) + b)
ad

Antiderivative was successfully verified.

[In] Integrate[Cosh[c + d*x]/(a + b*Cschl[c + dxx]),x]

[Out] (-(b*Log[b + a*Sinh[c + d*x]]) + axSinh[c + d*x])/(a”~2xd)

Maple [A] time = 0.001, size = 52, normalized size = 1.5

1 N bln (csch (dx + ¢)) ~ bln (a + besch (dx + ¢))
dacsch (dx + c) da? da?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(d*x+c)/(a+b*csch(d*x+c)),x)
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[Out] 1/d/a/csch(d*xx+c)+1/d/a"2*b*x1n(csch(d*x+c))-1/d/a"2*xb*x1ln(a+b*csch(d*x+c))

Maxima [B] time = 1.23365, size = 112, normalized size = 3.29

(dx+)b @+ a0 blog (=2 bel4x=0) 4 gel-2dx-20 _ g)

+
a?d 2ad 2ad a%d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c)/(a+b*csch(d*x+c)),x, algorithm="maxima"

[Out] -(d*x + c)*b/(a"2xd) + 1/2%e”(d*x + c)/(a*d) - 1/2*xe”(-d*x - c)/(a*d) - bxl
og(-2*bxe~ (-d*x - c) + axe”(-2xd*x - 2%c) - a)/(a"2*d)

Fricas [B] time = 1.65089, size = 354, normalized size = 10.41

2 bdx cosh (dx + ¢) + a cosh (dx + ¢)* + asinh (dx + ¢)* — 2 (b cosh (dx + ¢) + bsinh (dx + ¢)) log (coj}ffdjrg(_di ;g(‘;iic)) .

2 (azd cosh (dx + ¢) + a2d sinh (dx + c))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c)/(atb*csch(d*x+c)),x, algorithm="fricas")

[Out] 1/2*%(2*bxd*x*cosh(d*x + c) + a*cosh(d*x + c¢)”2 + axsinh(d*x + ¢c)”2 - 2*x(b*c
osh(d*x + c) + b*sinh(d*x + c))*log(2*(a*sinh(d*x + c) + b)/(cosh(d*x + c)

- sinh(d*x + c))) + 2x(bxd*x + a*cosh(d*x + c))*sinh(d*x + c) - a)/(a"2*d*c
osh(d*x + c) + a”~2*xd*sinh(d*x + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

f cosh (¢ + dx) p
a + besch (c + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c)/(a+b*csch(d*x+c)),x)
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[Out] Integral(cosh(c + d*x)/(a + b*csch(c + d*x)), x)

Giac [A] time = 1.1507, size = 84, normalized size = 2.47

ldxse) _ pdxc)  blog (|a(e@+) — e-H=9) + 2p|)
2ad - a%d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c)/(atb*csch(d*x+c)),x, algorithm="giac")

[Out] 1/2*(e”(d*x + c) - e~ (-d*x - c))/(axd) - b*xlog(abs(a*x(e”(d*x + c) - e~ (-d*x
- ¢c)) + 2%b))/(a"2*d)
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cosh(c+dx)
3.21 f (e+fx)(a+bcsch(c+dx))

Optimal. Leaf size=34

sinh(c + dx) cosh(c + dx)
(e + fx)(asinh(c + dx) + b) "

Unintegrable

[Out] Unintegrable[(Cosh[c + d*x]*Sinh[c + d*x])/((e + f*x)*(b + a*Sinh[c + d*x])
), x]

Rubi [A] time = 0.107985, antiderivative size = 0, normalized size of antiderivative = 0.,

. . number of rules
number of steps used = 0, number of rules used = 0, integrand size = 0, == o0,

integrand size
Rules used = {}

cosh(c + dx)
(e + fx)(a + besch(c + dx)) *

Verification is Not applicable to the result.
[In] Int[Cosh[c + d*x]/((e + f*x)*(a + bxCschl[c + d*x])),x]

[Out] Defer[Int] [(Cosh[c + d*x]#*Sinh[c + d*x])/((e + fxx)*(b + a*Sinh[c + dx*xx])),
x]

Rubi steps

cosh(c + dx) 3 cosh(c + dx) sinh(c + dx)
(e + fx)(a + besch(c + dx)) *= (e + fx)(b + asinh(c + dx)) x

Mathematica [A] time = 93.6895, size = 0, normalized size = 0.

cosh(c + dx)
(e + fx)(a + besch(c + dx)) *

Verification is Not applicable to the result.

[In] Integrate[Coshl[c + d*x]/((e + f*x)*(a + b*Cschlc + d*x])),x]
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[Out] Integrate[Cosh[c + dxx]/((e + f*x)*(a + b*Cschl[c + d*x])), x]

Maple [A] time = 0.303, size = 0, normalized size = 0.

f cosh (dx + ¢) .
(fx + e) (a + besch (dx + ¢))
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(d*x+c)/(f*x+e)/(at+b*csch(d*x+c)) ,x)

[Out] int(cosh(d*x+c)/(f*x+e)/(atbxcsch(d*x+c)),x)

Maxima [A] time = 0., size = 0, normalized size = 0.

e+ % (fx+e)d e (fx+e)d
6( f )El (T) e( f)El (—T) blOg (fx + 6) 4 (bze(dx+c) _ ﬂb)
- 2af -

1
_ Lo f _
2af a’f 2 a3 fx + ade - (a3 Fxe) + g3eel C))e(de) -2 (azj

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c)/(f*x+e)/(atb*csch(d*x+c)),x, algorithm="maxima")

[Out] -1/2%e”(-c + dxe/f)*exp_integral e(1l, (f*x + e)xd/f)/(axf) - 1/2xe”(c - dxe
/f)*exp_integral e(l, -(f*x + e)*d/f)/(axf) - bxlog(f*x + e)/(a”2*f) + 1/2x
integrate (-4*(b™2*xe~ (d*x + c) - axb)/(a"3xfxx + a"3*xe - (a~3*f*x*e”(2%c) +
a~3kxexe” (2*xc))*e” (2+d*x) - 2*(a"2*bxfxx*e”c + a”2xbxe*e”c)*e”(d*x)), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

cosh (dx + c) ;
afx + ae + (bfx + be) csch (dx +¢)’

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c)/(f*x+e)/(a+b*csch(d*x+c)),x, algorithm="fricas")
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[Out] integral(cosh(d*x + c)/(a*f*x + axe + (bxf*x + b*e)*csch(d*x + ¢)), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f cosh (c + dx) .
(a + besch (¢ + dx)) (e + fx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c)/(f*x+e)/(atb*csch(d*x+c)),x)

[Out] Integral(cosh(c + d*x)/((a + bkcsch(c + d*x))*(e + f*x)), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f cosh (dx + ¢) .
(fx + e)(b csch (dx +¢) + a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c)/(f*x+e)/(a+tb*csch(d*x+c)),x, algorithm="giac")

[Out] integrate(cosh(d*x + c)/((f*x + e)*(bxcsch(d*x + ¢c) + a)), x)
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f (e+f x)3 coshz(c+dx)
a+bcsch(c+dx)

3.22

Optimal. Leaf size=696

2 > > 3 qectax ) 5 > > ( _ qeCtdx ) > > \
6bf-Va? + b*(e + fx)PolyLog (3, e 6bf-Va? + b*(e + fx)PolyLog (3, Vo) 3bfVa* +b*(e+ fx
asd® a3d3

[Out] (3xexf~2*x)/(4*a*xd”2) + (3*f73*x72)/(8*a*d”2) + (e + fxx)~4/(8*axf) + (b~2x
(e + £*x)74)/(4*%a~3xf) - (6%bxf~2x(e + f*x)*Cosh[c + d*x])/(a"2xd"3) - (b*(
e + £xx)7"3*Cosh[c + d*x])/(a"2*d) - (3*f~3*Coshl[c + d*x]~2)/(8*axd~4) - (3x
fx(e + f*x)~2*Cosh[c + d*x]~2)/(4*a*d”2) - (b*Sqrt[a”2 + b~2]*(e + f*xx) 3*L
ogll + (a*E~(c + d*x))/(b - Sqrt[a”2 + b72])])/(a"3*d) + (bxSqrt[a~2 + b~2]
x(e + f*xx)73*Log[l + (a*E~(c + d*x))/(b + Sqrt[a~2 + b~2])])/(a"3*d) - (3*b
xSqrt[a”2 + b~2]xf*(e + f*x) 2*PolyLog[2, -((a*xE~(c + d*x))/(b - Sqrt[a~2 +
b~2]1))1)/(a"3%d"2) + (3xbxSqrt[a”2 + b~2]*fx(e + fxx) 2xPolyLogl[2, -((a*E”
(c + d*x))/(b + Sgrt[a”2 + b~2]))])/(a"3*xd"2) + (6xb*Sqrtl[a”2 + b~ 2]*f~2*(e
+ f*x)*PolyLog[3, -((a*E~(c + d*x))/(b - Sqrt[a™2 + b~2]))]1)/(a"3*d"3) - (
6xbxSqrt[a”2 + b~2]*f"2x(e + f*xx)*PolyLogl[3, -((a*E~(c + d*x))/(b + Sqrt[a”
2 + b°2]))]1)/(a"3%d"3) - (6%bxSqrt[a”2 + b~2]*f~3*PolyLogl[4, -((a*E~(c + dx
x))/(b - Sqrt[a”2 + b72]))]1)/(a"3*xd"4) + (6%bxSqrt[a”2 + b~2]*f~3*PolyLogl[4
, —((a*E~(c + d*x))/(b + Sqrt[a”2 + b72]))])/(a"3*d"4) + (6*bxf~3*Sinh[c +
d*x])/(a"2xd"4) + (3*b*xfx(e + f*x) 2*%Sinh[c + dxx])/(a"2xd"2) + (3xf"2x(e +
fxx)*Cosh[c + d*x]*Sinh[c + d*x])/(4*a*xd~3) + ((e + fxx) 3*Cosh[c + d*x]*S
inh[c + dxx])/(2*axd)

Rubi [A] time = 1.28301, antiderivative size = 696, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 24, number of rules used = 15, integrand size = 28, i
integrand size

= 0.536, Rules used = {5594, 5579, 3311, 32, 3310, 5565, 3296, 2637, 3322, 2264, 2190, 2531,
6609, 2282, 6589}

+dx

2\ 2 1 12 _ 232 1 2 _ﬂ) V2 + 12 ~
6bf*Va?+b (e+fx)PolyLog(3, b_m) ) 6bf“Va% + b (e+fx)PolyLog(3, Ve 3bfVa% +b*(e+ fx

ad3d3 ad3d3

Antiderivative was successfully verified.

[In] Int[((e + f*xx) 3*%Cosh[c + d*x]~2)/(a + b*Cschlc + d*xx]),x]

[Out] (3*exf~2xx)/(4*axd~2) + (3*%f"3%xx"2)/(8xa*xd"2) + (e + fxx)~4/(8xaxf) + (b~2x
(e + f*xx)~4)/(4*%a~3%xf) - (6%b*xf~2x(e + f*xx)*Coshl[c + d*x])/(a~2xd~3) - (b*(
e + f*x) " 3*%Cosh[c + d*x])/(a~2%d) - (3*f~3*Cosh[c + d*x]~2)/(8%a*xd~4) - (3%
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fx(e + f*x)~2*Cosh[c + d*x]~2)/(4*a*d”2) - (b*Sqrt[a”2 + b~2]*(e + f*xx) 3*L
ogll + (a*E"(c + d*x))/(b - Sqrt[a™2 + b72])])/(a"3*d) + (bxSqrt[a”2 + b~2]
x(e + f*xx)73*Log[l + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])])/(a"3*d) - (3*b
xSqrt[a”2 + b~2]xf*(e + f*x) 2*PolyLog[2, -((a*xE~(c + d*x))/(b - Sqrt[a~2 +
b~2]1))]1)/(a”3%d"2) + (3xbxSqrt[a”2 + b~2]*fx(e + fxx) 2xPolyLogl[2, -((a*E”
(c + d*x))/(b + Sqrtla”2 + b~2]))]1)/(a”3%d"2) + (6*%bxSqrt[a”2 + b~ 2]*f"2x(e
+ f*x)*PolyLog[3, -((a*E~(c + d*x))/(b - Sqrt[a™2 + b~2]))]1)/(a"3*d"3) - (
6xbxSqrt[a”2 + b~2]*f"2x(e + f*xx)*PolyLogl[3, -((a*E~(c + d*x))/(b + Sqrt[a”
2 + b°2]))]1)/(a"3%d"3) - (6%bxSqrt[a”2 + b~2]*f~3*PolyLogl[4, -((a*E~(c + dx
x))/(b - Sqrt[a”2 + b72]))]1)/(a"3*%d~4) + (6%bxSqrt[a”2 + b~2]*f~3*PolyLogl[4
, —((a*E~(c + d*x))/(b + Sqrt[a”2 + b72]))]1)/(a"3*d"4) + (6*bxf~3*Sinh[c +

d*x])/(a"2xd"4) + (3*b*xfx(e + f*x) 2*%Sinh[c + dxx])/(a"2xd"2) + (3*xf72x(e +
fxx)*Cosh[c + d*x]*Sinh[c + d*x])/(4*a*d”3) + ((e + fxx) 3*Cosh[c + d*x]*S
inh[c + d*x])/(2*axd)

Rule 5594

Int[((Ce_.) + (£_)*(x_)) " (m_)*(F_)[(c_.) + (d_)*(x_)]"(n_.))/(Cschl(c_.)

+ (d_)*x_)I*(M_.) + (a_)), x_Symbol] :> Int[((e + f*x) m*Sinh[c + d*x]*F
[c + d*x]"n)/(b + a*Sinh[c + d*x]), x] /; FreeQ[{a, b, c, d, e, f}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

Rule 5579

Int[(Cosh[(c_.) + (d_.)*x(x )] (p_.)*x((e_.) + (f_.)*(x_))"(m_.)*Sinh[(c_.) +

(d_D*x )] (m_.))/((a)) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> D
ist[1/b, Int[(e + fx*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - Di
st[a/b, Int[((e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1))/(a + b*Sinh
[c + d*x]), x], x] /; FreeQl{a, b, c, d, e, £}, x] && IGtQ[m, 0] && IGtQ[n,
0] &% IGtQ[p, 0]

Rule 3311

Int[((c_.) + (@_)*(x_)) " (m_)*x((b_.)*sin[(e_.) + (f_.)*(x_)])"(n_), x_Symbo
1] :> Simp[(d*m*(c + d*x)~(m - 1)*(bxSin[e + fxx])"n)/(£f72*n"2), x] + (Dist
[(b™2%(n - 1))/n, Int[(c + d*x) m*(b*Sinf[e + f*x])"(n - 2), x], x] - Dist[(
d"2xmx(m - 1))/(£f72*n"2), Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x]
- Simp[(b*(c + d*x) m*Cos[e + fxx]*(bxSin[e + fxx]) " (n - 1))/(f*n), x1) /;
FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, 1]

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)"(m + 1)/(bx(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]
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Rule 3310

Int[((c_.) + (@_)*(x_))*((b_.)*sinl[(e_.) + (f_.)*(x_)])"(n_), x_Symbol] :>
Simp[(d*(bxSin[e + f*x])"n)/(£72*n"2), x] + (Dist[(b"2*(n - 1))/n, Int[(c
+ d*x)*(b*Sinle + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
xSin[e + f*x])~(n - 1))/(f*n), x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1
]

Rule 5565

Int[(Cosh[(c_.) + (d_)*(x_)]1"(m )*((e_.) + (£_)*x(x_))"(m_.))/((a_) + (b_.
)*¥Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> -Dist[a/b~2, Int[(e + f*x) m*Cosh
[c + d*x]"(n - 2), x], x] + (Dist[1/b, Int[(e + f*x) m*Cosh[c + d*x]"(n - 2
)*Sinh[c + d*x], x], x] + Dist[(a”2 + b™2)/b"2, Int[((e + f*x) m*Cosh[c + d
*x]"(n - 2))/(a + b*Sinh[c + d*x]), x], x]) /; FreeQ[{a, b, c, d, e, f}, x]
&& IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rule 3296

Int[((c_.) + (@_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*xx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, 4}, x]

Rule 3322

Int[((c_.) + (@_D*x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz ])=*
(f_.)*(x_)]1), x_Symbol] :> Dist[2, Int[((c + d*x) m*E~(-(Ixe) + f*xfzxx))/(-
(Ixb) + 2%axE~(-(I*xe) + fxfz*xx) + Ixb*xE~(2*x(-(Ixe) + fxfzx*x))), x], x] /; F
reeQ[{a, b, ¢, d, e, f, fz}, x] && NeQ[a"2 - b2, 0] && IGtQ[m, O]

Rule 2264

Int[(FO)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)~(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m*xF"u)/(b - q + 2*%cxF~u), x], x] - Dist[(2*c)/q, Int[((f + g*xx)~
m¥F~u) /(b + q + 2*cxF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[v,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Rule 2190
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Int [(((F_)~((g_)*((e_.) + (£_)*x_D)))"(@_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_ )+ ((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) mxLog[1 + (bx(F"(gx(e + £*x)))"n)/al)/(bxfxgrnsLogl[Fl), x] - Di
st [(d*m) / (bxf*g*n*Log[F]), Int[(c + d*x)~(m - 1)*Log[1l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_)))) " (n_D1*x((f_.) + (g_.)
*(x_ ))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(e*(F~(c*(a + bxx
)))7"n)1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(bxc*kn*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (f_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)"((c_)*((a_.) + (b_.
Y*(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLogl[n + 1, d*(F~(c*(a
+ b*x))) "pl)/(bxcxp*Log[F]), x] - Dist[(f*m)/(bxcxp*Logl[F]), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*x(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*x((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*x((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_8
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)7pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps
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f (e + fx)? cosh®(c + dx) _ f (e + fx)? cosh®(c + dx) sinh(c + dx) i

a + besch(c + dx) b + asinh(c + dx)
f (e+fx)3 cosh? (c+dx)

b+a sinh(c+dx)

~ [(e+ fx)? cosh?(c + dx) dx
a a

3f(e+ fx)? cosh®(c + dx) (e + fx)3 cosh(c + dx) sinh(c + dx) s [(e+ fx)dx ~

4ad? 2ad 2a
e+ fxt s b (e + fx)* bl + fx)3 cosh(c + dx) ~ 373 cosh?(c + dx) _3f(e + fx)’
- 8af 4a3f a?d 8ad* .

_ Bef?x 337 (e + fx)t . P(e+ fx)* _ble + fx)3 cosh(c + dx) ~ 33 cosh?(c +
T 4ol " a2 T 8a f 4a3f a’d 8ad*

_ 3Bef?x 3f%? . (e + fx) . b*(e + fx)*  6bf*(e+ fx)cosh(c+dx) ble+ fx)°c
~ 4ad?  8ad? 8af 4a3 f a?d3 @

_ Bef?x N 3f3x? (e + fx)t N V(e + fx)* _ 6bf*(e + fx) cosh(c +dx)  ble+ fx)°c
T 22 " 8a2 T 8a f 403 f ad3 @

CBef?x  3f3%%  (e+ fx)*  PPe+fx)t 6bf2(e+ fx)cosh(c+dx) ble+ fx)’c
~ 4ad?  8ad? 8af 4a3f ad3 - @

_ 3ef?x 332 (e+fx)4 e+ fx)* 6bf?(e+ fx)cosh(c+dx) b(e+ fx)*c
T 42 " 8a® | 8a f T o ad3 - @

CBef?x 3% (e+ fx)t PPe+fx)t 6bf2(e+ fx)cosh(c+dx) ble+ fx)’c
 dad?  8ad? 8af 4a3f a?d3 - @

Mathematica [C] time = 14.4774, size = 3187, normalized size = 4.58

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((e + f*x)~3*Cosh[c + d*x]~2)/(a + b*Cschlc + d*x]),x]

[Out] (e™3*(c/d + x - (2xb*ArcTan[(a - bxTanh[(c + d*x)/2])/Sqrt[-a”2 - b~2]])/(S
grt[-a”2 - b~2]*d))*Cschlc + d*x]*(b + axSinh[c + d*x]))/(4*a*x(a + b*Cschlc
+ d*xx])) + (3%e"2*xf*Cschlc + d*x]*(x72 + (2%b*((I*PixArcTanh[(-a + b*Tanh[
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(c + d*x)/2]1)/Sqrt[a”2 + b"2]]1)/Sqrt[a™2 + b~™2] + (2*(c + I*ArcCos[((-I)*b)
/al)*ArcTan[((a - I*b)*Cot[((2*I)*c + Pi + (2*I)*d*x)/4])/Sqrt[-a"2 - b~2]]
+ ((-2*I)*c + Pi - (2%I)*d*x)*ArcTanh[(((-I)*a + b)*Tan[((2%I)*c + Pi + (2
x1)*xd*x)/4])/Sqrt[-a”2 - b~2]] - (ArcCos[((-I)*b)/a] - 2xArcTan[((a - I*b)*
Cot [((2*I)*c + Pi + (2%I)*d*x)/4])/Sqrt[-a”2 - b~2]]1)*Logl[((a + I*b)*(a - I
xb + Sqrt[-a”2 - b™2])*(1 + I*Cot[((2*I)*c + Pi + (2xI)x*d*x)/4]1))/(ax(a + I
*b + I*Sqrt[-a”2 - b~2]*Cot [((2*I)*c + Pi + (2*I)*d*x)/4]1))] - (ArcCos[((-I
)*b)/al + 2*ArcTan[((a - Ixb)*Cot[((2*I)*c + Pi + (2xI)*dx*x)/4])/Sqrt[-a~2
- b72]])*Log[(I*(a + I*b)*(-a + Ixb + Sqrt[-a”2 - b~™2])*(I + Cot[((2%I)*c +
Pi + (2*I)x*dx*x)/4]))/(ax(a + Ixb + I*Sqrt[-a”2 - b~2]*Cot[((2*I)*c + Pi +
(2%I)*d*x)/4]1))] + (ArcCos[((-I)*b)/a] + 2xArcTan[((a - I*b)*Cot[((2*I)*c +
Pi + (2%I)*d*x)/4])/Sqrt[-a”2 - b~2]] - (2*I)*ArcTanh[(((-I)*a + b)*Tan[((
2xI)*c + Pi + (2%I)x*d*x)/4])/Sqrt[-a”2 - b~2]])*Log[-(((-1)~(3/4)*Sqrt[-a~2
- b"2]*E"(-c/2 - (d*x)/2))/(Sqrt[2]*Sqrt [(-I)*al*Sqrt[b + a*Sinh[c + d*x]]
))] + (ArcCos[((-I)*b)/a] - 2xArcTan[((a - I*b)*Cot[((2xI)*c + Pi + (2*I)*d
*xx)/4])/Sqrt[-a”2 - b~2]] + (2*I)*ArcTanh[(((-I)*a + b)*Tan[((2*I)*c + Pi +
(2%I)*d*x)/4]) /Sqrt[-a~2 - b~2]]1)*Log[((-1)~(1/4)*Sqrt[-a”2 - b~2]*E~((c +
d*x)/2))/(Sqrt[2]*Sqrt [(-I)*a]l*Sqrt[b + a*Sinh[c + d*x]])] + Ix(PolyLogl2,
((Ixb + Sqrt[-a”2 - b"2])*(a + Ixb - I*Sqrt[-a”2 - b~2]*Cot [((2*I)*c + Pi
+ (2xI)xd*x)/4]))/(ax(a + Ixb + IxSqrt[-a”2 - b~ 2]*Cot[((2*I)*c + Pi + (2xI
)*d*x)/4]1))] - PolyLog[2, ((b + I*Sqrt[-a”2 - b~2])*(I*a - b + Sqrt[-a~2 -
b~2]*%Cot [((2*xI)*c + Pi + (2%I)*d*x)/4]))/(a*x(a + I*b + I*Sqrt[-a”2 - b~2]*C
ot [((2+¢I)*c + Pi + (2%I)*dx*x)/41))]1))/Sqrt[-a"2 - b~2]))/d"2)*(b + a*Sinhl[c
+ d*x]))/(8xa*x(a + b*Cschlc + d*x])) + (exf"2*xCschlc + d*x]*(x"3 - (3*b*x(d
~2%x72xLog[1 + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])] - d~2*x"2xLog[l + (ax*
E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 2*d*x*PolyLog[2, (a*E~(c + d*x))/(-b
+ Sqrt[a™2 + b~2])] - 2*xd*x*PolyLog[2, -((a*E~(c + d*x))/(b + Sqrt[a™2 + b~
2]))] - 2%PolyLogl3, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] + 2*PolyLogl3,
-((a*E~(c + d*x))/(b + Sqrt[a~2 + b~"2]))]1))/(Sqrt[a™2 + b~2]*d"3))*(b + ax
Sinh[c + dx*x]))/(4*ax(a + bxCschlc + d*x])) + (£73*Cschlc + d*x]*(x"4 - (4%
bx(d"3*x"3%Log[1 + (a*xE~(c + d*x))/(b - Sqrt[a”2 + b~2])] - d~3*x"3xLog[l +
(a*xE~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 3*d"2xx"2*PolyLog[2, (a*E~(c + dx
x))/(-b + Sqrt[a™2 + b~2])] - 3*d~2%x"2*PolyLog[2, -((a*xE~(c + d*x))/(b + S
grt[a™2 + b72]))] - 6*xd*x*PolyLog[3, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])
] + 6*xdxx*PolyLog[3, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))] + 6*PolyLogl
4, (a*E~(c + d*x))/(-b + Sqrt[a™2 + b~2])] - 6*PolyLogl[4, -((a*E~(c + d*x))
/(b + Sqrtl[a”2 + b72]))1))/(Sqrt[a”2 + b~2]*d"4))*(b + a*Sinh[c + d*x]))/(1
6*a*x(a + bxCschlc + d*x])) + (exf~2+Cschlc + d*x]*(2%(a"2 + 4xb"2)*x"3 - (6
*xb* (3*%a”2 + 4xb~2)*(d"2*xx"2*xLog[1l + (a*E~(c + d*x))/(b - Sqrt[a™2 + b~2])]
- d72*x"2xLog[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 2*xd*x*PolyLogl[2,
(a*xE~(c + d*x))/(-b + Sqrt[a”2 + b~2])] - 2*xd*x*PolyLog[2, -((a*E~(c + d*x
))/(b + Sqrt[a”2 + b~2]))] - 2*PolyLog[3, (a*E~(c + d*x))/(-b + Sqrt[a~2 +
b~2])] + 2%PolyLogl[3, -((a*E~(c + d*x))/(b + Sqrt[a™2 + b~2]))]1))/(Sqrt[a~2
+ b72]*d"3) - (24*a*xb*Cosh[d*x]*((2 + d~2*x"2)*Cosh[c] - 2*d*x*Sinh[c]))/d
73 + (3*a”2#Cosh[2*xd*x]* (-2*d*x*Cosh[2*c] + (1 + 2%d~2*x~2)*Sinh[2*c]))/d"3
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- (24*axb*x (-2xd*x*Cosh[c] + (2 + d"2*x"2)*Sinh[c])*Sinh[d*x])/d"3 + (3*a~2
*((1 + 2%d"2xx72)*Cosh[2*xc] - 2*d*x*Sinh[2*c])*Sinh[2*d*x])/d"3)*(b + a*Sin
hlc + d*x]))/(8*xa"3*(a + b*Cschl[c + d*x])) + (£f73*Cschl[c + d*x]*((a"2 + 4x*b
“2)xx74 - (4*b*x(3*a”2 + 4*b"2)*(d"3*x"3xLog[l + (a*E~(c + d*x))/(b - Sqrtla
"2 + b72])] - d73*x"3xLogl[l + (a*xE~(c + d*x))/(b + Sqrt[a”2 + b~2])] + 3*d~
2%x"2*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] - 3*d~2%x"2*PolyLo
gl2, -((a*E"(c + d*x))/(b + Sqrt[a™2 + b~2]))] - 6xd*x*PolyLogl[3, (a*E~(c +

d*x))/(-b + Sqrt[a”2 + b~2])] + 6*d*x*xPolyLogl[3, -((a*E~(c + d*x))/(b + Sq
rt[a”2 + b~2]))] + 6*PolyLogl[4, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] - 6
*PolyLog[4, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b~2]))]1))/(Sqrt[a~2 + b~2]*d"~
4) - (16*axb*Cosh[d*x]*(d*x*(6 + d"2*x"2)*Cosh[c] - 3*(2 + d"2*x~2)*Sinh[c]
))/d~4 + (a~2%Cosh[2*xd*x]*(-3*(1 + 2*xd"2*xx"2)*Cosh[2*c] + 2¥d*x*(3 + 2xd~2%
x"2)*Sinh[2*c]))/d"4 - (16*a*b*(-3*(2 + d~2*xx"2)*Cosh[c] + d*x*(6 + d~2*xx"2
)*Sinh[c])*Sinh[d*x])/d"4 + (a~2*x(2xd*x* (3 + 2*d"2*x"2)*Cosh[2*c] - 3*(1 +
2%d"2%x72) *Sinh [2*c] ) *Sinh [2*d*x])/d"4)*(b + a*Sinh[c + d*x]))/(16*a"3*(a +

b*Csch[c + d*x])) + (e"3*Cschlc + d*x]*(b + a*Sinh[c + d*x])*((a"2 + 4%b~2
)*(c + d*x) - (2%b*(3%¥a”2 + 4xb~2)*ArcTan[(a - b*Tanh[(c + d*x)/2])/Sqrt[-a
"2 - b~2]]1)/8qrt[-a”2 - b~2] - 4xaxbxCosh[c + d*x] + a~2*Sinh[2*%(c + d*x)])
)/ (4xa”~3*d*(a + b*Cschlc + d*x])) + (3xe”2*xf*Cschlc + d*x]*(b + a*Sinh[c +
d*x])*((a"2 + 4*b"2)*(-c + d*x)*(c + d*x) - 8*axbxd*x*Cosh[c + d*x] - a~2*C
osh[2*%(c + d*x)] - (2*xb*x(3*a~2 + 4%b~2)*(2*xckArcTanh[(b + a*Cosh[c + d*x] +

axSinh[c + d*x])/Sqrt[a”2 + b~2]] + (c + d*x)*Log[l + (ax(Coshl[c + d*x] +
Sinh[c + d*x]1))/(b - Sqrt[a™2 + b~2])] - (c + d*x)*Log[l + (a*(Cosh[c + d*x
] + Sinh[c + d*x]))/(b + Sqrt[a”2 + b~2])] + PolyLog[2, (a*x(Cosh[c + dxx] +

Sinh[c + d*x]))/(-b + Sqrt[a™2 + b~2])] - PolyLog[2, -((a*(Cosh[c + dxx] +

Sinh[c + d*x]))/(b + Sqrt[a”™2 + b~2]))]))/Sqrt[a”2 + b"2] + 8xaxbxSinh[c +

d*x] + 2*a”~2*d*x*Sinh[2*(c + d*x)]))/(8*a~3*xd"2*(a + bxCschl[c + dxx]))

Maple [F] time = 0.405, size = 0, normalized size = 0.

f (fx + 6)3 (cosh (dx + c))2 0

a + besch (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) ~3*cosh(d*x+c) "2/ (a+bxcsch(d*x+c)) ,x)

[Out] int((f*x+e) 3*%cosh(d*x+c) 2/ (a+b*csch(d*x+c)),x)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) ~3*cosh(d*x+c) 2/ (a+b*csch(d*x+c)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [C] time = 2.33321, size = 8699, normalized size = 12.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3*cosh(d*x+c) 2/ (a+b*csch(d*x+c)),x, algorithm="fricas")

[Out] -1/32*%(4*a”~2*xd"3*f"3%x"3 + 4*a”2*d"3*e”3 + 6*xa~2*%d"2*e"2*f + 6*a”2kd*exf~2
+ 3%a"2*%f"3 - (4*a”2%d"3*%f"3*%x"3 + 4*a"2*xd"3*e”3 - 6xa”"2xd"2xe”"2xf + B6*xa”2x*
dxexf~2 — 3*a"2*xf"3 + 6% (2*%a"2*xd"3*ke*f"2 - a"2xd"2xf"3)*x"2 + 6% (2*a”2xd"3x*
e”2xf - 2*a”2*xd"2*xexf"2 + a~2%d*f~3)*x)*cosh(d*x + c)"4 - (4*xa~2%d"3*f " 3*x”
3 + 4%a”2xd"3*%e”3 - 6*xa"2xd"2xe"2*xf + 6*a"2xd*exf"2 - 3%xa"2*%f"3 + 6x(2%a" 2%
d"3%exf"2 - a”2xd"2*%f73)*x"2 + 6% (2*%xa”2%d"3xe”2xf - 2*%a"2%d"2*%exf"2 + a~2x%d
*f73)*x)*sinh(d*x + c)”4 + 16*(axb*d"3*xf"3*x"3 + a*xbxd~3*e”3 - 3*axb*d"2xe”
2+%f + G*axbkdrexf~2 — 6xaxbxf~3 + 3*(axb*d"3*e*xf~2 — axbxd"2*xf~3)*x72 + 3x*(
axb*d"3*%e " 2*xf - 2kaxbxd"2xexf~2 + 2¥axb*d*f”3)*x)*cosh(d*x + c)~3 + 4*(4*ax
bxd"3*%f"3%x"3 + 4xaxb*d"3%e”3 - 12*axbxd"2xe”2xf + 24*axbxdkexf”2 - 24xaxbx*
£f73 + 12*%(a*bxd"3*xexf~2 - axb*d"2*f"3)*x"2 + 12*x(axb*d~3*e”2*f - 2kaxb*xd"2x*
exf™2 + 2*xaxbxd*f~3)*x - (4*xa”2*xd"3*xf"3%x"3 + 4*a"2*%d"3*e”3 - 6*a”2*xd"2*xe”2
*f + 6%xa”2xdxe*xf"2 - 3*a"2%f"3 + 6% (2*xa"2*%d"3xe*xf"2 - a"2xd"2*f"3)*x"2 + 6%
(2%a~2%d"3*e " 2*f - 2*%a”~2xd"2xexf~2 + a~2*d*f~3)*x)*cosh(d*x + c))*sinh(d*x
+ ¢)73 + 6% (2%a"2xd"3xe*xf72 + a”"2¢d"2*xf"3)*x72 — 4x((a”2 + 2%b72) *d"4*f"3*x
4 + 4%(a”2 + 2*b72)*d"4xexfT2%x"3 + 6*%(a”2 + 2*b72)*d"4xe"2xf*x"2 + 4*(a”2
+ 2*b72)*d"4*e"3*x)*cosh(d*x + c)72 - 2x(2*x(a”2 + 2*xb"2)*d"4*f " 3*x"4 + 8*(
a2 + 2%b72)*d"4*xexf"2xx"3 + 12%x(a”2 + 2¥b72)*d"4*e"2%f*x"2 + 8%x(a”2 + 2%b”
2)*d"4*e”3*xx + 3% (4%a"2xd"3*f"3*x"3 + 4%a”2*d"3*%e”3 - 6*a"2%d"2*e"2*xf + 6%a
“2%d*e*xf72 - 3*a"2xf73 + 6% (2*xa”2+%d"3*e*xf72 - aT2xd"2*xf"3)*x"2 + 6% (2*xa"2x*d
“3%e”2+f - 2*%a”"2xd"2xexf"2 + a”2%d*f"3)*x)*cosh(d*x + c¢)"2 - 24*(axb*d"3*f”
3*x"3 + axb*d"3%e”3 - 3xaxbxd"2*e”2xf + Gxaxbkxdxexf”2 - Gxaxb*xf~3 + 3k (axbx
d"3*exf"2 - axbxd"2*xf"3)*x"2 + 3k (axbkxd"3ke”2xf - 2xaxb*d"2*exf"2 + 2*axb*xd
*f73)*x)*cosh(d*x + c))*sinh(d*x + c)~2 + 96*%((axbxd™2*xf 3*x"2 + 2*axb*xd~2*
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exf~2*x + axbxd"2xe"2xf)*xcosh(d*x + c)72 + 2*x(axbxd™2*xf~3xx72 + 2*axb*d”2*e
*f72%x + axbkd"2xe”2*xf)*cosh(d*x + c)*sinh(d*x + c) + (axbxd™2*xf~3*x"2 + 2%
axbxd”"2xe*xf"2xx + axbxd"2*e”2xf)*sinh(d*x + c)"2)*sqrt((a”2 + b~2)/a"2)*dil
og((b*cosh(d*x + c) + bxsinh(d*x + c) + (a*cosh(d*x + c) + a*xsinh(d*x + c))
xsqrt((a”2 + b72)/a"2) - a)/a + 1) - 96x((a*xb*d™2*xf73*x"2 + 2xaxb*d~2*xexf~2
*X + axb*d"2xe”2*f)*cosh(d*x + c)72 + 2% (axbxd"2*f~3%x"2 + 2¥axbxd~2*exf 2%
X + axbxd"2xe”2*f)*cosh(d*x + c)*sinh(d*x + c) + (a*b*d”™2*f~3*x"2 + 2*xaxbxd
“2%exfT2%x + axbxd"2xe”2*f)*sinh(d*x + c)”2)*sqrt((a”2 + b~2)/a"2)*dilog((b
xcosh(d*x + c) + b*sinh(d*x + c) - (axcosh(d*x + c) + a*sinh(d*x + c))*sqrt
(a2 + b™2)/a"2) - a)/a + 1) - 32%((axb*d"3*e”3 - 3*axbxcxd 2xe”2+f + 3*ax
bxc"2*xd*xexf~2 - axbxc”3*%f"3)*cosh(d*x + c)~2 + 2x(a*b*d~3*e”3 - 3*axbxc*d™2
*e 2+f + 3kaxbkcT2xd*exf~2 - axb*c”3*%f"3)*cosh(d*x + c)*sinh(d*x + c) + (a*
b*d~3*e"3 - 3xaxbkckd"2*e”2*f + 3kaxbxc 2xdxexf”2 - axb*c”3*f”"3)*sinh(d*x +
c)"2)*sqrt((a”2 + b~2)/a"2)*log(2*a*cosh(d*x + c) + 2*axsinh(d*x + c) + 2%
axsqrt((a”2 + b~2)/a”2) + 2xb) + 32*((axb*d"3*e”3 - 3xaxbkxcxd"2xe”2*xf + 3*a
*b*xc " 2%d*ke*xf"2 - axbxc”3*xf"3)*cosh(d*x + c)”2 + 2*x(a*xb*xd~3*xe”3 - 3*axbkckd”
2%e”2*f + 3kaxbkcT2xdxexf~2 - axb*c”3*f”3)*cosh(d*x + c)*sinh(d*x + c) + (a
*b*d"3%e”3 - 3kaxbkxcxd“2xe"2xf + 3kaxb*cT2kd*exf"2 — axbxc”3xf73)*sinh(d*x
+ ¢c)"2)xsqrt((a”2 + b72)/a"2)*log(2*axcosh(d*x + c) + 2*axsinh(d*x + c) - 2
xaxsqrt((a”2 + b~2)/a"2) + 2*b) + 32x((axb*d~3*xf~3*x"3 + 3*axb*xd~3xe*xf " 2xx"
2 + 3xa*xbxd"3*%e"2*xf*x + 3kxaxbkckxd"2*xe 2*%f - 3kaxbkcT2xd*exf”2 + axbxc”3*%f"3
Yxcosh(d*x + ¢c)72 + 2*%(axbxd™3*xf~3*xx"3 + 3*a*xb*d"3*e*f~2*x"2 + 3*axbxd~3xe”
2%f*x + 3kaxbkckd 2xe"2xf - 3xaxb*xc”2*d*e*f”2 + axbxc 3*xf"3)*cosh(d*x + c)*
sinh(d*x + c) + (axbxd"3*f"3%xx~3 + 3*a*xb*d"3*kexf~2*x"2 + 3*axbxd ~3*e”2*f*x
+ 3xaxbxckd"2%e”"2xf - 3xaxbxc”2xd*e*xf”2 + axbkxc”3*f73)*sinh(d*x + c) 2)*sqr
t((a”2 + b™2)/a"2)*log(-(b*cosh(d*x + c) + bxsinh(d*x + c) + (a*xcosh(d*x +
c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/a"2) - a)/a) - 32x((a*bxd~3*f~3*x"3
+ 3xaxbxd"3*xexf 2xx72 + 3kaxbxd"3*ke " 2+fxx + 3kaxbkcxd"2xe " 2*xf - 3*xaxbkxc”2xd
xexf~2 + axbkc”3*f"3)*cosh(d*x + ¢)72 + 2*(ax*bxd"3*f~3*x"3 + 3*a*xb*d " 3*e*f”
2%x72 + 3*xaxb*xd"3%e " 2xf*x + 3Ikaxbkckxd " 2*ke"2%f - 3kaxbxc2xd*exf"2 + axb*c”3
*f~3)*cosh(d*x + c)*sinh(d*x + c¢) + (a*xb*d"3*f " 3*x"3 + 3*axbxd~3xe*xf ~2%x"2
+ 3*axbxd " 3ke"2xf*xx + 3kaxbxckxd"2xe”2xf - 3kaxbkc " 2xd*exf"2 + axbkxc”3kf73)x*
sinh(d*x + c)72)*sqrt((a”2 + b72)/a"2)*log(-(b*xcosh(d*x + c) + b*sinh(d*x +
c) - (axcosh(d*x + c) + a*sinh(d*x + c))*sqrt((a™2 + b~™2)/a"2) - a)/a) + 1
92 (axb*f~3*cosh(d*x + ¢)~2 + 2*axb*f~3*cosh(d*x + c)*sinh(d*x + c) + axbx*f
“3xsinh(d*x + c)"2)*sqrt((a”2 + b~2)/a"2)*polylog(4, (b*cosh(d*x + c) + bxs
inh(d*x + c) + (a*cosh(d*x + c) + axsinh(d*x + c))*sqrt((a™2 + b~2)/a"2))/a
) - 192% (axb*f~3*cosh(d*x + c)~2 + 2xaxb*xf~3*cosh(d*x + c)*sinh(d*x + c) +
axb*xf~3*sinh(d*x + c)”2)*sqrt((a”2 + b~2)/a"2)*polylog(4, (b*cosh(d*x + c)
+ b*sinh(d*x + c) - (a*cosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/a”
2))/a) - 192*x((axbxd*xf~3*x + axb*d*e*xf~2)*cosh(d*x + c)”~2 + 2x(a*xb*d*f ~3*x
+ axbxdxexf~2)*cosh(d*x + c)*sinh(d*x + c) + (a*xbxd*f~3*x + axbkdkexf~2)*si
nh(d*x + c)72)*sqrt((a”2 + b~2)/a"2)*polylog(3, (b*cosh(d*x + c) + b*sinh(d
*x + c) + (a*xcosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/a"2))/a) + 1
92 ((a*xb*d*f~3*x + axbxdxexf~2)*cosh(d*x + c)~2 + 2x(axbxd*f~3*x + axb*d*ex
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f72)*cosh(d*x + c)*sinh(d*x + c) + (axbxd*xf~3*x + axb*d*e*xf~2)*sinh(d*x + c
)"2)*sqrt((a”2 + b~2)/a"2)*polylog(3, (b*cosh(d*x + c) + bxsinh(d*x + c) -

(a*xcosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/a"2))/a) + 6x(2%xa~2%xd"
3ke"2xf + 2%a”2xd"2%exf"2 + a"2%d*f"3)*x + 16*(axbxd"3*xf"3*%x"3 + axbxd~3ke”
3 + 3*axbxd"2xe"2xf + Gxaxbkd*e*f”"2 + Gkaxbxf~3 + 3x(axb*d"3*ke*xf”2 + axb*xd”
2%f73)*x72 + 3*(axb*xd"3*e”2*f + 2¥axbxd"2*exf~2 + 2xaxbxd*xf~3)*x)*cosh(d*x

+ c) + 4x(dxaxbxd"3xf"3%x"3 + 4*axbxd"3*e”3 + 12xaxb*xd"2%e”2*f + 24*axbxdxe
*f72 + 24*xaxbxf"3 - (4*a”2+%d"3*xf"3*x"3 + 4*a"2%d"3*%e”3 - 6xa”2xd"2xe”2xf +

6*xa~2*xd*e*xf"2 — 3*a"2*xf"3 + 6% (2%a"2+%d"3*ke*xf"2 - a"2xd"2*xf"3)*x"2 + 6% (2*a”
2%d"3*%e”2*xf - 2*%a"2xd"2xexf"2 + a”2+d*f"3)*x)*cosh(d*x + ¢)~3 + 12+ (a*b*d"3
xexf"2 + axbkd"2*xf"3)*x"2 + 12% (axb*d"3*f"3*x"3 + a*bxd"3*xe”3 - 3kxaxb*d " 2*e
“2xf + G*axbkdrexf"2 — Bxaxbxf~3 + 3k (a*b*d”"3kexf"2 - axbxd"2xf"3)*x"2 + 3%
(axb*d~3*e”2*f - 2*axbxd™2xexf~2 + 2*axb*d*f~3)*x)*cosh(d*x + ¢)~2 + 12*(ax*
bxd"3xe"2xf + 2%axb*d"2*e*xf"2 + 2kaxbxd*xf~3)*xx - 2% ((a”2 + 2*b72)*d"4*xf"3*x
4 + 4%(a”2 + 2*b72)*d"4xexfT2%x"3 + 6*%(a”2 + 2*b72)*d"4xe"2%f*x"2 + 4*(a”2
+ 2*b72)*d"4*e"3*x)*cosh(d*x + c))*sinh(d*x + c¢))/(a”~3*d"4*cosh(d*x + c)~2
+ 2%a”3*d"4*cosh(d*x + c)*sinh(d*x + c) + a”3*d"4*sinh(d*x + c¢)~2)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**3xcosh(d*x+c)**2/(a+b*csch(d*x+c)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

fx+e ° cosh (dx + c)2
I

besch(dx +c)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3*cosh(d*x+c) 2/ (a+b*csch(d*x+c)),x, algorithm="giac")

[Out] integrate((f*x + e) 3*cosh(d*x + c)72/(bxcsch(d*x + c) + a), x)
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2 2
393 f (e+fx)* cosh™(c+dx) dx

a+bcsch(c+dx)
Optimal. Leaf size=510

dx

bV fx)PolyLog( jz_bz) 20V + (e + fx)PolyLog( \/;;:jib) 26 F2v/aZ + P2PolyL
+

a3d? a3d? a3d’

[Out] (£72xx)/(4xaxd”2) + (e + fxx)73/(6*xaxf) + (b™2x(e + f*x)73)/(3*%a"3*f) - (2%
bxf~2xCosh[c + d*x])/(a"2*d"3) - (b*x(e + f*x) 2xCosh[c + d*x])/(a"2xd) - (f
x(e + fxx)*Coshlc + d*x]~2)/(2*axd"2) - (b*Sqrtl[a”2 + b~2]*(e + f*x) 2*Logl
1 + (a*E~(c + d*x))/(b - Sqrt[a™2 + b72])])/(a~3xd) + (bxSqrt[a”2 + b~ 2]*(e
+ fxx) "2*xLog[l + (a*E"(c + d*x))/(b + Sqrt[a™2 + b~2])])/(a~3*%d) - (2%b*Sq
rt[a”2 + b~2]*f*x(e + f*x)*PolyLog[2, -((a*E~(c + d*x))/(b - Sqrt[a~2 + b~2]
))1)/(a"3%xd"2) + (2xb*Sqrt[a”2 + b~2]*fx(e + f*x)*PolyLog[2, -((axE~(c + dx
x))/(b + Sqrt[a”2 + b72]))]1)/(a"3*d"2) + (2xbxSqrt[a”2 + b~2]*f~2*xPolyLog[3
, —((@a*E"(c + d*x))/(b - Sqrt[a™2 + b72]1))]1)/(a"3*d"3) - (2*%b*Sqrt[a”2 + b~
2] *£~2*PolyLog[3, -((a*xE~(c + d*x))/(b + Sqrt[a”2 + b~2]))]1)/(a"3*%d"3) + (2
xb*xf*x(e + f*xx)*Sinh[c + d*x])/(a”2*d"2) + (£f72xCosh[c + d*x]*Sinh[c + dx*x])
/(4*xa*xd~3) + ((e + fxx) 2+Cosh[c + d*x]*Sinh[c + d*x])/(2%axd)

Rubi [A] time = 1.109, antiderivative size = 510, normalized size of antiderivative = 1.,

. . number of rules
number of steps used = 21, number of rules used = 15, integrand size = 28, —— =
integrand size

0.536, Rules used = {5594, 5579, 3311, 32, 2635, 8, 5565, 3296, 2638, 3322, 2264, 2190, 2531,
2282, 6589}

c+dx

be\/az +b%(e + fx)PolyLog( ﬁ) 2bfVa? + b?(e + fx)PolyLog( , \/2_—+:b) 2bf?Va? + b2PolyL.
2+

a3d? a3d? add-

Antiderivative was successfully verified.

[In] Int[((e + fx*xx) " 2%Cosh[c + d*x]~2)/(a + b*Cschlc + d*xx]),x]

[Out] (£72xx)/(4*axd”2) + (e + f*x)~3/(6xa*xf) + (b™2*x(e + f*x)73)/(3xa~3*f) - (2%
bxf~2*Cosh[c + d*x])/(a"2*d"3) - (b*(e + f*x)"2*Cosh[c + d*x])/(a"2*d) - (f
x(e + fxx)*Cosh[c + d*x]~2)/(2xaxd”2) - (bxSqrt[a”2 + b~2]*(e + fxx) 2*Logl
1 + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])])/(a"3*d) + (b*Sqrt[a”2 + b~2]*(e
+ f*x)"2xLog[l + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])]1)/(a~3*d) - (2%b*Sq
rt[a”2 + b~ 2]*fx(e + fxx)*PolyLogl[2, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b~2]
))1)/(a”3%d"2) + (2*bxSqrtl[a”2 + b 2]*f*(e + f*x)*PolyLogl[2, -((a*E~(c + d*
x))/(b + Sqrt[a™2 + b72]))]1)/(a"3*d"2) + (2*b*Sqrt[a”2 + b~2]*f~2*PolyLog[3
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, —((@a*xE”(c + d*x))/(b - Sqrt[a™2 + b72]))])/(a"3*xd"3) - (2xb*Sqrt[a”2 + b~
2] *f72%PolyLog[3, -((a*E"(c + d*x))/(b + Sqrt[a™2 + b72]))])/(a"3%d"3) + (2
*b*xf*(e + f*x)*Sinh[c + d*x])/(a"2%d"2) + (£f72*Cosh[c + d*x]*Sinh[c + d*x])
/(4xaxd~3) + ((e + f*x)~2xCosh[c + dxx]*Sinh[c + d*x])/(2*axd)

Rule 5594

Int[((Ce_.) + (£_)*x(x_))"(m_)*F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_)*x)I*(M_.) + (a_)), x_Symbol] :> Int[((e + f*x) m*Sinh[c + d*x]*F
[c + d*x]"n)/(b + a*Sinh[c + d*x]), x] /; FreeQ[{a, b, c, d, e, £}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

Rule 5579

Int[(Cosh[(c_.) + (d_.)*x(x )] (p_.)*x((e_.) + (£_.)*(x_))"(m_.)*Sinh[(c_.) +

(d_D*x )17 (m_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> D
ist[1/b, Int[(e + f*x) m*xCosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - Di
stla/b, Int[((e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x] (n - 1))/(a + b*Sinh
[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && IGtQ[n,
0] &% IGtQ[p, 0]

Rule 3311

Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sinl[(e_.) + (f_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[(d*m*(c + d*x)~(m - 1)*(bxSin[e + fxx])"n)/(£72*#n"2), x] + (Dist
[(b™2%(n - 1))/n, Int[(c + d*x) m*(b*Sinf[e + f*x])"(n - 2), x], x] - Dist[(
d"2xm*(m - 1))/(£f72*n"2), Int[(c + d*x)"(m - 2)*(b*Sinl[e + f*x])"n, x], x]
- Simp[(b*(c + d*x) “m*Cos[e + f*xx]*(b*Sin[e + f*x])~(n - 1))/(f*n), x1) /;
FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x) (m + 1)/(b*(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
J*(b*Sin[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2*%(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &% IntegerQ[2*n
]

Rule 8
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Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rule 5565

Int[(Cosh[(c_.) + (d_)*(x_)]1"(m_)*((e_.) + (£_)*x(x_))"(m_.))/((a_) + (b_.
)*¥Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> -Dist[a/b"2, Int[(e + f*x) m*Cosh
[c + d*x] " (n - 2), x], x] + (Dist[1/b, Int[(e + f*x) m*Coshl[c + d*x] " (n - 2
)*Sinh[c + d*x], x], x] + Dist[(a”2 + b™2)/b"2, Int[((e + f*x) m*Cosh[c + d
*x]"(n - 2))/(a + b*Sinh[c + d*x]), x], x]) /; FreeQ[{a, b, c, d, e, f}, x]
&& IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rule 3296

Int[((c_.) + (d_)*(x_))"(m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 2638

Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3322

Int[((c_.) + (@_D)*x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz ])=*
(f_)*(x_)]1), x_Symbol] :> Dist[2, Int[((c + d*x) m*E~(-(Ixe) + fxfzxx))/(-
(Ixb) + 2%a*xE~(-(Ixe) + fxfzxx) + I*b*xE~(2*%x(-(I*e) + fxfzxx))), x], x] /; F
reeQ[{a, b, ¢, d, e, f, fz}, x] && NeQ[a"2 - b2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*x(x))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m*xF"u)/(b - q + 2%cxF~u), x], x] - Dist[(2*c)/q, Int[((f + g*xx)~
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [CC(F)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (f_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]
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Rule 2531

Int[Log[l + (e_.)*((F)"((c_)*((a_.) + (b_)*(x D))" (n_)I*x((f_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLogl[2, -(e*x(F~(cx(a + b*x
)))"n)])/ (bxcxn*Log[F]), x] + Dist[(g*m)/(b*cxn*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
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f (e + fx)? cosh®(c + dx) = f (e + fx)? cosh®(c + dx) sinh(c + dx) p
a + besch(c + dx) r= b + asinh(c + dx) *

f (e+fx)2 cosh? (c+dx)

b+a sinh(c+dx)

~ [(e+ fx? cosh?(c + dx) dx
a a

_fle+ fx) cosh?(c + dx) (e + fx)? cosh(c + dx) sinh(c + dx) f(e + fx)?dx b
2ad? 2ad * 2a o

e+ fxP  bAe+ fx)*  ble+ fx)? cosh(c + dx) _fle+ fx) cosh?(c + dx) f2 co
~ 6af T TR o a?d 2ad?

[ (e +fx)® DA+ fx)®  ble+ fx)2cosh(c+dx)  f(e+ fx)cosh?(c + dx)
T 6 f T o a?d - 2ad?

_fA (e + fx)>  b*(e+ fx)> 2bf%cosh(c+dx) b(e+ fx)*cosh(c+dx) f(e
T2 e f RS o a?d3 - a?d o

A (e +fx)>  b*(e+ fx)> 2bfZcosh(c+dx) b(e+ fx)*cosh(c+dx) f(e
Twd ea f T TR o a?d3 - a?d -

_ fx (e +fx)3  b*(e+ fx)> 2bf2cosh(c+dx) b(e+ fx)?>cosh(c+dx) f(e
w2 ea f R o ad3 - a?d -

[ (e +fx)  b*(e+ fx)> 2bf%cosh(c+dx) b(e+ fx)?>cosh(c+dx) f(e
Twd ea f T TR o ad3 - a’d o

Mathematica [C] time = 10.8305, size = 2340, normalized size = 4.59

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((e + f*x) 2*Cosh[c + d*x]~2)/(a + b*Cschlc + d*x]),x]

[Out] (e"2x(c/d + x - (2xb*ArcTan[(a - bxTanh[(c + d*x)/2])/Sqrt[-a”2 - b~2]]1)/(S
qrt[-a”2 - b~2]x*d))*Cschlc + d*x]*(b + a*xSinh[c + d*x]))/(4*a*x(a + b*Cschlc
+ d*x])) + (exf*Cschl[c + d*x]*(x~2 + (2xb*((I*PixArcTanh[(-a + b*Tanh[(c +
d*x)/2]1)/Sqrt[a”2 + b"2]]1)/Sqrt[a”2 + b~2] + (2*(c + I*ArcCos[((-I)*b)/al)
xArcTan[((a - I*b)*Cot[((2%I)*c + Pi + (2%I)*d*x)/4])/Sqrt[-a"2 - b~2]] + (
(=2%I)*c + Pi - (2*I)*d*x)*ArcTanh[(((-I)*a + b)*Tan[((2*xI)*c + Pi + (2*xI)=*
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d*x)/4])/Sqrt[-a”2 - b™2]] - (ArcCos[((-I)*b)/a]l - 2*ArcTan[((a - Ixb)*Cotl[
((2xI)*c + Pi + (2*I)*d*x)/4])/Sqrt[-a"2 - b~2]])*Logl[((a + I*b)*(a - I*b +
Sqrt[-a”2 - b~2])*(1 + I*Cot[((2%I)*c + Pi + (2xI)*dx*x)/4]))/(ax(a + I*b +
IxSqrt[-a”2 - b~ 2]*Cot [((2*I)*c + Pi + (2%I)*d*x)/4]))] - (ArcCos[((-I)*b)
/a] + 2xArcTan[((a - I*b)*Cot[((2%I)*c + Pi + (2*I)xdxx)/4])/Sqrt[-a"2 - b~
2]1)*Log[(I*(a + I*b)*(-a + Ixb + Sqrt[-a”2 - b72])*(I + Cot[((2*I)*c + Pi
+ (2xI)*d*x)/4]))/(a*x(a + Ixb + IxSqrt[-a”2 - b~ 2]*Cot[((2*I)*c + Pi + (2xI
)*d*x)/4]1))] + (ArcCos[((-I)#*b)/al + 2*ArcTan[((a - I*b)*Cot[((2*I)*c + Pi
+ (2xI)*d*x)/4])/Sqrt[-a”2 - b~2]] - (2*I)*ArcTanh[(((-I)*a + b)*Tan[((2*I)
xc + Pi + (2xI)*dxx)/4]1)/Sqrt[-a”2 - b~2]])*Log[-(((-1)"(3/4)*Sqrt[-a”2 - b
“2]*E~(-c/2 - (d*x)/2))/(8Sqrt[2]*Sqrt [(-I)*al*Sqrt[b + axSinh[c + d*x]]))]
+ (ArcCos[((-I)*b)/a]l - 2*ArcTan[((a - I*b)*Cot[((2*I)*c + Pi + (2*I)*d*x)/
4])/Sqrt[-a”2 - b~2]] + (2*%I)*ArcTanh[(((-I)*a + b)*Tan[((2*I)*c + Pi + (2%
I)*d*x)/4])/Sqrt[-a”2 - b~2]])*Log[((-1)~(1/4)*Sqrt[-a~2 - b"2]*E~((c + d*x
)/2))/(Sqrt [2]*Sqrt [(-I)*al*Sqrt[b + a*Sinh[c + d*x]])] + I*(PolyLogl[2, ((I
*b + Sqrt[-a”2 - b"2])*(a + Ixb - I*Sqrt[-a”2 - b~2]*Cot[((2*I)*c + Pi + (2
*I)*d*x)/4]))/(ax(a + I*b + I*Sqrt[-a”2 - b 2]*Cot [((2*I)*c + Pi + (2*I)x*d*
x)/41))] - PolyLog[2, ((b + I*Sqrt[-a”2 - b~2])*(I*a - b + Sqrt[-a”2 - b~2]
xCot [((2*%I)*c + Pi + (2xI)xdx*x)/4]1))/(ax(a + Ixb + IxSqrt[-a”2 - b~2]*Cot[(
(2%I)*c + Pi + (2xI)*dx*x)/4]1))]1))/Sqrt[-a"2 - b~2]))/d"2)*(b + a*Sinh[c + d
*x]))/(4xax(a + b*Cschlc + d*x])) + (£72%Cschlc + d*x]*(x73 - (3*b*x(d™2xx"2
xLog[l + (a*E"(c + d*x))/(b - Sqrt[a”2 + b~2])] - d~2*x"2*Log[l + (a*E~(c +
d*x))/(b + Sqrt[a™2 + b72])] + 2xd*x*PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt
[a”2 + b72])] - 2xd*x*PolyLog[2, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))]
- 2xPolyLog[3, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] + 2*PolyLogl[3, -((ax*
E7(c + d*x))/(b + Sqrt[a™2 + b72]))1))/(Sqrt[a™2 + b~2]*d"3))*(b + a*Sinh[c
+ d*xx]))/(12%a*x(a + b*Cschlc + d*x])) + (£72+Cschlc + d*x]*(2%(a”2 + 4*b~2
)*¥x73 = (6%b*(3*xa”2 + 4xb~2)*(d"2*x"2xLog[1 + (a*E~(c + d*x))/(b - Sqrt[a™2
+ b~2])] - d"2xx"2*xLog[l + (a*E~(c + d*x))/(b + Sqrt[a™2 + b72])] + 2xd*x*
PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] - 2xd*x*PolyLog[2, -((ax
E~(c + d*x))/(b + Sqrt[a”2 + b~2]))] - 2xPolyLogl3, (a*E~(c + d*x))/(-b + S
qrt[a”2 + b72])] + 2xPolyLogl[3, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))]1))
/(Sqrt[a”2 + b~2]*d"3) - (24*axb*Cosh[d*x]*((2 + d"2xx"2)*Cosh[c] - 2*d*x*S
inh[c]))/d"3 + (3*%a~2*Cosh[2*d*x]*(-2*d*x*Cosh[2*c] + (1 + 2*d"2*x"2)*Sinh[
2xc]))/d”3 - (24xa*xbx(-2*xd*x*Cosh[c] + (2 + d"2*x"2)*Sinh[c])*Sinh[d*x])/d~
3 + (3xa™2x((1 + 2xd"2xx"2)*Cosh[2*c] - 2*d*x*Sinh[2*c])*Sinh[2*d*x])/d~3)*
(b + axSinh[c + d*x]))/(24*%a"3%(a + bxCschlc + d*x])) + (e"2*Csch[c + d*x]*
(b + a*Sinh[c + d*x])*((a”2 + 4%b~2)*(c + d*x) - (2xbx(3*%a”2 + 4*b~2)*ArcTa
n[(a - bxTanh[(c + d*x)/2])/Sqrt[-a”2 - b72]])/Sqrt[-a”2 - b~2] - 4xa*b*Cos
hlc + d*x] + a”2*Sinh[2*(c + d*x)]))/(4*a"3*d*x(a + b*Csch[c + d*x])) + (exf
*Cschlc + d#x]*(b + a*Sinh[c + d*x])*((a”2 + 4*b~2)*(-c + d*x)*(c + d*x) -
8*xaxbkxd*x*Cosh[c + d*x] - a"2#Cosh[2x(c + d*x)] - (2%b*(3*a”2 + 4xb~2)*(2xc
xArcTanh[(b + a*Cosh[c + d*x] + axSinh[c + d*x])/Sqrt[a”2 + b~2]] + (c + dx
x)*Log[1l + (a*(Cosh[c + d*x] + Sinh[c + d*x]))/(b - Sqrt[a”2 + b72])] - (c
+ d*x)*Log[1 + (ax(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sqrt[a~2 + b~2])] +
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PolyLog[2, (a*(Cosh[c + d*x] + Sinh[c + d*x]))/(-b + Sqrt[a”2 + b~2])] - P
olyLog[2, -((ax(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sqrt[a”2 + b~2]))]1))/S
grt[a”2 + b72] + 8*axb*Sinh[c + d*x] + 2%xa”2xd*x*Sinh[2*(c + d*x)]))/(4*a"3
*d"2x(a + b*Cschlc + d*x]))

Maple [F] time = 0.339, size = 0, normalized size = 0.

f (fx + 6)2 (cosh (dx + c))2 0

a + besch (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) 2*xcosh(d*x+c) 2/ (a+b*csch(d*x+c)),x)

[Out] int((f*x+e) "2*cosh(d*x+c) 2/ (a+b*csch(d*x+c)) ,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2*cosh(d*x+c) 2/ (a+b*csch(d*x+c)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [C] time = 2.0413, size = 5658, normalized size = 11.09

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2*cosh(d*x+c) 2/ (a+b*csch(d*x+c)),x, algorithm="fricas")

[Out] -1/48%(6*a~2%d"2*%f"2%x"2 + 6*%a~2%xd " 2%e”2 + 6*a " 2kd*xe*xf - 3% (2%xa " 2xd~2xf " 2%*x
T2 4+ 2%a”2%d"2%e72 - 2%a”2xdxexf + a”2*xf"2 + 2% (2%a”2xd"2*exf - a"2xd*xf"2)*
x)*cosh(d*x + c)74 - 3x(2%a"2xd"2*%f " 2%xx"2 + 2%a~2xd"2*%e”2 - 2*%xa”~2xd*exf + a
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T2xFT2 + 2% (2%a”2xd"2%exf - a"2xd*f”2)*x)*sinh(d*x + c)”4 + 3*%a"2xf"2 + 24x%
(axb*d~2+f"2%x"2 + axbxd™2xe”2 - 2xaxb*d*exf + 2*xaxb*f~2 + 2x(axbxd 2xexf -
axbxd*f~2) *x) *cosh(d*x + ¢)73 + 12 (2*a*xbxd™2*f~2*x"2 + 2xaxb*xd"2%e”2 - 4%
axbxd*xe*xf + 4*xaxb*f~2 + 4x(axbxd"2%exf - a*xbkd*f~2)*x — (2%a~2xd"2%f " 2%x"2
+ 2*%a”2xd"2*%e”2 — 2*xa"2kd*xexf + a"2xf72 + 2% (2*xa"2xd"2%exf - a"2kd*f72) *x)*
cosh(d*x + c))*sinh(d*x + ¢c)~3 - 8*%((a”2 + 2*b"2)*d"3*xf " 2*xx~3 + 3x(a™2 + 2%
b~2) *d"3xexfxx"2 + 3*%(a”2 + 2*b72)*d"3*e"2xx)*cosh(d*x + c)”2 - 2x(4*x(a”~2 +
2%b72) kd"3*FT2xx73 + 12x(a”2 + 2%b72)*d"3kexf*xx"2 + 12%x(a”2 + 2%b72)*d"3*e
T2%x + 9k (2%a"2xd"2*%fT2%xxT2 4+ 2%a”2xd"2%e”2 — 2%a”2xd¥xexf + a"2xf"2 + 2% (2%
a~2+xd"2%exf - a"2xd*xf"2)*x)*cosh(d*x + c)”2 - 36*x(axbxd"2*xf"2%x"2 + a*xb*d”2
*e72 — 2kaxbxd*exf + 2kxaxb*xf~2 + 2% (axb*xd”"2xexf - axb*d*f~2)*x)*cosh(d*x +
c))x*sinh(d*x + c)72 + 96*x((axbxd*xf~2xx + axb*d*e*xf)*cosh(d*x + c)~2 + 2x(a*
bxd*f~2*x + axb*d*exf)*cosh(d*x + c)*sinh(d*x + c) + (axb*d*f~2*x + axbxd*e
xf)*xsinh(d*x + c)"2)*sqrt((a”™2 + b~2)/a"2)*dilog((b*cosh(d*x + c) + bxsinh(
d*x + c) + (axcosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/a"2) - a)/a
+ 1) - 96x((a*xbxd*f~2*x + axbkd*exf)*cosh(d*x + c)~2 + 2% (a*xb*d*f " 2*xx + ax*
bxdxexf)*cosh(d*x + c)*sinh(d*x + c) + (axbxd*f~2*x + axb*d*exf)x*sinh(d*x +
c)"2)*sqrt((a”2 + b~2)/a"2)*dilog((b*cosh(d*x + c) + b*sinh(d*x + c) - (ax
cosh(d*x + c) + a*xsinh(d*x + c))*sqrt((a”2 + b72)/a"2) - a)/a + 1) - 48x((a
*b*d"2%e”2 - 2kaxbkckdxexf + axb*xc”2+%f72)*cosh(d*x + c)”2 + 2x(axb*d"2%e”2
- 2xaxbkckdkexf + axbxc”2xf"2)*cosh(d*x + c)*sinh(d*x + c) + (a*xb*d"2%e”2 -
2xaxbkxcxd*exf + axb*xc”2xf72)*sinh(d*x + c)~2)*sqrt((a”2 + b~2)/a"2)*log(2%
axcosh(d*x + c) + 2%a*xsinh(d*x + c) + 2xa*sqrt((a”2 + b~2)/a"2) + 2*b) + 48
*((axb*d"2*%e”2 - 2*xaxbxckxdxexf + axb*xc”™2*xf"2)*cosh(d*x + c¢)~2 + 2% (axb*d~ 2%
e”2 - 2*axbkxckdkexf + axbxc”2%f72)*cosh(d*x + c)*sinh(d*x + c) + (ax*b*d™2x*e
T2 - 2xaxbxckdkexf + axbkxc”2*f"2)*sinh(d*x + c)”2)*sqrt((a”2 + b~2)/a"2)xlo
g(2*a*xcosh(d*x + c) + 2*axsinh(d*x + c) - 2*axsqrt((a™2 + b~2)/a"2) + 2xb)
+ 48* ((axbxd~2*xf~2xx72 + 2%axb*d”~2kexf*x + 2*axbxcxdxexf - axb*c™2*f~2)*cos
h(d*xx + ¢)72 + 2+ (axb*d"2*f"2*x"2 + 2xaxbxd " 2%exf*x + 2kaxbkxckxdxexf — axbxc
~2+%f72)*cosh(d*x + c)*sinh(d*x + c) + (a*bxd™2*f"2*x"2 + 2*xaxbxd ~2*e*xf*x +
2%axb*xckd*exf - axbxc™2xf72)*sinh(d*x + c)~2)*sqrt((a”2 + b~2)/a"2)*log(-(b
xcosh(d*x + c) + b*sinh(d*x + c) + (axcosh(d*x + c) + a*xsinh(d*x + c))*sqrt
((a”2 + b™2)/a"2) - a)/a) - 48x((a*xb*d"2*f~2*x"2 + 2*xaxbxd 2xexf*x + 2*a*b*
cxdxexf - axb*xc”2*xf"2)*cosh(d*x + c¢)72 + 2% (a*b*d™2*xf~2*x"2 + 2xaxb*d~2xexf
*x + 2*axbkckdrexf — axbxc”2xf72)*cosh(d*x + c)*sinh(d*x + c) + (axb*d™2*f~
2%x72 + 2%axbxd"2xexf*x + 2kaxbkcxdkxexf - axb*xcT2xf"2)*sinh(d*x + c)~2)*sqr
t((a”2 + b72)/a"2)*1log(-(b*cosh(d*x + c) + bxsinh(d*x + c) - (a*cosh(d*x +
c) + axsinh(d*x + c))*sqrt((a”2 + b72)/a"2) - a)/a) - 96%(axbxf~2xcosh(d*x
+ ¢c)72 + 2*xaxbxf~2xcosh(d*x + c)*sinh(d*x + c) + axb*xf 2*sinh(d*x + c)~2)*s
grt((a”™2 + b~2)/a"2)*polylog(3, (b*cosh(d*x + c) + b*sinh(d*x + c) + (a*cos
h(d*x + c) + a*sinh(d*x + c))*sqrt((a”2 + b~2)/a"2))/a) + 96%(axb*f~2*cosh(
d*x + c)72 + 2xaxbxf"2*cosh(d*x + c)*sinh(d*x + c) + a*b*f " 2*sinh(d*x + c)~
2)*sqrt((a™2 + b~2)/a"2)*polylog(3, (b*cosh(d*x + c) + bxsinh(d*x + c) - (a
xcosh(d*x + c) + a*xsinh(d*x + c))*sqrt((a”2 + b72)/a"2))/a) + 6x(2xa~2xd~2x
exf + a”2xd*xf"2)*x + 24*x(axbxd"2*%f"2*xx"2 + axb*xd"2*e”2 + 2xaxbkxdxexf + 2¥ax
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b*xf~2 + 2% (axbxd~2*exf + axbxd*f~2)*x)*cosh(d*x + c) + 4*x(6*xaxb*xd™2*xf " 2*x"2

+ 6*axb*d"2*%e”2 + 12xaxbxdxexf + 12%axb*f~2 - 3% (2%a"2xd"2*xf " 2*xx"2 + 2*a”2
*d"2%e”2 - 2*a”2kdxexf + a"2xf72 + 2% (2*a”2*xd"2*exf - a~2xd*xf~2)*x)*cosh(d*
X + ¢)73 + 18%x(axbxd"2*xf " 2*%xx"2 + axb*xd"2%xe”2 - 2xaxbxdxexf + 2¥axbxf~2 + 2%
(axb*d"2%e*xf - axbkd*xf~2)*x)*cosh(d*x + ¢)72 + 12*x(axb*d™2*exf + axb*xd*f~2)
*x — 4% ((a"2 + 2*b72)*d"3*xf"2*x"3 + 3*x(a”2 + 2*¥b72)*d " 3kexf*x"2 + 3*x(a”2 +
2xb~2) *d"3*e”2*x)*cosh(d*x + c))*sinh(d*x + c))/(a"3*d"3*cosh(d*x + c)~2 +
2%a”~3*%d"3*cosh(d*x + c)*sinh(d*x + c) + a~3*d"3*sinh(d*x + c)~2)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**2xcosh(d*x+c)**2/(a+b*csch(d*x+c)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (fx + e)z cosh (dx + ¢)?

besch(dx+c)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e) 2*cosh(d*x+c) 2/ (atb*csch(d*x+c)),x, algorithm="giac")

[Out] integrate((f*x + e) 2xcosh(d*x + c)~2/(b*csch(d*x + c) + a), x)
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(@+fx)cosh2(c+dx)
a+bcsch(c+dx)

3.24

Optimal. Leaf size=327

b—Va?+1b? Va?+bh2+b) b—Va?+b? 4
a3d? a3d? a’d

c+dx c+dx c+dx
bf‘Vﬂz+bZP01yL0g(2,— - ) bfVﬂ2+b2PolyLog(2,— - ) bV + b2(e + fx)log( we +1)
- +

[Out] (exx)/(2xa) + (b"™2xexx)/a”~3 + (£f*x72)/(4*a) + (b"2xf*x72)/(2%¥a"3) - (bx(e +
fxx)*Cosh[c + d*x])/(a"2*d) - (f*Coshl[c + dxx]~2)/(4*a*d~2) - (b*Sqrt[a~2

+ b"2]*(e + fxx)*Log[l + (a*xE~(c + d*x))/(b - Sqrt[a”2 + b~2])])/(a"3*d) +
(b*Sqrt[a~2 + b~2]*(e + f*x)*Log[l + (a*xE~(c + d*x))/(b + Sqrt[a”2 + b~2])]
)/(a~3xd) - (b*Sqrt[a”2 + b~2]*f*PolyLog[2, -((a*E~(c + d*x))/(b - Sqrtl[a~2

+ b72]))]1)/(a3%d"2) + (b*Sqrt[a”2 + b~2]*f*PolylLogl[2, -((a*E~(c + d*x))/(
b + Sqrt[a”2 + b~2]))]1)/(a"3*%d"2) + (b*f*Sinh[c + d*x])/(a"2xd"2) + ((e + £
xx)*Cosh[c + d*x]*Sinh[c + d*x])/(2*a*xd)

Rubi [A] time = 0.639711, antiderivative size = 327, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 16, number of rules used = 11, integrand size = 26, e o e
integrand size

= 0.423, Rules used = {56594, 5579, 3310, 5565, 3296, 2637, 3322, 2264, 2190, 2279, 2391}

c+dx c+dx c+dx
bfVa® + b*PolyLog (2, - ) bf Va* + b?PolyLog (2, -—= ) bVa? + B2(e + fx) log( = + 1)
- +

b—Va2+b? Va2+b2+b b—Va?+b?

— + _
a3d? a3d? add

Antiderivative was successfully verified.

[In] Int[((e + f*x)*Coshl[c + d*x]~2)/(a + bxCschl[c + d*x]),x]

[Out] (exx)/(2xa) + (b72xexx)/a”3 + (f*x72)/(4*a) + (b~2xf*x72)/(2*%a"3) - (b*x(e +
fxx)*Cosh[c + d*x])/(a"2*d) - (f*Coshl[c + dxx]~2)/(4*a*d~2) - (b*Sqrt[a~2

+ b"2]*(e + f*x)*Log[l + (a*xE~(c + d*x))/(b - Sqrt[a”2 + b~2])])/(a"3xd) +
(bxSqrt[a”2 + b~"2]*(e + f*x)*Log[l + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])]
)/(a~3xd) - (b*Sqrt[a”2 + b~2]*fxPolyLogl[2, -((a*E~(c + d*x))/(b - Sqrt[a~2

+ b72]1))]1)/(a"3%d"2) + (bxSqrt[a”2 + b~2]*f*PolyLogl[2, -((a*xE~(c + d*x))/(

b + Sqrt[a”2 + b72]1))])/(a"3%d"2) + (b*f*Sinh[c + d*x])/(a"2xd"2) + ((e + f
*xx)*Cosh[c + d*x]+*Sinh[c + d*x])/(2%axd)

Rule 5594

Int[((Ce_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_)*(x)1*(b_.) + (a_)), x_Symbol] :> Int[((e + f*x) m*Sinh[c + d*x]*F



139

[c + d*x]"n)/(b + a*Sinh[c + d*x]), x] /; FreeQ[{a, b, c, d, e, f}, x] && H
yperbolicQ[F] && IntegersQ[m, n]

Rule 5579

Int[(Cosh[(c_.) + (d_)*x )1 (p_)*((e_.) + (f_.)*(x_))"(m_.)*Sinh[(c_.) +

(d_)*xx )] (m_.))/((a) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> D
ist[1/b, Int[(e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - Di
stla/b, Int[((e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x] (n - 1))/(a + b*Sinh
[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && IGtQ[n,
0] && IGtQ[p, O]

Rule 3310

Int[((c_.) + (@_)*x))*((b_.)*sinl(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :>
Simp[(d*(b*Sin[e + fxx])"n)/(£72*n"2), x] + (Dist[(b~2*(n - 1))/n, Int[(c
+ d*x)*(b*Sinle + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
*Sinfe + f*x])"(n - 1))/(f*n), x]) /; FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1
]

Rule 5565

Int[(Cosh[(c_.) + (d_.)*(x_)]1"(m_)*((e_.) + (f£_.)*x(x_))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> -Dist[a/b~2, Int[(e + f*x) m*Cosh
[c + d*x]"(n - 2), x], x] + (Dist[1/b, Int[(e + f*x) m*Cosh[c + d*x]"(n - 2
)*Sinh[c + d*x], x], x] + Dist[(a”2 + b™2)/b"2, Int[((e + f*x) m*Cosh[c + d
*x]~(n - 2))/(a + b*Sinh[c + d*x]), x], x]) /; FreeQ[{a, b, c, d, e, f}, x]
&& IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rule 3296

Int[((c_.) + (@_)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x)"mxCos[e + fxx])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*x], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Rule 3322

Int[((c_.) + (d_D)*x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (Complex[0, fz_])*
(f_)*(x_)]1), x_Symbol] :> Dist[2, Int[((c + d*x) m*E~(-(I*e) + fxfzxx))/(-
(I*b) + 2%a*E~(-(I*e) + f*xfz*x) + I*b*xE~(2%(-(I*xe) + fxfz*x))), x], x] /; F
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reeQ[{a, b, ¢, d, e, £, fz}, x] && NeQ[a"2 - b2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*xx))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(2%c)/q, Int[
((f + gxx) " mkF u)/(b - q + 2xcxF u), x], x] - Dist[(2xc)/q, Int[((f + gkx)"
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + fx*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Logl[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps
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e + fx)cosh“(c + dx e + fx)cosh“(c + dx) sinh(c + dx
(¢ + fx) cosh®(c +dx) (e + fx) cosh’(c + dv)sinh(c +dx) |
a + besch(c + dx) b + asinh(c + dx)
(e+fx) cosh? (c+dx)
_ f(e + fx) COShZ(C + dx) dx f b+asinh(c+dx)
B a a
feosh®(c+dx) (e + fx)cosh(c + dx) sinh(c + dx) N f(e +fx)dx b f(e + fx)s
4ad? 2ad 2a ‘
_ex  DPex s fa? . P2fx2  b(e+ fx)cosh(c +dx) fcosh®(c+dx) (e+ fx)cosk
21 a8 4a 243 a2d 4ad?
_ex fx b2 2% be+ fx)cosh(c+dx) fcosh®(c+dx) bfsinh(c+:¢
" 2a a3 411 2a3 a2d 4ad? a2d?
_ex fx bzfo be + fx)cosh(c +dx)  fcosh?(c + dx) bVa? + b2(e-
" 2a a3 " TP a2d 4ad?
ex fx bzfx2 be + fx)cosh(c +dx)  fcosh®(c + dx) bVa? + b2(e-
T 2a a3 411 2a3 a%d 4ad?
ex  WPex 2 Bf2 b+ fy)coshictdx) foosh’(c+dy) bVa? +b(e-
21 a8 4a 243 a2d 4ad?

Mathematica [C] time = 5.65869, size = 1579, normalized size = 4.83

result too large to display

Warning: Unable to verify antiderivative.

[In] Integrate[((e + f*x)*Cosh[c + d*x]~2)/(a + b*Cschlc + dx*x]),x]

[Out] (Cschlc + d*x]*(b + a*Sinh[c + d*xx])*(2xa"2xex(c/d + x - (2*bxArcTan[(a - b

*Tanh[(c + d*x)/2])/Sqrt[-a”2 - b™2]1)/(Sqrt[-a™2 - b™2]*d)) + a™2*xf*(x72 +

(2*b* ((I*PixArcTanh[(-a + b*Tanh[(c + d*x)/2])/Sqrt[a”2 + b~2]]1)/Sqrt[a”2
+ b72] + (2%(c + IxArcCos[((-I)*Db)/al)*ArcTan[((a - I*b)*Cot[((2%I)*c + Pi
+ (2xI)*d*x)/4])/Sqrt[-a”2 - b~2]] + ((-2%xI)*c + Pi - (2*I)*d*x)*ArcTanh[((
(-I)*a + b)*Tan[((2*I)*c + Pi + (2*I)*d*x)/4])/Sqrt[-a"2 - b~2]] - (ArcCos[
((-I)*b)/a] - 2*ArcTan[((a - I*b)*Cot[((2%I)*c + Pi + (2xI)*dxx)/4])/Sqrtl[-
a”2 - b"2]])*Logl[((a + I*b)*(a - I*b + Sqrt[-a”2 - b72])*(1 + IxCot[((2%I)=*
c + Pi + (2%I)xdx*x)/4]1))/(ax(a + Ixb + I*Sqrt[-a~2 - b~2]*Cot[((2*I)*c + Pi
+ (2xI)*d*x)/4]1))] - (ArcCos[((-I)*b)/al + 2*xArcTan[((a - I*b)*Cot[((2*I)=*



142

c + Pi + (2%I)xdx*x)/4])/Sqrt[-a~2 - b~2]])*Log[(I*(a + I*b)*(-a + I*b + Sqr
t[-a”2 - b™2])*(I + Cot[((2*I)*c + Pi + (2%I)*dxx)/4]))/(ax(a + I*b + I*Sqr
t[-a”2 - b"2]*Cot [((2%xI)*c + Pi + (2*I)*d*x)/4]))] + (ArcCos[((-I)#*Db)/al +

2xArcTan[((a - I*b)*Cot[((2*I)*c + Pi + (2%I)*d*x)/4])/Sqrt[-a~2 - b~2]] -

(2xI)*ArcTanh[(((-I)*a + b)*Tan[((2*I)*c + Pi + (2*I)*d*x)/4])/Sqrt[-a~2 -

b~2]11)*Log [-(((-1)"(3/4)*Sqrt[-a~2 - b 2]1*E~(-c/2 - (d*x)/2))/(Sqrt[2]*Sqrt
[(-I)*a]*Sqrt[b + a*Sinh[c + d*x]]))] + (ArcCos[((-I)*b)/a] - 2*ArcTan[((a

- Ixb)*Cot [((2%I)*c + Pi + (2%I)*d*x)/4])/Sqrt[-a~2 - b~2]] + (2*I)*ArcTanh
[(((-I)*a + b)*Tan[((2*I)*c + Pi + (2xI)*d*x)/4])/Sqrt[-a~2 - b~2]])*Log[((
-1)7(1/4)*Sqrt[-a”2 - b"2]*E~((c + d*x)/2))/(Sqrt[2]*Sqrt [(-I)*al*Sqrt[b +

axSinh[c + d*x]])] + Ix(PolyLogl[2, ((I*b + Sqrt[-a”2 - b~2])*(a + I*b - Ix*S
grt[-a”2 - b 2]*Cot [((2*I)*c + Pi + (2*I)*d*x)/4]))/(ax(a + I*b + IxSqrt[-a
72 - b"2]*Cot [((2*I)*c + Pi + (2%I)*d*x)/4]))] - PolyLog[2, ((b + I*Sqrt[-a
"2 - b™2])*(I*xa - b + Sqrt[-a”2 - b~ 2]*Cot [((2*xI)*c + Pi + (2%I)*d*x)/4]1))/
(ax(a + Ixb + I*Sqrt[-a”2 - b~ 2]*Cot[((2*I)*c + Pi + (2%I)*d*x)/4]1))]1))/Sqr
t[-a™2 - b72]))/d"2) + (2*%ex((a”"2 + 4*b~2)*(c + d*x) - (2*b*(3*a”2 + 4*b~2)
*ArcTan[(a - b*Tanh[(c + d*x)/2])/Sqrt[-a~2 - b72]])/Sqrt[-a"2 - b~2] - 4xa
*xbxCosh[c + d*x] + a”2*Sinh[2%(c + d*x)]))/d + (£x((a”2 + 4xb72)*(-c + d*x)
x(c + d*x) - 8*axb*d*x*Cosh[c + d*x] - a"2+Cosh[2x(c + d*x)] - (2%b*(3*a~2

+ 4%b~2)* (2xc*xArcTanh[(b + a*Cosh[c + d*x] + a*Sinh[c + d*x])/Sqrt[a”2 + b~
2]]1 + (c + d*x)*Log[l + (a*(Cosh[c + d*x] + Sinh[c + d*x]))/(b - Sqrt[a”2 +
b~2])] - (c + d*x)*Logl[l + (ax(Cosh[c + dxx] + Sinh[c + d*x]))/(b + Sqrtla
"2 + b~2])] + PolyLogl[2, (ax(Cosh[c + d*x] + Sinh[c + d*x]))/(-b + Sqrt[a”2
+ b~2])] - PolyLogl[2, -((a*(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sqrt[a”2

+ b72]))]1))/Sqrt[a”2 + b~2] + 8*axb*Sinh[c + d*x] + 2xa”2xd*x*Sinh[2*(c + d
*x)]1))/d"2))/(8*a"3*(a + b*Cschlc + dxx]))

Maple [B] time = 0.184, size = 1012, normalized size = 3.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*xx+e)x*cosh(d*xx+c) 2/ (a+bxcsch(d*x+c)),x)

[Out] 1/4*f*x~2/a+1/2*%b~2xf*x"2/a~3+1/2%e*x/atb~2*e*x/a~3+1/16% (2xd*f*x+2*d*e-£f)/
a/d"2xexp (2xd*x+2%c) —1/2%bx (d*f*xx+d*e-f) /a~2/d"2*xexp (d*x+c) —-1/2%b* (d*xf*x+d*
et+f)/a~2/d " 2*xexp (-d*x-c)-1/16* (2xd*f*xx+2*d*e+f) /a/d"2*exp (-2*d*x-2%c) +2%b~3
/a~3/dxe/(a"2+b~2) "~ (1/2)*arctanh (1/2*(2*a*xexp (d*x+c)+2*b)/(a"2+b"2) " (1/2) )+
2*xb/a/d*xe/(a~2+b~2) ~(1/2) *arctanh (1/2* (2xa*exp (d*x+c)+2xb) /(a~2+b~2) ~(1/2))
-b/a/d*f/(a~2+b"2) " (1/2) *1n((-a*xexp (d*x+c)+(a~2+b~2) " (1/2)-b) / (-b+(a~2+b"2)
~(1/2)))*x-b/a/d"2*xf/(a"2+b~2) " (1/2) *1n((~a*xexp (d*xx+c)+(a”2+b~2) ~(1/2)-b) /(
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-b+(a”2+b"2) 7 (1/2)) ) *c+b/a/d*xf/(a”2+b~2) 7 (1/2) *1n((a*exp (d*x+c)+(a~2+b"2) 7 (
1/2)+b) / (b+(a~2+b72) ~(1/2) ) ) *x+b/a/d"2xf/(a~2+b~2) ~(1/2) *1n((axexp (d*x+c) +(
a”2+b~2) 7 (1/2)+b) /(b+(a"2+b72) " (1/2) ) ) *c-b/a/d"2*f/(a"2+b"2) " (1/2) *dilog ((-
axexp (d*x+c)+(a~2+b~2) " (1/2)-b) / (-b+(a"2+b"2) ~(1/2) ) ) +b/a/d"2xf/(a~2+b~2) " (
1/2)*dilog((a*exp(d*x+c)+(a”2+b~2)~(1/2)+b)/(b+(a"2+b"2)~(1/2)))-b~3/a~3/d*
f/(a”2+b~2) " (1/2) *1n((-a*exp(d*x+c)+(a"2+b"2) ~(1/2)-b) / (-b+(a~2+b~2) " (1/2))
)*x-b"3/a~3/d"2xf/(a"2+b"2) " (1/2) *1n((~axexp (d*x+c)+(a~2+b~2) " (1/2)-b) / (-b+
(a™2+b~2)~(1/2)) ) *c+b~3/a~3/d*f/(a"2+b~2) " (1/2) *1n((a*exp (d*x+c)+(a"2+b~2) "~
(1/2)+b) / (b+(a~2+b"2) ~(1/2)) ) *x+b~3/a~3/d"2xf/(a"2+b"2) ~ (1/2) *1n((a*exp (d*x
+c)+(a”2+b72) " (1/2)+b) / (b+(a™2+b~2) " (1/2)) ) *c-b~3/a~3/d"2*f/(a"2+b"2) " (1/2)
*xdilog((-a*exp(d*x+c)+(a™2+b"2) " (1/2)-b)/(-b+(a"2+b"2)~(1/2)))+b"3/a~3/d 2
f/(a"2+b"2) " (1/2) *dilog((a*exp(d*x+c)+(a~2+b~2) ~(1/2)+b) / (b+(a~2+b~2)~(1/2)
))-2%b/a/d"2xf*c/(a”2+b"2) " (1/2) *arctanh (1/2* (2*a*exp (d*x+c)+2xb) /(a~2+b~2)
~(1/2))-2%b"3/a"3/d"2*xf*c/(a"2+b~2) " (1/2) *arctanh (1/2* (2xa*xexp (d*x+c) +2%b) /
(a™2+b72) " (1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e)*cosh(d*x+c)~2/(at+b*csch(d*x+c)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 1.88607, size = 3200, normalized size = 9.79

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*cosh(d*x+c)”~2/(at+b*csch(d*x+c)),x, algorithm="fricas")

[Out] -1/16%(2*xa"2*xd*xf*xx - (2*%a~2*xd*f*xx + 2%a~2xdxe - a~2*f)*cosh(d*x + c)~4 - (2

*a " 2*d*f*x + 2*%a”"2xd*e - a"2xf)*sinh(d*x + c)74 + 2*a"2xdxe + 8 (axb*d*f*x

+ axbkxd*e — axbxf)xcosh(d*x + c)~3 + 4*x(2xaxbxdxfxx + 2*axb*d*e - 2*axbxf -
(2*xa~2*d*xf*x + 2*a”2*xd*e - a~2xf)*cosh(d*x + c))*sinh(d*x + c)~3 + a~2%f -
4dx((a™2 + 2+%b72)*d"2*xf*x"2 + 2% (a2 + 2*b72)*d"2*xe*x)*cosh(d*x + c)~2 - 2%

(2% (2”2 + 2xb72)*d™2%f*x"2 + 4*x(a”2 + 2*¥b"2)*d " 2*e*xx + 3k (2xa"2xdxf*x + 2*a
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“2xd*e - a"2xf)*cosh(d*x + c)72 - 12%(axbkd*xf*x + axbkd*e - axb*f)*cosh(d*x
+ c))*sinh(d*x + c)~2 + 16*(a*xb*f*xcosh(d*x + c)72 + 2*axbxfxcosh(d*x + c)*
sinh(d*x + c) + axbxf*sinh(d*x + c)~2)*sqrt((a”2 + b~2)/a"2)*dilog((b*cosh(
d*x + c) + b*sinh(d*x + c) + (a*cosh(d*x + c) + a*sinh(d*x + c))*sqrt((a~2
+ b72)/a"2) - a)/a + 1) - 16*x(axbxf*cosh(d*x + c)”2 + 2*axbxf*cosh(d*x + c)
*sinh(d*x + c) + axbxf*xsinh(d*x + c)~2)*sqrt((a”2 + b~2)/a"2)*dilog((b*cosh
(d*x + c) + b*sinh(d*x + c) - (a*cosh(d*x + c) + axsinh(d*x + c))*sqrt((a~2
+ b72)/a"2) - a)/a + 1) - 16*x((axb*dxe - axb*cxf)*cosh(d*x + c)~2 + 2*(axb
xdxe - axbxcxf)*cosh(d*x + c)*sinh(d*x + c) + (a*bkxd*e - a*bkcxf)*sinh(d*x
+ ¢c)"2)xsqrt((a”2 + b~2)/a"2)*log(2*axcosh(d*x + c) + 2*a*sinh(d*x + c) + 2
xaxsqrt((a”2 + b~2)/a"2) + 2%b) + 16x((axb*d*e - axbxc*f)*cosh(d*x + c)~2 +
2% (a*xb*d*e - axbkckxf)*cosh(d*x + c)*sinh(d*x + c) + (axb*d*e - axbkc*f)*si
nh(d*x + c)"2)*sqrt((a”2 + b72)/a"2)*log(2*axcosh(d*x + c) + 2*axsinh(d*x +
c) - 2xa*xsqrt((a”2 + b~2)/a"2) + 2*b) + 16*((axb*d*xf*x + axbkxcxf)*cosh(d*x
+ ¢c)72 + 2x(axbxd*f*x + axb*c*f)*cosh(d*x + c)*sinh(d*x + c) + (axbxd*xf*x
+ axbxc*f)*sinh(d*x + c) 2)*sqrt((a”2 + b~2)/a"2)*log(-(b*cosh(d*x + c) + b
xsinh(d*x + c) + (a*cosh(d*x + c) + ax*sinh(d*x + c))*sqrt((a”2 + b~2)/a"2)
- a)/a) - 16x((a*xbkxdxfxx + axbkcxf)*cosh(d*x + c)72 + 2% (axbkd*xf*xx + axbkcx
f)*cosh(d*x + c)*sinh(d*x + c) + (axbxd*f*x + axb*cxf)*sinh(d*x + c)~2)*sqr
t((a”2 + b72)/a"2)*log(-(b*cosh(d*x + c) + bxsinh(d*x + c) - (a*cosh(d*x +
c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/a"2) - a)/a) + 8*(axb*xd*xf*x + axb*dx
e + axbxf)*cosh(d*x + c) + 4*x(2%a*xbxd*xf*x + 2*axbxdxe - (2%a ~2*kd*f*x + 2%a”
2xd*e - a”2*f)*cosh(d*x + c)73 + 2xaxb*f + 6x(axbxd*xf*x + axbxdke - axbxf)x
cosh(d*x + ¢c)72 - 2x((a"2 + 2xb72)*d"2*f*x"2 + 2%(a”2 + 2*b~2)*d 2*e*x)*cos
h(d*x + c))*sinh(d*x + c))/(a"3*d"2*cosh(d*x + c)~2 + 2*a~3xd"2*cosh(d*x +
c)*sinh(d*x + c) + a~3*d"2*sinh(d*x + c)~2)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*cosh(d*x+c)**2/(a+b*csch(d*x+c)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (fx + e) cosh (dx + ¢)? 0

besch(dx+c)+a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*cosh(d*x+c) 2/ (atb*csch(d*x+c)),x, algorithm="giac")

[Out] integrate((f*x + e)*cosh(d*x + c)~2/(b*csch(d*x + c) + a), x)
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2
395 f cosh™(c+dx)

a+bcsch(c+dx)

Optimal. Leaf size=95

1
TRt [ )
Vo242 n X (a2 + 2b2) cosh(c + dx)(2b — a sinh(c + dx))
" 207 2a2d

[Out] ((a”2 + 2xb~2)*x)/(2*a~3) + (2*b*Sqrt[a”2 + b~2]*ArcTanh[(a - bxTanh[(c + d
xx)/2])/Sqrt[a”2 + b~2]]1)/(a"3*d) - (Cosh[c + d*x]*(2*b - axSinh[c + d*x]))
/ (2xa”~2*d)

Rubi [A] time = 0.249733, antiderivative size = 95, normalized size of antiderivative

. . b f rul
1., number of steps used = 6, number of rules used = 6, integrand size = 21, e L

integrand size
0.286, Rules used = {3872, 2865, 2735, 2660, 618, 206}

1 a-b tanh(% (c+dx))
2bVa? + b tanh™ | ————— 5 »
Va?+b2 . x (ﬂ +2b ) cosh(c + dx)(2b — a sinh(c + dx))
add 243 2a%d

Antiderivative was successfully verified.

[In] Int[Cosh[c + d*x]~2/(a + b*Cschl[c + d*x]),x]

[Out] ((a"2 + 2*¥b~2)*x)/(2%a"3) + (2%b*Sqrt[a”2 + b~2]*ArcTanh[(a - b*Tanh[(c + d
xx)/2])/Sqrt[a”2 + b72]]1)/(a"3*d) - (Cosh[c + d*x]*(2xb - axSinh[c + d*x]))
/ (2%xa~2xd)

Rule 3872

Int[(cos[(e_.) + (f_)*x(x_)I*(g_.))"(p_.)*(cscl(e_.) + (£_)*(x )]1*(b_.) +
(a_))"(m_.), x_Symbol] :> Int[((gxCos[e + f*x]) px(b + a*Sin[e + f*x])"m)/S
in[e + f*x]"m, x] /; FreeQ[{a, b, e, f, g, p}, x] && IntegerQ[m]

Rule 2865

Int[(cos[(e_.) + (£_)*x(x_)I*x(g_.))"(p_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x
D)7 (m_)*x((c_.) + (d_.)*sinl(e_.) + (£f_.)*x(x_)]), x_Symbol] :> Simp[(g*(g
xCos[e + £xx])7(p - 1)*(a + b*Sin[e + f*x])"(m + 1)*(b*cx(m + p + 1) - axdx
p + bxdx(m + p)*Sinfe + f*x]))/(b"2*f*(m + p)*(m + p + 1)), x] + Dist[(g™2x
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(p - 1)/ (®™2%x(m + p)*(m + p + 1)), Int[(gxCos[e + £xx])"(p - 2)*(a + b*Sin
[e + f*x]) “m*Simp[b*(a*d*m + bxc*(m + p + 1)) + (axb*cx(m + p + 1) - dx(a”2
*p — b™2%(m + p)))*Sin[e + f*x], x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g,

m}, x] && NeQ[a™2 - b~2, 0] && GtQ[p, 1] && NeQ[m + p, 0] && NeQm + p + 1,
0] &% IntegerQ[2#m]

Rule 2735

Int[((a_.) + (b_.)*sinl[(e_.) + (£_.)*(x_)1)/((c_.) + (d_.)*sin[(e_.) + (f_.
Y*x(x_)1), x_Symbol] :> Simp[(b*x)/d, x] - Dist[(b*c - a*d)/d, Int[1/(c + d*
Sinl[e + f*x]), x], x] /; FreeQl[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2¥b*e*x + ax
e”2xx72), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a2 - b"2, 0]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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f coshz(c + dx) . f coshz(c + dx) sinh(c + dx)
a+besch(c+dx) ib + iasinh(c + dx)

—iab+i(a?+2b2) sinh(c+dx)
_ _cosh(c + (b - asinh(c +dx)) | S e

2a%d 242
: 1
_ (a2 + 21?2) X cosh(c +dx)(2b — asinh(c + dx)) (Zb (”2 + bz)) J ib-iasinh(c+dx) dx
B 243 2a2d a3
2 12 . 1
(@ +2%)x  cosh(c + dx)(2b - asinh(c + dx)) (26 (a* + 17)) Subst (f o 9% X
B 243 2a2%d a3d

212 1
(2 +26%)x  cosh(c +dx)(2b — asinh(c + dx)) . (46 (a? + 7)) Subst (f s T

2a8 2a%d 23d
a-btanh 1(c+dx)
) ) 2bVa? + b2 tanh™! #
(a +2b ) x Va?+b? cosh(c + dx)(2b — asinh(c + dx))
= —+ -
2a3 add 2a2%d

Mathematica [A] time = 0.520966, size = 109, normalized size = 1.15

a-b tanh(%(cﬂlx))

_ 2 _ 12 -1
8bV—a? — b? tan [ g

) + a?sinh(2(c + dx)) + 2a%c + 2a%dx — 4ab cosh(c + dx) + 4b*c + 4b%dx

4ad
Antiderivative was successfully verified.

[In] Integrate[Cosh[c + d*x]~2/(a + bxCschl[c + d*x]),x]

[Out] (2*a~2%c + 4*b~2%c + 2*a~2xd*x + 4xb~2+d*x + 8xbxSqrt[-a”2 - b~2]*ArcTan[(a
- b*Tanh[(c + d*x)/2])/Sqrt[-a”2 - b~2]] - 4*axb*Cosh[c + d*x] + a~2*Sinh[
2x(c + d*x)])/(4*a”3*d)

Maple [B] time = 0.049, size = 260, normalized size = 2.7

! t hdx+c+1_2+ 1 t hdx+c+1_1 b t hdx+c +1_1+ 1 In|t hdx+c+
——— |tanh | — + = — [tanh | — + = - — [tanh [ — + = —— In|tanh | — + =
242 "M 2 T2 242 "M 2 T2 a2 "M 2 T2 2da "\ 2 T2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cosh(d*x+c) 2/ (a+b*xcsch(d*x+c)),x)

[Out] -1/2/d/a/(tanh(1/2*d*x+1/2%c)+1)"2+1/2/d/a/(tanh(1/2*d*x+1/2*c)+1)-1/d/a~2/
(tanh (1/2*d*x+1/2*c)+1)*b+1/2/d/a*1ln(tanh (1/2*d*x+1/2*c)+1)+1/d/a"3*1n(tanh
(1/2%d*x+1/2%c)+1) *b"2-2/d*b* (a~2+b"2) ~(1/2) /a"3*arctanh (1/2* (2*¥b*tanh (1/2*
d*xx+1/2*%c)-2*a)/(a~2+b"2)~(1/2))+1/2/d/a/ (tanh (1/2*d*x+1/2%c)-1)"2+1/2/d/a/
(tanh(1/2*d*x+1/2*c)-1)+1/d/a~2/ (tanh (1/2*d*x+1/2*c)-1)*b-1/2/d/a*1n(tanh (1
/2xd*xx+1/2*c)-1)-1/d/a"3*x1n(tanh (1/2*d*x+1/2*c)-1)*b"2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c) 2/ (atb*csch(d*x+c)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 1.73539, size = 1150, normalized size = 12.11

a? cosh (dx + ¢)* + a? sinh (dx + ¢)* + 4 (az +2 bz)dx cosh (dx + ¢)* — 4 abcosh (dx + ¢)° + 4 (az cosh (dx +¢) — ab) S

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c) 2/ (at+tb*csch(d*x+c)),x, algorithm="fricas")

[Out] 1/8*(a"2*cosh(d*x + ¢c)~4 + a”2*sinh(d*x + c¢)~4 + 4x(a”2 + 2*b~2)*d*x*cosh(d
*xX + ¢)72 - 4*xaxbkcosh(d*x + ¢)~3 + 4*(a"2*cosh(d*x + c) — axb)*sinh(d*x +
c)”3 - 4xaxbxcosh(d*x + c) + 2*(3*a"2xcosh(d*x + c)72 + 2%x(a”2 + 2%b~2)*d*x

- 6xaxbxcosh(d*x + c))*sinh(d*x + c)~2 + 8*(b*cosh(d*x + c)~2 + 2*b*cosh(d
*x + c)*sinh(d*x + c) + b*sinh(d*x + c)~2)*sqrt(a”2 + b~2)*log((a~2*cosh(dx
X + ¢)72 + a”2xsinh(d*x + c)72 + 2*axbxcosh(d*x + c) + a”2 + 2*b72 + 2*x(a"2
xcosh(d*x + c) + a*b)*sinh(d*x + c) + 2*sqrt(a”2 + b~2)*(a*cosh(d*x + c) +
a*sinh(d*x + c) + b))/(a*xcosh(d*x + c)”2 + a*sinh(d*x + c¢)~2 + 2*b*cosh(d*x

+ ¢) + 2*%(axcosh(d*x + c¢) + b)*sinh(d*x + c) - a)) - a~2 + 4x(a"2*cosh(d*x

+ ¢)73 + 2+x(a”2 + 2*b~2)*d*x*cosh(d*x + c) - 3*axbxcosh(d*x + c)~2 - axb)*
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sinh(d*x + c¢))/(a"3*d*cosh(d*x + c)~2 + 2%a~3xd*cosh(d*x + c)*sinh(d*x + c)
+ a”3*d*sinh(d*x + c)~2)

Sympy [F] time = 0., size = 0, normalized size = 0.

f cosh? (c +dx)

a+ bcsch (c + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c)**2/(at+tb*csch(d*x+c)),x)

[Out] Integral(cosh(c + d*x)**2/(a + b*csch(c + d*x)), x)

Giac [A] time = 1.17657, size = 223, normalized size = 2.35

2+ 13)1 |2 aeldx+0) 42 h2 Va2+b2|
(az +2 bz)(dx +0) (4 abe(®+¢) 4 az)e(‘2 dx=2c) (u + ) 08 Rac® 01262 V2e12| | ade@d+20) — 4 peld+)
- +

2a%d 8a3d - Va2 + 02a3d 8 a2d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c) 2/ (atb*csch(d*x+c)),x, algorithm="giac")

[Out] 1/2*%(a"2 + 2*b~2)*(d*x + c)/(a"3*d) - 1/8*(4xaxb*e”(d*x + c) + a~2)*e”(-2xd
xx — 2%c)/(a”3*%d) - (a”2*%b + b~ 3)*log(abs(2xa*xe”(d*x + c) + 2*b - 2*sqrt(a”

2 + b72))/abs(2*axe”(d*x + c) + 2xb + 2xsqrt(a”2 + b~2)))/(sqrt(a”2 + b~2)*
a~3*d) + 1/8*(axd*e”(2xd*x + 2%c) - 4xb*xdxe”(dxx + c))/(a"2*d"2)
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3 3
396 f (e+fx)? cosh™(c+dx) dx

a+bcsch(c+dx)

Optimal. Leaf size=864

ec+dx c+dx a

() e+ £ psintic+dve+ fp P +P) log(b_\/ﬁ +1)(e+fx)3 () 1og(b+€Vﬁ |

4a*f 2a%d a*d a*d

[Out] (=3*b*f~3*x)/(8*a~2xd~3) - (b*(e + f*x)73)/(4*xa"2xd) + (b*x(a”2 + b™2)*(e +
f*x)~4)/(4xa~4xf) - (40*%f~3*Coshlc + d*xx])/(9*axd~4) - (6%¥b~2*f " 3*Coshlc +
d*x])/(a"3*d"4) - (2xf*(e + f*x) " 2*Coshl[c + d*x])/(axd”2) - (3*xb"2xf*x(e + f
xx) "2*%Cosh[c + d*xx])/(a~3*%d~2) - (2%f~3*Cosh[c + d*x]~3)/(27*axd"4) - (fx(e
+ f*xx)"2*Cosh[c + d*x]~3)/(3*axd"2) - (b*(a"2 + b~ 2)*(e + f*xx) 3*Log[l + (
a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])])/(a"4*xd) - (b*(a"2 + b™2)*(e + f*x)~3
xLog[1 + (a*E~(c + d*x))/(b + Sqrt[a”2 + b~2])]1)/(a"4*d) - (3*b*x(a”2 + b~2)
xfx(e + f*x) 2+PolyLog[2, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b~2]))]1)/(a"4xd
~2) - (3*%bx(a”2 + b~ 2)xfx(e + fx*x) 24PolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt
[272 + b™2]))]1)/(a"4xd"2) + (6xbx(a”2 + b"2)*f"2x(e + f*x)*PolyLog[3, -((ax*
E~(c + d*x))/(b - Sqrt[a”2 + b~2]))])/(a"4*d"3) + (6*xbx(a”2 + b~2)*f"2x(e +
fxx)*PolyLog[3, -((a*xE~(c + d*x))/(b + Sqrt[a”2 + b~2]))])/(a"4xd"3) - (6%
bx(a~2 + b~2)*f~3*PolyLog[4, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b~2]))])/(a”
4xd~4) - (6xbx(a”2 + b~2)*f~3*PolyLog[4, -((a*xE~(c + d*x))/(b + Sqrt[a”2 +
b~21))]1)/(a"4*xd~4) + (40*f~2x(e + f*x)*Sinh[c + d*x])/(9*a*xd~3) + (6%b~2*f~
2x(e + f*x)*Sinh[c + dx*x])/(a"3*d"3) + (2*(e + fxx)“3*Sinh[c + d*x])/(3*axd
) + (b72x(e + f*x)~"3xSinh[c + d*xx])/(a"3%d) + (3*b*xf~3*%Cosh[c + d*x]*Sinh[c
+ d*x])/(8*xa"2xd"4) + (3*b*xf*x(e + f*x) " 2*Cosh[c + d*x]*Sinh[c + dx*x])/(4x*a
~2%d"2) + (2%xf"2x(e + f*xx)*Cosh[c + d*x] 2%Sinh[c + d*x])/(9%axd"~3) + ((e +
f*x)~3*Cosh[c + d*x]~2+Sinh[c + d*x])/(3*a*xd) - (3*xb*xf~2*(e + f*x)*Sinh[c
+ d*x]"2)/(4*xa~2xd"3) - (b*(e + f*x) 3*Sinh[c + dxx]~2)/(2*a"2x*d)

Rubi [A] time = 1.18846, antiderivative size = 864, normalized size of antiderivative = 1.,
number of rules

number of steps used = 31, number of rules used = 17, integrand size = 28, ———— =
integrand size

0.607, Rules used = {5594, 5579, 3311, 3296, 2638, 3310, 5565, 5446, 32, 2635, 8, 5561, 2190,
2531, 6609, 2282, 6589}

) ) . ) b 5 bz 1 eCHix g 1 3 b 2 bz 1 ecHix g
b +82) e+ [0 bsinh®(c+dx)(e+ fx)° (e + )Og(b_me )(€+fx) ) (e + )Og(—b+m*
44 f 2a%d a*d a*d

Antiderivative was successfully verified.

[In] Int[((e + f*x) 3*Cosh[c + d*x]~3)/(a + b*Csch[c + d*x]),x]
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[Out] (-3*b*xf~3*x)/(8*a"2*%d"3) - (b*x(e + f*x)~3)/(4*a"2*d) + (b*x(a"2 + b~2)*(e +
f*x)74)/(4dxa~4xf) - (40*%f~3*Coshl[c + d*xx])/(9*axd~4) - (6%¥b~2*f " 3*Coshlc +
d*x])/(a"3xd"4) - (2xfx(e + f*x) 2*Coshl[c + d*xx])/(axd”2) - (3*b~2*f*(e + f
*x) "2xCosh[c + d*xx])/(a"3*%d"2) - (2xf~3*Cosh[c + d*x]~3)/(27*axd~4) - (fx(e
+ fxx)"2xCosh[c + d*x]~3)/(3*axd"2) - (bx(a"2 + b~2)*x(e + f*x) 3*Logl[l + (
a*xE~(c + d*x))/(b - Sqrt[a”2 + b~2])]1)/(a"4*xd) - (b*(a”2 + b™2)*x(e + f*x)~3
*xLog[1l + (a*E~(c + d*x))/(b + Sqrt[a™2 + b"2])])/(a"4xd) - (3*bx(a”"2 + b~2)
xf* (e + f*x) 2*PolyLog[2, -((a*E~(c + d*x))/(b - Sqrt[a~2 + b~2]))])/(a"4*d
~2) - (3*%bx(a”2 + b"2)*f*x(e + f*x) 2xPolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt
[a”2 + b72]))]1)/(a"4%d"2) + (6xbx(a”2 + b~2)*f"2*(e + f*xx)*PolyLogl[3, -((ax
E~(c + d*x))/(b - Sqrt[a™2 + b~2]))])/(a"4%d"3) + (6xb*x(a”2 + b"2)*f"2*x(e +
f*x)*PolyLog[3, -((a*xE"(c + d*x))/(b + Sqrt[a™2 + b72]))]1)/(a"4xd"3) - (6%
b*x(a”2 + b~2)*f"3*PolyLogl[4, -((a*E"(c + d*x))/(b - Sqrt[a”2 + b~2]))])/(a”
4xd~4) - (6xb*(a”2 + b~2)*f"3*PolyLog[4, -((a*E~(c + d*x))/(b + Sqrt[a~2 +
b"2]1))]1)/(a"4*d"4) + (40*%f~2*x(e + f*x)*Sinh[c + d*x])/(9*a*xd"3) + (6xb~2xf~
2% (e + f*x)*Sinh[c + d*x])/(a"~3*d"3) + (2*(e + f*x)~3*Sinh[c + d*x])/(3*axd
) + (b72x(e + f*x)~3*Sinh[c + d*x])/(a"3*d) + (3*bxf~3*Cosh[c + dxx]*Sinh[c
+ d*x])/(8%a"2xd"4) + (3*b*xf*x(e + f*x) " 2*Cosh[c + dxx]*Sinh[c + dx*x])/(4x*a
“2xd"2) + (2%f"2x(e + f*xx)*Cosh[c + d*x] 2*Sinh[c + d*x])/(9*%axd~3) + ((e +
f*x) "3*Cosh[c + d*x]~2*Sinh[c + d*x])/(3*axd) - (3*xbxf~2%(e + f#*x)*Sinh[c
+ d*xx]~2)/(4*xa~2*xd"3) - (b*(e + f*x) " 3*Sinh[c + d*xx]~2)/(2*a"2*d)

Rule 5594

Int[((Ce_.) + (£_)*x(x))"(m_)*F_)[(c_.) + (d_)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_D)*x)I*M_.) + (a_)), x_Symbol] :> Int[((e + f*x) m*Sinh[c + d*x]*F
[c + d*x]"n)/(b + a*Sinh[c + d*x]), x] /; FreeQ[{a, b, ¢, d, e, £}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

Rule 5579

Int[(Cosh[(c_.) + (d_.)*x(x )1 (p_)*((e_.) + (£_.)*(x_))"(m_.)*Sinh[(c_.) +

(d_)*xx )] (m_.))/((a) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> D
ist[1/b, Int[(e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - Di
stla/b, Int[((e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x] (n - 1))/(a + b*Sinh
[c + d*x]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & IGtQ[m, 0] && IGtQ[n,
0] && IGtQ[p, O]

Rule 3311

Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sinl[(e_.) + (f_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[(d*m*(c + d*x)~(m - 1)*(bxSin[e + fxx])"n)/(£72*n"2), x] + (Dist
[(b™2x(n - 1))/n, Int[(c + d*x) m*(b*Sin[e + f*x])"(n - 2), x], x] - Dist[(
d~2«mx(m - 1))/(£72*xn"2), Int[(c + d*x)"(m - 2)*(b*Sinf[e + f*x])"n, x], x]
- Simp[(b*(c + d*x) “m*Cos[e + f*x]*(b*Sin[e + f*x])~(n - 1))/(f*n), x1) /;
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FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

Rule 3296

Int[((c_.) + (@_)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Cos[
e + f*x], x], x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O]

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rule 3310

Int[((c_.) + (@_D)*&x))*((b_.)*sinl(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :>
Simp[(d*(b*Sin[e + f*x])"n)/(£f72*n"2), x] + (Dist[(P™2*(n - 1))/n, Int[(c
+ d*x)*(b*Sinle + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
*Sinfe + fxx])~(n - 1))/(f*n), x]) /; FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1
]

Rule 5565

Int[(Cosh[(c_.) + (d_.)*(x_)]1"(m_)*x((e_.) + (£_)*x(x_))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> -Dist[a/b~2, Int[(e + f*x) m*Cosh
[c + d*x]"(n - 2), x], x] + (Dist[1/b, Int[(e + f*x) m*Cosh[c + d*x] " (n - 2
)*¥Sinh[c + d*x], x], x] + Dist[(a”2 + b™2)/b"2, Int[((e + f*x) m*Coshl[c + d
*x]"(n - 2))/(a + b*Sinh[c + d*x]), x], x]) /; FreeQ[{a, b, c, d, e, f}, x]
&% IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rule 5446

Int[Cosh[(a_.) + (b_.)*(x_)]*((c_.) + (d_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*
(x_ )] (n_.), x_Symbol] :> Simp[((c + d*x) m*Sinh[a + b*x]~(n + 1))/(bx(n +
1)), x] - Dist[(d*m)/(b*(n + 1)), Int[(c + d*x)"(m - 1)*Sinh[a + b*x] " (n +
1), x1, x] /; FreeQ[{a, b, ¢, d, n}, x] & IGtQ[m, 0] && NeQ[n, -1]

Rule 32
Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol] :> Simp[(a + bxx)"(m + 1)/(b*x(m +

1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2635
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Int[((b_.)*sin[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
J*x(b*Sin[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2*%(n - 1))/n, Int[(b*Sinl[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &% IntegerQ[2*n
]

Rule 8
Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rule 5561

Int[(Cosh[(c_.) + (d_)*(x_)]*((e_.) + (f_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)1), x_Symbol] :> -Simp[(e + f*x)~(m + 1)/(b*fx(m + 1)),
x] + (Int[((e + f*x)"m*E~(c + d*x))/(a - Rt[a"2 + b~2, 2] + b*E~(c + d*x))
, x] + Int[((e + f*x)"m*E"(c + d*x))/(a + Rt[a"2 + "2, 2] + b*E~(c + d*x))
, x]1) /; FreeQ[{a, b, ¢, d, e, £}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Rule 2190

Int [(((F_)~((g_)*((e_.) + (F_)*E DN~ (_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_I*((F )~ ((g_)*((e_.) + (£_)*(x))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) “m*Log[1l + (b*(F~(gx(e + f*x)))"n)/al)/(b*fxgxnxLogl[F]), x] - Di
st [(d*m) / (bxf*g*n*Log[F1), Int[(c + d*x)~(m - 1)*Logll + (b*x(F~(gx(e + f*x)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_.)*((F_)"((c_.)*x((a_.) + (b_)*(x_))))"(a_)1*((f_.) + (g_.)
*(x_))~(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(e*(F~(c*(a + b*x
)))"n)1)/ (b*c*n*Log[F1), x] + Dist[(g*m)/(bxc*n*Logl[F1), Int[(f + g*x)~(m -
1)*PolyLog[2, -(e*x(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}, x] && GtQ[m, O]

Rule 6609

Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLog[n_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLogln + 1, d*(F~(c*(a
+ b*x)))"pl)/(bxcxp*xLog[F]), x] - Dist[(f*m)/(b*c*p*Logl[F]l), Int[(e + f*x)~
(m - 1)*PolyLogl[n + 1, d*(F~(c*(a + b*x)))~"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
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onOfExponentialQ[u, x] && !'MatchQ[u, (w )*((a_.)*(v_)"(n_))"(m_ ) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*x((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_8
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps

dx

(e + fx) cosh’(c + dx) iy = (e + fx)3 cosh®(c + dx) sinh(c + dx)
f a + besch(c + dx) r= f

Mathematica [C]

b + asinh(c + dx)

(e+fx)° coshS(c+dx)
3 > Jr e
_ f(e + fx)3 cosh (C + dx) dx _ b b+a sinh(c+dx)

a a
_ fle+fxp cosh’(c + dx) . (e + fx)? cosh®(c + dx) sinh(c + dx) . 2 [(e+ fx)°cos
B 3ad? 3ad 3a

b (az + bz) e+ f0* 2f3cosh®(c+dx) f(e+ fx)?cosh’(c + dx) N 2(e + fx)3sit
404 f 27ad* 3ad? 3ad

b (112 + bz) (e+fx)* 2f(e+ fx)?cosh(c+dx) 3b2f(e+ fx)2cosh(c+dx) 2f3
B da*f - ad? - add? -

_ ble+fx)?® b (ﬂz + bz) (e+fx)* 4f3cosh(c+dx) 2f(e+ fx)?cosh(c + dx)
T a2d 4atf - 9ad* - ad? -

_3bf3x  ble+ fx)? . b (ﬂz + bz) (e+fx)*  40f3 cosh(c + dx) _ 6b*f°cosh(c +d
~ 8a2d3 4a%d da*f 9ad* asd*

_3bf3x ble+ fx)? . b (ﬂz + bz) (e+fx)*  40f3 cosh(c + dx) _ 6b*f°cosh(c +d
© 8a2d3 4a%d da*f 9ad* asd*

_ 3% bt fv b (2 +8°) e+ f)"  40f3cosh(c +dx) 613 cosh(c +d
© 8a2d3 4a%d datf 9ad* asd*

time = 40.1403, size = 7881, normalized size = 9.12

Result too large to show
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Warning: Unable to verify antiderivative.

[In] Integrate[((e + f*x) 3*Cosh[c + d*x]~3)/(a + b*Cschlc + d*x]),x]

[Out] Result too large to show

Maple [F] time = 0.411, size = 0, normalized size = 0.

f (fx+e) (cosh @x +c))’ N

a + besch (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) "3*cosh(d*x+c) "3/ (a+bxcsch(d*x+c)) ,x)

[Out] int((f*x+e) 3*%cosh(d*x+c) 3/ (a+b*csch(d*x+c)),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) ~3*cosh(d*x+c) 3/ (a+b*csch(d*x+c)),x, algorithm="maxima")

[Out] -1/24*e”3*x((3*axbxe”(-d*x - ¢c) - a2 - 3*(3*a"2 + 4*xb"2)*e” (-2*d*x - 2%c))*
e~ (3xd*x + 3%c)/(a~3*d) + 24*x(a"2%b + b~ 3)*(d*x + c)/(a"4*xd) + (3*axb*xe” (-2
*dkx — 2%c) + a”2%xe” (-3*xd*x - 3*c) + 3*(3*a”2 + 4*xb"2)*e”(-d*x - c))/(a"3*d
) + 24x(a”2%b + b~3)*log(-2*bxe”(-d*x - c) + axe” (-2xd*x - 2%c) - a)/(a"4x*d
)) - 1/864%(216*(a”2*xbxd"4*xf~3*e”~ (3*c) + b~ 3*d"4*f " 3*e” (3*c))*x"4 + 864x(a”
2¥%b*xd"4*e*xf"2%e” (3*c) + b~ 3xd " 4xexf"2%e” (3*c))*x"3 + 1296* (a"2*b*d " 4*e”2*f*
e”(3%c) + b7 3kd"4*e"2xfxe” (3*c))*x"2 - 4% (9*%a”3kxd"3*xf"3xx"3xe” (6%c) + 9*(3*
d"3*exf"2 - d72*xf73)*a"3*x"2%e” (6*c) + 3k (9xd"3*e"2xf - 6+%d"2%exf”2 + 2kdxf
“3)*a"3*x*ke” (6xc) — (9xd"2xe"2+f - 6*d*exf”2 + 2xf"3)*a"3xe” (6%*c))*e” (3*kd*x
)+ 27*(4*a~2%b*d"3*f"3*x"3*e”(5*c) + 6% (2+%d"3*ke*xf"2 - d72*xf73)*a"2xbxx"2*e
“(5xc) + 6% (2xd"3*e”2xf — 2xd"2%exf"2 + dA*f73)*a"2xbxx*xe” (5xc) - 3*%(2*%d"2*e
~2%xf - 2kdkexf”"2 + £T3)*a"2xbxe” (5%c))*e” (2kd*kx) + 108* (9x (d"2%e”2*f - 2%dx*
exf"2 + 2xf73)*a"3xe” (4d*xc) + 12x(d"2*xe"2+f — 2xd*exf~2 + 2*xf~3)*axb~2*e” (4%
c) - (3%a~3*%d"3*f"3*e” (4*xc) + 4*xaxb~2xd"3*xf " 3*xe” (4*c))*x"3 - 3*(3*x(d"3xexf”
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2 - d72+%f73)*a"3*e" (4*c) + 4*x(d"3*exf"2 - d72%f73)*axb"2xe” (4*c) ) *¥x"2 - 3*(
3k (d"3%e”"2xf — 2xd"2xexf72 + 2*xd*f"3)*a"3*xe” (4*xc) + 4% (d"3*e”2*f - 2*xd"2*ex
£72 + 2xd*xf~3)*axb"2xe” (4*c)) *x) *e” (d*x) + 108*(9*(d"2%e”2+f + 2kd*exf~2 +
2%f73) *a"3*ke” (2*%c) + 12x(d"2xe”2+f + 2xd*exf”2 + 2xf"3)*axb"2xe” (2*c) + (3%
a~3*%d"3*f"3*ke” (2*%c) + 4*xaxb"2x%d"3*xf"3*xe” (2*c))*x"3 + 3% (3*x(d"3*exf"2 + 4d72%
£f73)*a"3*e” (2*c) + 4*x(d"3*exf"2 + d72%f"3)*axb”"2xe” (2*c) ) *x"2 + 3*(3*x(d"3*e
“2xf + 2%d72xexf72 + 2xd*xfT3)*a"3%e” (2xc) + 4x(d"3*e"2*f + 24" 2xexf"2 + 2%
d*f~3) *xaxb"2xe” (2xc) ) *x) *e” (—d*x) + 27*(4*a”2xbxd"3*xf " 3*x"3*%e”c + 6*x(2xd”"3x*
exf”2 + d72*xf73)*a"2xbxx"2xe"c + 6% (2%d"3*%e”2*xf + 2xd"2xexf"2 + d*f73)*a” 2%
bxx*e~c + 3*x(2%d"2%e"2*f + 2kdkexf"2 + f73)*a"2xb*xe”c)*e” (-2*xd*x) + 4*(9xa”
3kd"3*f"3*x"3 + 9% (3kd"3%e*xf"2 + d72*xf73)*a"3*x”2 + 3k (9xd"3*ke"2xf + 6%d"2x*
exf"2 + 2%d*xf"3)*a"3*x + (9kd"2xe”2xf + 6xdkexf"2 + 2xf"3)*a”3)*e” (-3*d*x))
xe” (-3%c)/(a"4*d"4) + integrate(-2*x((a”3*b*f~3 + axb~3*f~3)*x"3 + 3% (a”3*bx
exf”2 + axb " 3kexfT2)*x72 + 3x(a”3*b*e”2*f + axb"3ke”2*xf)*x - ((a”2¥b"2*f 3%
e”c + bT4*xf"3*%e"c)*x"3 + 3x(a"2%b " 2%e*xf"2*%e”c + bT4dxexf"2xe"c)*x"2 + 3*%(a”2
*b"2%e " 2%f*e”"c + bT4d*xe"2xfxe"c)*x)*e” (d*x))/(a"5*xe” (2xd*x + 2%c) + 2*a"4*bx*
e"(d*x + c) - a~b), x)

Fricas [C] time = 2.72124, size = 17256, normalized size = 19.97

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 3*cosh(d*x+c) 3/ (a+b*csch(d*x+c)),x, algorithm="fricas")

[Out] -1/864*(36*a”~3*xd"3*xf"3*%x~3 + 36*a”3*d"3*e”3 + 36*a~3*xd"2%e"2+f + 24*a”3*d*e
*f72 - 4% (9%a~3xd"3*f"3*x"3 + 9*a”~3x%d"3%e”3 - 9*a"3kd"2*xe"2*xf + 6*a~3Ikdxexf
T2 - 2%a”3*%xf73 + 9% (3*%a"3%d"3*kexf"2 - a”3xd"2*%f”"3)*x"2 + 3% (9*a~3*%d"3ke"2*f
- 6*a”3*d"2xexf"2 + 2*xa~3%d*f~3)*x)*cosh(d*x + c)76 - 4x(9*a~3*d"3*f " 3*x"3
+ 9%a"3*d"3%e”3 - 9*%a"3*%d"2*%e"2*f + 6%a " 3xd¥xexf"2 - 2*xa~3*%f"3 + 9% (3*xa~3*d
“3kexfT2 - a”3*%d"2*xf"3)*xx"2 + 3% (9*%a”"3xd"3ke"2xf - 6xa”3kd"2xexf"2 + 2%a~3x
d*xf~3)*x)*sinh(d*x + c)~6 + 8*a~3*f~3 + 27*(4*a”2xb*d~3*xf " 3*x"3 + 4*a~2xbx*d
“3%xe”3 - 6%a"2xbxd"2*e”2xf + 6*a”2%bxdxexf"2 - 3xa"2xb*xf"3 + 6x(2*a”2%b*d"3
xexf72 - a”2xbxd"2*xf73)*x"2 + 6% (2*%a"2%b*d"3*ke”"2*%f — 2%a"2xbxd"2%exf"2 + a”
2%b*xd*f~3) *x) *cosh(d*x + ¢)~5 + 3*(36*a"2*b*d"3*f"3*x"3 + 36*a~2%b*d"3*e”3
- Bdxa~2%bxd"2%e " 2xf + bdxa 2xbxdxexf"2 - 27*xa”2*b*xf~3 + b54x(2*a~2xb*xd"3kex
£f72 - a"2xb*xd"2%xf"3) *x"2 + 54*x(2%a " 2xb*d"3ke"2*f - 2%a”"2xb*d"2xexf"2 + a 2%
bxd*f~3)*x - 8*(9%a”~3*d"3*f"3%x"3 + 9*a~3*d"3*e”3 - 9*a~3*xd"2*xe"2*f + 6*a”3
*dkexf~2 - 2%a”3*f"3 + 9% (3*a”3*xd"3kexf"2 - a~3*d"2xf"3)*x"2 + 3% (9*%a~3*%d"3
xe"2xf - 6*%xa”3*%d"2xexf"2 + 2*%a~3%d*f”"3)*x)*cosh(d*x + c))*sinh(d*x + c)~5 -
108* ((3*a”~3 + 4xa*xb~2)*d"3*f"3*x"3 + (3*a”~3 + 4*xa*xb~2)*d"3*e”3 - 3*(3*a"3
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+ 4dxaxb”2)*d"2xe"2xf + 6% (3*%a”3 + 4*axb”2)*dxexf~2 - 6%(3*%a”3 + 4kaxb"2)*f”
3 + 3x((3*a”3 + 4xaxb~2)*d"3*xe*xf"2 - (3*a”~3 + 4xaxb~2)*d"2*xf"3)*x"2 + 3*((3
*a"3 + 4*axb”2)*d"3xe"2xf - 2% (3%a”3 + 4*axb”2)*xd"2xexf"2 + 2x(3%a”3 + 4*ax
b~2) *d*f~3)*x)*cosh(d*x + c)”4 - 3*(36*(3*a~3 + 4*a*xb™2)*d"3*f"3*x"3 + 36%(
3*%a”~3 + 4*axb"2)*d"3*e”3 - 108*(3*%a”3 + 4*xaxb"2)*d"2xe"2*f + 216%(3*a”3 + 4
*axb"2) *dxexf"2 - 216*%(3*xa~3 + 4xaxb”2)*%f"3 + 108*((3*%a”3 + 4*a*xb”2)*d"3xe*
72 - (3%xa”3 + 4xaxb”2)*d"2xf"3)*x"2 + 20*%(9*a"3*xd"3*xf"3xx"3 + 9*a~3*%d"3*e”
3 — 9%a”3xd"2%e”2xf + 6xa”3kdxexf"2 - 2*%a"3xf"3 + 9% (3*a~3*%d"3kexf"2 - a”3x*
d"2*f73)*x72 + 3% (9*%a~3*%d"3*e”2*f - 6*a”"3xd"2xexf"2 + 2*a~3*d*f~3)*x)*cosh(
d*¥x + c)72 + 108*x((3*a”3 + 4xaxb~2)*d"3xe”2xf - 2% (3%a”~3 + 4xaxb~2)*d"2xexf
"2 + 2%(3*%a”3 + 4*xaxb”2)*d*f"3)*x - 45%x(4*a”2%b*d"3xf"3*x"3 + 4*xa~2*b*xd"3*e
"3 - 6*a”2%bxd"2xe”2+f + 6*xa”2*b*d¥exf"2 - 3*xa"2xb*xf"3 + 6% (2*xa”2*b*d " 3xexf
T2 - aT2*b*d"2*fT3)*xT2 + 6% (2*%a"2%b*xd"3*%e”"2*xf - 2*%a”"2xbxd"2xexf”2 + a~2*b*
dxf~3)*x)*cosh(d*x + c))*sinh(d*x + c)~4 - 216*%((a"2%b + b~3)*d~4*xf " 3*xx~4 +
4% (a"2*b + b~3)*d"4*exf"2%x"3 + 6%(a"2%b + b~3)*d"4*e"2*f*x"2 + 4*x(a"2xb +
b~3)*d"4*e"3*x + 8*%(a”"2*b + b~3)*cxd"3*xe”3 - 12%(a”2*b + b"3)*kc"2*xd"2xe" 2%
f + 8%(a"2%b + b~3)*c"3*d*e*xf"2 - 2*x(a”"2*%b + b~3)*c 4*f"3)*cosh(d*x + c)~3

- 2% (108*%(a”"2%b + b~3)*d"4*xf " 3*x"4 + 432%(a”2%b + b~3)*d"4dxexf"2*xx"3 + 648%
(a™2%b + b73)*d"4*xe"2xf*xx"2 + 432%(a"2*b + b"3)*d"4*xe"3*x + 864*(a"2%b + b~
3)*kckd"3*e”3 — 1296%(a”2%b + b~3)*kc"2xd"2xe"2xf + 864*(a”2%b + b~3)*c " 3*xd*e
*f72 - 216*%(a”2*%b + b"3)*c"4*xf"3 + 40%(9*%a"3*d"3*f"3*x"3 + 9*a~3*%d"3*e"3 -

9%a~3xd"2*e"2%f + 6%a”3kdxexf"2 - 2*a~3%f"3 + 9% (3*a~3*d"3kexf"2 - a~3xd"2*
£73)*x72 + 3% (9*%a~3xd"3%e”2+f - 6*a”3kd"2xexf"2 + 2xa~3*d*f~3)*x)*cosh(d*x

+ ¢c)73 - 135%(4*a~2%bxd~3*f"3%xx"3 + 4%a”2xb*d"3*e”3 - 6xa”2*xbxd"2*%e”"2xf + 6
*a " 2xbxdkexf~2 — 3%a " 2xb*xf"3 + 6% (2*%a"2%b*d"3ke*xf"2 - a"2xb*xd"2*xf"3)*x"2 +

6% (2%a"2%b*d"3*e”"2*xf — 2*xa"2xbxd"2%e*xf"2 + a”2*xb*xd*f~3)*x)*cosh(d*x + ¢) "2

+ 216%((3*a~3 + 4xa*b”2)*d"3*f"3*x”3 + (3*a~3 + 4xa*xb”2)*d"3*e”3 - 3*(3*a”3
+ 4d*xaxb”2) *d"2xe"2xf + 6% (3*%a”3 + 4*axb”2)*dxexf"2 - 6% (3%a”3 + 4*axb”2)*f
~3 + 3*%((3*%a”3 + 4*xaxb"2)*d"3xexf"2 - (3*a”3 + 4*xaxbT2)*d"2*xf"3)*x72 + 3*((
3*%a”3 + 4*xaxb"2)*d"3xe”2+xf - 2% (3*%a”3 + 4*xaxb"2)*d"2xexf"2 + 2% (3*%a”3 + 4x*a
*b72) *d*f~3) *x) *cosh(d*x + c))*sinh(d*x + c)~3 + 36*%(3*a~3*d"3*e*xf~2 + a~3%
d"2xf"3)*x"2 + 108*((3*a”3 + 4*a*xb”2)*d"3*f"3*x"3 + (3*a”3 + 4xaxb”2)*d"3xe
"3 + 3*%(3*a”3 + 4d*xaxb"2)*xd"2xe”2+f + 6*(3*%a”3 + 4d*xaxb"2)xdxexf”2 + 6%(3*a”3
+ 4*xaxb”2)*f73 + 3% ((3*%a”3 + 4*xaxb”2)*d"3*kexf"2 + (3*%a”3 + 4xaxb”2)*d"2*f”
3)*x72 + 3*x((3*a”3 + 4*xaxb”2)*d"3*ke”"2xf + 2x(3*%a”3 + 4*axb”2)*d"2*xexf"2 + 2
*(3*%a"3 + 4*xaxb”2)*xd*f~3)*x)*cosh(d*x + c)72 + 6%x(18*(3*a~3 + 4*a*xb~2)*d 3%
f73%x73 + 18%(3*a~3 + 4*xaxb”2)*d"3*e”3 + 54x(3*a”3 + 4*xaxb”2)*xd"2*xe”2xf + 1
08*(3*xa~3 + 4xaxb~2)*d*e*xf~2 - 10*%(9*a~3xd"3*f"3*x~3 + 9*a~3*d"3*xe”3 - 9*a”
3xd"2%e”2xf + 6*xa~3kdkexf"2 - 2%a”3*f"3 + 9*(3*a"3*xd"3kexf"2 - a~3*xd"2xf"3)
*x72 + 3*%(9*%a”3xd"3xe"2xf - 6%a”3xd"2*e*xf"2 + 2*%a~3xd*xf~3)*x)*cosh(d*x + c)
“4 + 108%(3%a”3 + 4xaxb”2)*f"3 + 45%x(4xa"2xbxd " 3*f"3%x"3 + 4*a”"2xb*d"3*%e”3

- 6*a”2%b*d"2*e”2*f + 6*xa”2xbxd¥xexf"2 - 3*%a " 2*xb*f"3 + 6% (2*xa"2xbxd"3ke*xf "2

- a"2xb*d"2%f"3) *x"2 + 6% (2%a”2*b*d"3*e”"2*xf - 2*xa"2xb*d"2%exf"2 + a 2%bxdx*f
~3)*x)*cosh(d*x + c)”~3 + 54x((3*%a~3 + 4*a*xb”2)*d"3*xexf~2 + (3*%a”3 + 4*a*b”2
)*xd"2%f73)*x72 - 108%((3*a”3 + 4*axb~2)*d"3*xf"3*x"3 + (3*a”"3 + 4*xaxb~2)*d"3
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*e73 - 3*%(3*%a”3 + 4d*xaxb"2)*xd"2xe"2*f + 6%(3*%a”3 + 4d*xaxb"2)*xdxexf"2 - 6%(3*a
"3 + 4*axb”2)*f73 + 3% ((3*%a”3 + 4*xaxb”2)*d"3*kexf"2 - (3*%a”3 + 4xaxb”2)*d"2*
£f73)*x72 + 3% ((3*a”3 + 4*axb”2)*d"3*ke”2*xf - 2% (3*%a"3 + 4*axb”2)*d"2*kexf"2 +
2% (3*%a”3 + 4*xaxb”"2)*d*f~3)*x)*cosh(d*x + c)72 + 54*x((3*a~3 + 4*axb~2)*d 3%
e”2+f + 2%(3*%a”3 + 4*xaxb"2)*d"2%exf"2 + 2% (3*a”3 + 4*xaxb"2)*xd*f"3)*x - 108%
((a™2*b + b™3)*d"4*xf~3*x"4 + 4*(a"2%b + b~ 3)*d " 4*exf~2%x"3 + 6*%(a"2%b + b3
)*xd"4*xe " 2%fxx"2 + 4x(a"2xb + b73)*d"4*e”3*x + 8*x(a"2*b + b~3)*ckd"3*%e”3 - 1
2% (a"2%b + b73)*cT2xd"2xe"2xf + 8+ (a"2%b + b73)*kc"3kd*exf"2 - 2x(a"2%b + b~
3)*c”4*xf"3)*cosh(d*x + c))*sinh(d*x + c)”2 + 12*x(9*a~3*%d"3*e"2*f + 6*xa”~3*d~
2%exf~2 + 2%xa”3kd*xf"3) kx + 27*(4*a”2xbxd"3*f"3%x"3 + 4*a”"2xb*d"3%e"3 + 6%a”
2%b*xd"2%e”2*xf + 6*a”2xbkxdxexf~2 + 3*a " 2%b*f"3 + 6x(2*xa"2xb*xd"3xe*xf"2 + a 2%
b*xd"2*f"3)*x72 + 6% (2*xa”2*bxd"3*ke”"2xf + 2*xa~2*xbxd"2*exf"2 + a~2xbxd*xf~3)*x)
*cosh(d*x + c) + 2592x(((a"2xb + b~3)*d"2*f"3*x"2 + 2x(a"2*b + b~3)*d " 2xex*f
“2%x + (a"2*b + b73)*d"2xe"2xf)*cosh(d*x + c)”3 + 3*x((a"2xb + b~3)*d"2*f 3%
X"2 + 2x(a"2%b + b73)*d"2*kexf"2*x + (a"2x%b + b~3)*d"2*e”2*xf)*cosh(d*x + ¢)”
2%sinh(d*x + c) + 3*x((a"2*b + b~3)*d"2*f"3*x"2 + 2*x(a"2*b + b~3)*d " 2*e*xf "2
x + (a72xb + b~3)*d"2%e"2*f)*cosh(d*x + c)*sinh(d*x + ¢c)~2 + ((a"2*b + b~3)
*Q72xf73%x72 + 2% (a"2%b + b7T3)*d"2*xexf"2*x + (a”2%b + b~3)*d"2*xe”2*f)*sinh(
d*x + c)”"3)*dilog((b*cosh(d*x + c) + b*sinh(d*x + c) + (axcosh(d*x + c) + a
xsinh(d*x + c))*sqrt((a”2 + b~2)/a"2) - a)/a + 1) + 2592x(((a"2*b + b~3)*d”
2+%f73%x72 + 2%(a"2*b + b~3)*d"2*exf"2*x + (a"2*%b + b~3)*d"2%e”2x*f) *cosh(d*x
+ ¢c)73 + 3x((a"2%b + b73)*d"2+%f"3*x"2 + 2% (a”"2*b + b"3)*d " 2*exf"2*x + (a”2
*b + b~3)*d"2*e”2*xf)*cosh(d*x + c¢) 2*sinh(d*x + c) + 3*x((a"2xb + b~3)*d"2x*f
“3%x72 + 2*%(a”2*%b + b73)*d"2xexf"2%x + (a”2*b + b73)*d"2*xe"2xf)*cosh(d*x +
c)*sinh(d*x + ¢)72 + ((a™2*b + b~3)*d"2+%f"3*x"2 + 2*(a”"2*%b + b~3)*d " 2*exf~2
*x + (a"2%b + b73)*d"2xe"2*f)*sinh(d*x + c)~3)*dilog((b*cosh(d*x + c) + bxs
inh(d*x + c) - (a*xcosh(d*x + c) + a*sinh(d*x + c))*sqrt((a”2 + b~2)/a"2) -
a)/a + 1) + 864x(((a”2*b + b~3)*d"3*e”3 - 3*(a”2*b + b~3)*kc*xd " 2xe 2xf + 3x*(
a"2xb + b73)*xc " 2xdxexf"2 - (a"2%b + b~3)*c”3*xf"3)*cosh(d*x + c)”3 + 3*x((a"2
*b + b73)*d"3*e”3 - 3*x(a"2xb + b73)*c*kd"2*e”2*xf + 3*(a"2xb + b~3)*c"2*d*exf
"2 - (a”2*b + b73)*c"3*xf"3)*cosh(d*x + c) 2*sinh(d*x + c) + 3*((a"2%b + b~3
)*¥d"3*e"3 - 3x(a”2*b + b73)*ckd"2xe”2*xf + 3*(a"2%b + b"3)*c " 2*d*exf"2 - (a”
2%b + b~3)*c”3*f"3)*cosh(d*x + c)*sinh(d*x + c)”2 + ((a"2*b + b~3)*d"3*e"3
- 3%(a"2*b + b73)*cxd"2xe"2xf + 3*x(a”2*b + b73)*c"2xd*exf"2 - (a”2%b + b”3)
xc"3%f73) *sinh(d*x + c)~3)*log(2*a*xcosh(d*x + c) + 2%a*xsinh(d*x + c) + 2xax
sqrt((a”2 + b72)/a"2) + 2*xb) + 864x(((a”2*b + b~3)*d"3*e”3 - 3*%(a"2*b + b~3
Y¥xckd"2%e”2xf + 3% (a"2%b + b~3)*c " 2*d*exf"2 - (a"2*b + b~3)*xc”3*xf~3)*cosh(d
*x + ¢c)73 + 3x((a”2*%b + b~3)*d"3*e”3 - 3*(a”2%b + b73)*c*xd"2xe"2xf + 3x(a”2
*b + b73)*kc"2*d*exf"2 - (a”2*%b + b"3)*c”3*f"3)*cosh(d*x + c) 2*sinh(d*x + ¢
) + 3x((a”2%b + b"3)*d"3*e”3 - 3*x(a"2*b + b"3)*xckxd"2xe"2*xf + 3*(a"2%b + b3
)Y*xc"2xd*exf"2 - (a”2*b + b73)*c"3*xf"3)*cosh(d*x + c)*sinh(d*x + ¢)”2 + ((a~
2%b + b7"3)*d"3*e”3 - 3*x(a"2xb + b"3)*kc*kd"2*xe”2xf + 3*x(a"2xb + b73)*kc " 2*d*ex*
£72 - (a72%b + b~3)*c”3*f73)*sinh(d*x + c)~3)*log(2*axcosh(d*x + c) + 2%axs
inh(d*x + c) - 2*xaxsqrt((a”2 + b~2)/a"2) + 2%b) + 864*(((a”2*b + b~3)*d~3x*f
“3%x73 + 3*%(a”"2*%b + b73)*d"3xexf"2%x"2 + 3*(a”"2*b + b"3)*d"3xe"2*xf*x + 3*(a
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“2%b + b73)*kckd"2xe"2xf - 3x(a"2%b + b73)*c”2kd*exf"2 + (a"2xb + b73)*c”3*f
~3)*cosh(d*x + ¢c)73 + 3*x((a"2%b + b~3)*d"3*f"3*x"3 + 3*(a"2xb + b~3)*d " 3*e*
£f72%x72 + 3% (a"2%b + b73)*d"3*%e”2*kf*kx + 3*(a"2xb + b73)*c*xd"2*e”2*xf - 3*x(a”
2%b + b73)*kc"2xd*exf"2 + (a"2%b + b~3)*c”3*f"3)*cosh(d*x + c) " 2*sinh(d*x +
c) + 3*%((a"2%b + b"3)*d"3*f"3*xx"3 + 3*x(a"2%b + b"3)*kd"3kexf"2*xx"2 + 3x(a~2*
b + b73)*d"3*e"2xf*x + 3*%(a"2%b + b~3)*kckxd"2*xe"2xf - 3x(a”2*b + b73)*c”2*xdx
exf”™2 + (a”2*b + b73)*c"3*xf"3)*cosh(d*x + c)*sinh(d*x + ¢c)~2 + ((a”2%b + b~
3)*d"3*f"3*x"3 + 3x(a”2%b + b73)*d"3kexfT2xx72 + 3x(a”2%b + b”3)*d"3*ke"2xfx*
X + 3*x(a"2xb + b73)*c*kd"2*xe”2xf — 3*x(a"2xb + b73)*c " 2*kd*exf"2 + (a"2*b + b~
3)*c~3*%f73)*sinh(d*x + c)~3)*log(-(b*cosh(d*x + c) + bxsinh(d*x + c) + (a*c
osh(d*x + c¢) + a*sinh(d*x + c))*sqrt((a”2 + b~2)/a"2) - a)/a) + 864*x(((a~2x
b + b73)*d"3*f"3%x73 + 3*%(a"2xb + b~3)*d"3xexf"2*xx"2 + 3*(a”2%b + b73)*d"3*
e 2xf*xx + 3*%(a”2%b + b73)*cxd"2%e”2+xf - 3*%(a”2*b + bT3)*c"2xdxexf"2 + (a”2%
b + b73)*c"3*xf"3)*cosh(d*x + c)~3 + 3*x((a"2xb + b~ 3)*d"3*f"3*x"3 + 3*x(a~2*b
+ b73)*d"3kexf"2%x"2 + 3*%(a”2*b + b"3)*d"3xe"2xfxx + 3*x(a”"2%b + b"3)*c*xd”"2
*e"2%f - 3*%(a”2*%b + b~3)*c"2*d*e*xf"2 + (a"2*b + b~3)*c”3*%f"3)*cosh(d*x + c)
“2%ginh(d*x + c) + 3*((a"2xb + b~3)*d"3*f"3*x"3 + 3*(a"2xb + b"3)*d"3*ke*f"2
*x72 + 3*%(a”2*%b + b73)*d"3xe”2*f*x + 3*%(a”"2*%b + b73)*xcxd"2%e”2+xf - 3*(a”2x*b
+ b73)*kc"2xd*exf"2 + (a"2%b + b"3)*c"3*f"3)*cosh(d*x + c)*sinh(d*x + c)~2
+ ((a”™2*%b + b~3)*d"3*f"3%x"3 + 3*(a”"2*b + b"3)*d"3kexf"2%x"2 + 3*%(a”"2*b + b
~3)*d"3*ke”2kfkx + 3% (a”2x%b + b73)*kckd"2*e”2xf - 3*x(a"2xb + b73)*kc"2*d*ke*xf"2
+ (a”2%b + b~3)*c”3*f"3)*sinh(d*x + c)~3)*log(-(b*cosh(d*x + c) + b*sinh(d
*x + c) - (a*xcosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b72)/a"2) - a)/a)
+ 5184*((a"2%b + b~3)*f~3*cosh(d*x + c)”3 + 3*(a"2%b + b~3)*f "3*cosh(d*x +
c)"2xsinh(d*x + c) + 3*(a"2%b + b~3)*f " 3*cosh(d*x + c)*sinh(d*x + c)"2 + (
a~2*%b + b~3)*f"3*sinh(d*x + c)~3)*polylog(4, (b*cosh(d*x + c) + b*sinh(d*x
+ c) + (a*xcosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/a"2))/a) + 5184
*((a™2%b + b73)*f"3*cosh(d*x + ¢)~3 + 3*(a”"2*b + b~3)*f "3xcosh(d*x + c) ~2%*s
inh(d*x + c) + 3*%(a"2%b + b~3)*f~3*cosh(d*x + c)*sinh(d*x + c)~2 + (a™2*b +
b~3)*f~3*sinh(d*x + c)~3)*polylog(4, (b*cosh(d*x + c) + b*sinh(d*x + c) -
(axcosh(d*x + c) + axsinh(d*x + c))*sqrt((a™2 + b~2)/a"2))/a) - 5184x(((a"2
*b + b73)*d*f"3*x + (a"2*b + b~3)*d*exf~2)*cosh(d*x + ¢c)~3 + 3*((a"2*b + b~
3)*d*f~3*x + (a"2%b + b~3)*d*e*f~2)*cosh(d*x + c¢) 2*sinh(d*x + c) + 3*((a"2
*b + b73)kd*f"3*x + (a"2xb + b~3)*d*exf~2)*cosh(d*x + c)*sinh(d*x + c)~2 +
((@a™2%b + b~3)*d*xf~3*x + (a"2xb + b~3)*d*exf~2)*sinh(d*x + c)~3)*polylog(3,
(b*cosh(d*x + c) + bxsinh(d*x + c) + (axcosh(d*x + c) + axsinh(d*xx + c))x*s
qrt((a™2 + b~2)/a"2))/a) - 5184*x(((a~2*%b + b~3)*d*f~3*x + (a"2xb + b~3)*dx*e
*f72)*cosh(d*x + c)~3 + 3*x((a”2%b + b~3)*d*f~3*x + (a~2*b + b~3)*d*e*xf~2)*c
osh(d*x + c) " 2*sinh(d*x + c) + 3*%((a™2*b + b~3)*d*xf~3*x + (a~2%b + b~3)*d*e
*f"2)xcosh(d*x + c)*sinh(d*x + c)72 + ((a"™2*b + b~3)*d*f"3*xx + (a”2*b + b~3
) *d*exf~2)*sinh(d*x + c)~3)*polylog(3, (b*cosh(d*x + c) + bxsinh(d*x + c) -
(axcosh(d*x + c¢) + a*xsinh(d*x + c))*sqrt((a”2 + b72)/a"2))/a) + 3*(36%a”~2x%
bxd"3*xf73*xx"3 + 36*%a”2*xbxd"3*%e”3 + 54xa”2%b*d"2*%e " 2*xf + b4d*xa~2xbkxdxexf~2 +
27*a"2¥b*f~3 - 8% (9%a~3*d"3*f"3*x"3 + 9%a~3*d"3*%e”3 - 9*a~3x%d"2*e"2*f + 6%a
“3*d*e*xf"2 - 2*%a”"3*f"3 + 9x(3*%a”3*d"3*e*f”2 - a"3xd"2xf"3)*x"2 + 3% (9*a~3*d
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“3%e”2*f - 6*a”3kd"2xexf"2 + 2%a~3*d*f”3)*x)*cosh(d*x + c)~5 + 45%(4*a”2*b*
d"3xf"3*%x"3 + 4xa”~2%b*d"3%e”3 - 6*a”2%bxd"2xe”2+f + 6*a”2*b*dxexf"2 - 3*a”~2
*b*xf~3 + 6% (2*%a”"2xbxd"3kexf"2 - a”2%b*d"2*f73) *x”"2 + 6% (2*xa"2%b*d"3*%e”2*f -
2%a"2*xbxd"2*%e*xf"2 + a~2xbxd*f~3)*x)*cosh(d*x + c)”4 - 144x((3*a~3 + 4*a*b”
2)*d"3*%f"3*x"3 + (3*a”3 + 4xaxb"2)*d"3*%e”3 - 3*(3*a"3 + 4xaxb"2)*d"2%e " 2*f

+ 6%(3*%a”3 + 4*xaxb”2)*xdxexf"2 - 6*%(3*a~3 + 4xaxb”2)*f"3 + 3% ((3*xa”3 + 4xaxb
~2)xd"3ke*xf"2 - (3*%a”3 + 4xaxb”2)*d"2xf"3)*x"2 + 3% ((3*%a”3 + 4xaxb”2)*d"3xe
“2+%f - 2%(3*%a”3 + 4*xaxb"2)*d"2xexf”2 + 2% (3*%a”3 + 4*xaxb~2)*dxf~3)*x)*cosh(d
*¥xX + ¢)73 + B4x(2*a"2xbxd"3xexf"2 + a"2*xbxd"2*xf"3)*x"2 - 216*((a”2*%b + b~3)
*d"4*f"3*%x"4 + 4*x(a"2%b + b73)*d " 4*exf"2%x"3 + 6%(a"2%b + b~3)*d"4*e 2k f*x"
2 + 4x(a"2*b + b~3)*d"4*e"3*x + 8*(a"2xb + b~3)*c*kd"3*%e”3 - 12*(a"2*b + b~3
)*xCcT2%d"2%e"2+f + 8*%(a”2*%b + bT3)*c 3*d*exf”2 - 2*%(a”2*b + b~3)*c"4xf"3)*co
sh(d*x + c)72 + 54x(2*a~2xbxd~3*e”2+f + 2*a " 2*xbxd"2xexf~2 + a~2%b*d*f~3) *x

+ 72%((3*a”3 + 4*xaxb~2)*d"3*f"3*x"3 + (3*a”~3 + 4*xaxb~2)*d"3*e”3 + 3*(3*a"3

+ 4xaxb”2)*xd"2xe"2xf + 6% (3*%a”3 + 4*axb"2)*xd*xexf"2 + 6% (3*%a”3 + 4kaxbT2)*f"
3 + 3x((3*a”3 + 4*xaxb"2)*d"3*ke*xf"2 + (3*a”3 + 4xaxb"2)*d"2*xf"3)*x"2 + 3*((3
*a”3 + 4*axb”2)*d"3ke"2xf + 2% (3%a”3 + 4*axb”2)*d"2xexf"2 + 2% (3%a”3 + 4kax
b~2) *d*f~3) *x) *cosh(d*x + c))*sinh(d*x + c))/(a"4*d"4*xcosh(d*x + c)~3 + 3*a
“4xd"4*cosh(d*x + c) 2*sinh(d*x + c) + 3*a"4*xd"4*cosh(d*x + c)*sinh(d*x + ¢
)72 + a~4*d"4xsinh(d*x + c)~3)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**3xcosh(d*x+c)**3/(a+bxcsch(d*x+c)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (fx + 6)3 cosh (dx + 0)3

besch(dx+c)+a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) "3*cosh(d*x+c) "3/ (a+b*csch(d*x+c)),x, algorithm="giac")



162

[Out] integrate((f*x + e)~3xcosh(d*x + c)~3/(b*csch(d*x + c) + a), x)



163

2 3
3 97 f (e+fx)* cosh™(c+dx) dx

a+bcsch(c+dx)

Optimal. Leaf size=636

5 5 qeCtdx 2 2 aettax 2 (2 2
2bf ( + 1) e + fPolyLog (2,—b_ \/m) 20 (# + ) ¢ + f)PolyLog (2,— m+b) i (a2 + b2) Pol
a*d? atd? a

[Out] -(b*xexf*xx)/(2*xa~2xd) - (b*f~2*x72)/(4*a"2*xd) + (b*x(a"2 + b"2)*(e + £*x)73)/
(3xa~4xf) - (4*f*x(e + f*x)*Coshl[c + d*x])/(3*a*xd”2) - (2*xb"2xf*(e + f*x)*Co
shlc + d*x])/(a~3%d"2) - (2xf*x(e + fxx)*Cosh[c + d*x]~3)/(9*axd~2) - (bx(a”
2 + b™2)x(e + f*xx) 2xLog[l + (a*E~(c + d*x))/(b - Sqrt[a”2 + b72])])/(a"4*d
) - (bx(a”2 + b"2)*(e + fxx) 2*xLog[l + (a*E"(c + d*x))/(b + Sqrt[a™2 + b~2]
)1)/(a"4xd) - (2xbx(a”2 + b~2)*fx(e + f*xx)*PolyLogl[2, -((a*xE~(c + dx*x))/(b
- Sqrtla”2 + b72]))]1)/(a"4xd"2) - (2xb*x(a”2 + b~2)*fx(e + fxx)*PolylLogl[2, -
((@a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))]1)/(a"4xd"2) + (2xbx(a”2 + b~2)*f 2%
PolyLog[3, -((a*E"(c + d*x))/(b - Sqrt[a™2 + b72]))])/(a"4*d"3) + (2*b*x(a"2
+ b~2)*f~2xPolyLog[3, -((a*E~(c + d*x))/(b + Sqrt[a~2 + b72]))])/(a"4%d"3)
+ (14xf~2*Sinh[c + d*x])/(9*a*xd”3) + (2*xb~2*xf~2*Sinh[c + d*x])/(a"3*d"3) +
(2x(e + f*x)72+Sinh[c + d*x])/(3*axd) + (b~ 2*(e + f*x) 2*Sinh[c + d*x])/(a
~3%d) + (bxf*x(e + f*x)*Cosh[c + d*x]*Sinh[c + d*x])/(2*xa~2%d"2) + ((e + fx*x
)"2xCosh[c + dxx]~2*Sinh[c + d*x])/(3*a*d) - (b*f~2*Sinh[c + d*x]~2)/(4*xa"2
*d73) - (b*(e + f*x)"2xSinh[c + d*x]~2)/(2*a”2*xd) + (2*xf~2*Sinh[c + d*x]~3)
/ (27*a*d"3)

Rubi [A] time = 0.97253, antiderivative size = 636, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 24, number of rules used = 14, integrand size = 28, il
integrand size

= 0.5, Rules used = {5594, 5579, 3311, 3296, 2637, 2633, 5565, 5446, 3310, 5561, 2190, 2531,
2282, 6589}

5 5 3 uecﬂix ) 2 2 ( 3 uechdx ) 2 ( o >
2bf (e + %) (e + f¥)PolyLog (2, o) 2bf (@ + 1) e+ fx)PolyLog (2 - i (a2 + 1) Poly

atd? a*d? a°

Antiderivative was successfully verified.

[In] Int[((e + f*x) 2*%Cosh[c + d*x]~3)/(a + b*Cschl[c + d*x]),x]

[Out] -(bkxexf*xx)/(2*xa~2xd) - (b*f~2*x72)/(4*a"2*d) + (b*x(a”2 + b"2)*(e + f*x)~3)/
(3*a~4*xf) - (4xfx(e + f*x)*Coshl[c + d*x])/(3*xaxd”2) - (2xb~2xf*(e + fx*x)*Co
shlc + d*x])/(a"3*d"2) - (2xf*x(e + fxx)*Cosh[c + d*x]~3)/(9*axd"2) - (bx(a”
2 + b"2)*(e + f*x) 2xLog[l + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])])/(a"4*d
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) = (b*(a”2 + b~2)*(e + fxx)"2*Log[l + (a*E~(c + d*x))/(b + Sqrt[a~2 + b~2]
)1)/(a"4xd) - (2xbx(a”2 + b~™2)*fx(e + f*xx)*PolyLogl[2, -((a*E~(c + d*x))/(b
- Sqrtla”2 + b72]))])/(a"4%xd"2) - (2xb*(a”2 + b~2)*fx(e + f*x)*PolyLogl[2, -
((@a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))]1)/(a"4*d"2) + (2xbx(a”2 + b~2)*f~2x
PolyLog[3, -((a*E~(c + d*x))/(b - Sqrt[a”2 + b~2]))])/(a"4*d"3) + (2*b*(a~2

+ b72)*f72xPolyLog[3, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b72]))])/(a"4*d"3)

+ (14xf~2+Sinh[c + d*x])/(9*a*d”~3) + (2%b~2xf~2*xSinh[c + d*x])/(a"~3*d"3) +

(2% (e + f*x)~"2%Sinh[c + d*xx])/(3*a*xd) + (b"2*(e + f*x) 2+«Sinh[c + d*x])/(a
~3%d) + (b*f*x(e + f*x)*Cosh[c + d*x]*Sinh[c + d*x])/(2*xa~2%d"2) + ((e + fx*x
)"2%Cosh[c + dxx]~2xSinh[c + dxx])/(3*a*d) - (b*f~2xSinh[c + d*x]~2)/(4*xa"2
*d~3) - (bx(e + f*x) 2+Sinh[c + d*x]~2)/(2*a"2+d) + (2*f~2+Sinh[c + d*x]~3)
/ (27*xa*xd"3)

Rule 5594

Int[((Ce_.) + (£_D*(x_))"(m_)*(F_)[(c_.) + (d_.)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_)*(x_)]*(b_.) + (a_)), x_Symbol] :> Int[((e + f*x) m*Sinh[c + dxx]*F
[c + d*x]"n)/(b + a*Sinh[c + d*x]), x] /; FreeQ[{a, b, c, d, e, f}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

Rule 5579

Int[(Cosh[(c_.) + (d_)*(x_)1"(p_.)*((e_.) + (£_.)*(x_))"(m_.)*Sinh[(c_.) +

(d_D*x)]"(_.))/((a_) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> D
ist[1/b, Int[(e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - Di
stla/b, Int[((e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1))/(a + b*Sinh
[c + d*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && IGtQ[m, 0] && IGtQ[n,
0] && IGtQ[p, O]

Rule 3311

Int[((c_.) + (A_.)*(x_)) " (@m_)*((b_.)*sinl[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[(d*m*(c + d*x)~(m - 1)*(bxSin[e + fxx])"n)/(£72*n"2), x] + (Dist
[(b™2x(n - 1))/n, Int[(c + d*x) “mx(b*Sin[e + f*x])"(n - 2), x], x] - Dist[(
d"2xmx(m - 1))/(£f72%n"2), Int[(c + d*x)"(m - 2)*(b*Sinl[e + f*x]) n, x], x]
- Simp[(b*(c + d*x) "m*Cos[e + f*x]*(b*Sinle + f*x])~(n - 1))/(f*n), x]1) /;
FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, 1]

Rule 3296

Int[((c_.) + (@_)*x_))"(m_.)*sinl[(e_.) + (f_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) "m*Cos[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + f*xx], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]
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Rule 2637

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, 4}, x]

Rule 2633

Int[sin[(c_.) + (d_.)*(x_)]"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
nd[(1 - x72)"((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Rule 5565

Int[(Cosh[(c_.) + (d_.)*(x_)]1"(m_)*x((e_.) + (£_)*x(x_))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> -Dist[a/b~2, Int[(e + f*x) m*Cosh
[c + d*x]"(n - 2), x], x] + (Dist[1/b, Int[(e + f*x) m*Cosh[c + d*x]"(n - 2
)*¥Sinh[c + d*x], x], x] + Dist[(a”2 + b~2)/b"2, Int[((e + f*x) m*Cosh[c + d
*x]"(n - 2))/(a + b*Sinh[c + d*x]), x], x]) /; FreeQ[{a, b, c, d, e, f}, x]
&& IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rule 5446

Int[Cosh[(a_.) + (b_.)*(x )I*((c_.) + (d_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*
(x_ )] (n_.), x_Symbol] :> Simp[((c + d*x) m*Sinh[a + b*x]~(n + 1))/(bx(n +
1)), x] - Dist[(d*m)/(b*(n + 1)), Int[(c + d*x)"(m - 1)*Sinh[a + b*x] (n +
1), x1, x] /; FreeQ[{a, b, ¢, d, n}, x] & IGtQ[m, 0] && NeQ[n, -1]

Rule 3310

Int[((c_.) + (@_)*x_))*((b_.)*sin[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :>
Simp[(d*(bxSin[e + fxx])"n)/(£72*n"2), x] + (Dist[(b~2*(n - 1))/n, Int[(c
+ d*x)*(b*Sinle + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
xSin[e + f*x])~(n - 1))/(f*n), x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1
]

Rule 5561

Int[(Cosh[(c_.) + (d_.)*x(x_)]1*((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_.)*Sin
h{(c_.) + (d_.)*(x_)1), x_Symbol] :> -Simp[(e + f*x)"(m + 1)/(b*f*x(m + 1)),
x] + (Int[((e + f*x) ™ m*E~(c + d*x))/(a - Rt[a"2 + b™2, 2] + b*E~(c + d*x))
, x] + Int[((e + f*x)"m*E"(c + d*x))/(a + Rt[a"2 + b™2, 2] + b*E"(c + d*x))
, x1) /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Rule 2190
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Int [(CF_)"((g_)*((e_.) + (f_)*(x_ DN (a_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) mxLogl[l + (b*(F~(gk(e + £*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_)))) " (n_D1*x((f_.) + (g_.)
*(x_ ))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(e*(F~(c*(a + bxx
)))7"n)1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(bxc*kn*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_)) " (p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rubi steps
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f (e + fx)? cosh®(c + dx) e f (e + fx)? cosh®(c + dx) sinh(c + dx) ;
a + besch(c + dx) r= b + asinh(c + dx) *

f (e+fx)2 cosh® (c+dx)
b+a sinh(c+dx)

_ Je+ fx)? cosh’(c + dx) dx

a a

2f(e+ fx) cosh®(c + dx) (e + fx)? cosh®(c + dx) sinh(c + dx) s 2 [(e + fx)?cos
9ad? 3ad 3a

B b(a? +b?) (e + fx)° _ 2f(e + fx) cosh®(c + dx) , et fx)?sinh(c +dx) (e +
B 3atf 9ad? 3ad "

b (az + bz) (e+fx)°  4f(e+ fx)cosh(c +dx) 20%f(e+ fx)cosh(c +dx) 2f(e+
B 3atf - 3ad? - a3d? -

befx  bfA? . b (ﬂz + bz) (e + fx)? _4f(e+ fx)cosh(c +dx)  2b*f(e + fx) cos
2a2d  4a%d 3atf 3ad? a3d?

befx  bfA? . b(ﬂz + bz) (e + fx)3 _4f(e+ fx)cosh(c +dx)  2b*f(e + fx) cos
2a2d  4a%d 3atf 3ad? a3d?

befx  bfA? . b(ﬂz + bz) (e + fx)° _4f(e+ fx)cosh(c +dx)  2b*f(e + fx) cos
2a2d  4a%d 3atf 3ad? asd?

Mathematica [C] time = 17.0746, size = 3874, normalized size = 6.09

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[((e + fx*x)~2xCosh[c + d*x]~3)/(a + b*Cschlc + dxx]),x]

[Out] (£f72xCschlc + d*x]*(2*b*x"3%(-1 + Coth[c]) - 2xb*x"3*Coth[c] - (6*a~2*b*(d”
2xx"2xLog[1 + ((b - Sqrt[a”™2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/al -
2*xd*x*PolyLog[2, ((-b + Sqrt[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/a
] - 2*%PolyLog[3, ((-b + Sqrt[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/a
1))/(Sqrt[a”2 + b~2]*(-b + Sqrt[a”2 + b~2])*d~3) - (6%a”2xbx*(d~2*xx"2*Log[1
+ ((b + Sqrt[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/al - 2*xd*x*PolyLo
gl2, ((b + Sqgrt[a™2 + b~2])*(-Cosh[c + dxx] + Sinh[c + d*x]))/a] - 2*PolyLo
gl3, ((b + Sqrt[a”2 + b~2])*(-Cosh[c + dxx] + Sinh[c + d*x]))/al))/(Sqrtl[a”
2 + b72]*%(b + Sqrt[a”2 + b~2])*d"3) + (6%b~2x(d"2*x"2xLog[1 + (a*(Cosh[c +
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dxx] + Sinh[c + d*x]))/(b - Sqrt[a”2 + b~2])] + 2*d*x*PolyLogl[2, (a*x(Coshlc
+ d*x] + Sinh[c + d*x]))/(-b + Sqrt[a”2 + b~2])] - 2*PolyLogl[3, (a*(Coshl[c
+ d*x] + Sinh[c + d*x]))/(-b + Sqrt[a”2 + b~2])]1))/(Sqrt[a"2 + b~2]*d"3) -
(6xb~2x(d"2*x"2xLog[1 + (a*x(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sqrt[a~2

+ b72])] + 2*d*x*PolyLog[2, -((ax(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sqrt
[a”2 + b72]))] - 2*%PolyLogl[3, -((ax(Cosh[c + d*x] + Sinh[c + d*x]))/(b + Sq

rt[a”2 + b72]1))]1))/(Sqrt[a”2 + b~2]*d"3) + (6*a*xCosh[d*x]*(-2*d*x*Cosh[c] +
(2 + d72%x72)*Sinh[c]))/d"3 + (6%a*((2 + d"2*x"2)*Cosh[c] - 2*d*x*Sinh[c])

*xSinh [d*x])/d"3)*(b + a*Sinh[c + d*x]))/(12*xa"2*x(a + b*Csch[c + d*x])) - (e

~2xCsch[c + d*xx]*((b*Log[b + a*Sinh[c + d*x]])/a"2 - Sinh[c + d*x]/a)*(b +

a*Sinh[c + d*x]))/(2xd*x(a + b*Cschlc + d*x])) + (exf*xCsch[c + d*x]*(b + axS

inh[c + d*x])*(-(a*Cosh[c + d*x]) - b*(c + d*x)*Log[b + a*Sinh[c + dxx]] +

bxc*Log[1l + (a*Sinh[c + d*x])/b] + I*bx((-I/8)*(2%c + I*Pi + 2%d*x)~2 - (4%

I)*ArcSin[Sqrt[1 + (I*b)/al/Sqrt[2]]*ArcTan[((I*a + b)*Cot[((2*xI)*c + Pi +

(2xI)*d*x)/4]1)/Sqrt[a~2 + b~2]] - (((-2xI)*c + Pi - (2xI)*d*x + 4*ArcSin[Sq

rt[1 + (I*b)/al/Sqrt[2]])*Logll + ((-b + Sqrt[a”2 + b~2])*E~(c + d*x))/al)/

2 - (((-2%I)*c + Pi - (2%I)*d*x - 4*ArcSin[Sqrt[1 + (I*b)/al/Sqrt[2]])*Logl

1 - ((b + Sqrt[a™2 + b72])*E~(c + d*x))/al)/2 + (Pi/2 - Ix(c + dxx))x*Loglb

+ axSinh[c + d*x]] + I*(PolyLogl[2, ((b - Sqrt[a”2 + b~2])*E~(c + dx*x))/al] +
PolyLog[2, ((b + Sqrt[a”2 + b~2])*E~(c + d*x))/al)) + a*xd*x*Sinh[c + d*x])

)/ (a"2xd"2*x(a + b*Cschlc + d*x])) + (e”2*Csch[c + d*x]*(b + a*Sinh[c + d*x]

)*(-3%b*x(a”2 + 2xb~2)*Log[b + a*Sinh[c + d*x]] + 3*ax(a”2 + 2%b~2)*Sinh[c +
d*x] - 3%a”2%bxSinh[c + d*x]72 + 2%a”3*Sinh[c + d*x]73))/(6*a~4*d*(a + b*C

schlc + d*x])) + (exf*Csch[c + d*x]*(b + a*Sinh[c + d*x])*(-18%a*x(a”2 + 4x*b

~2)*Cosh[c + d*xx] - 18*%a"2*bkxd*x*Cosh[2%(c + d*x)] - 2*a~3*Cosh[3*(c + d*x)

1 - 36%bx(a”2 + 24%b"2)*(-(c + d*x)"2/2 + (c + d*x)*Log[l + (a*E~(c + d*x))/

(b - Sqrt[a”2 + b72])] + (c + d*x)*Log[l + (a*E"(c + d*x))/(b + Sqrt[a”2 +

b~2])] - c*Loglb + a*Sinh[c + d*x]] + PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt

[a”2 + b72])] + PolyLogl[2, -((a*E~(c + d*x))/(b + Sqrt[a”2 + b~2]))]) + 18%

a*x(a”2 + 4xb72)*d*x*Sinh[c + d*x] + 9%a”2%b*Sinh[2%(c + d*x)] + 6%a”3xd*x*S

inh[3*(c + d*x)]))/(36*%a~4%d"2*(a + b*Cschlc + d*x])) + (£72+Cschlc + d*x]*

(b + axSinh[c + d*x])*((2%bx(a”"2 + 2*¥b~2)*(-1 + Coth[c])*(2*xx"3 + (6xb*(d"2

*x"2xLog[1 + (ax(Cosh[c + d*x] + Sinh[c + d*x]))/(b - Sqrt[a™2 + b"2])] + 2

xd*x*PolyLog[2, (a*(Cosh[c + d*x] + Sinh[c + d*x]))/(-b + Sqrt[a”2 + b~2])]
- 2xPolyLog[3, (a*x(Cosh[c + d*x] + Sinh[c + d*x]))/(-b + Sqrt[a”2 + b~2])]

)*Sinh[c]*(Cosh[c] + Sinh[c]))/(Sqrt[a”2 + b~2]*d~3) - (3*a~2*x(d~2*xx"2xLogl

1 + ((b - Sqrt[a”2 + b™2])*(Cosh[c + d*x] - Sinh[c + d*x]))/a] - 2*d*x*Poly

Log[2, ((-b + Sqrt[a”2 + b~2])*(Coshlc + d*x] - Sinh[c + dxx]))/al - 2*Poly

Log[3, ((-b + Sqrt[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/a]l)*(-1 + C

osh[2*c] + Sinh[2*c]))/(Sqrt[a”2 + b~2]*(-b + Sqrt[a”2 + b~2])*d~3) - (3*a”

2% (d"2xx"2xLog[1 + ((b + Sqrt[a”2 + b~2])*(Cosh[c + d*x] - Sinh[c + d*x]))/

al] - 2*d*xx*PolyLog[2, ((b + Sqrt[a”2 + b~2])*(-Cosh[c + d*x] + Sinh[c + dx*x

1))/al - 2xPolyLog[3, ((b + Sqrtl[a™2 + b~2])*(-Cosh[c + d*x] + Sinh[c + d*x

1))/al)*(-1 + Cosh[2xc] + Sinh[2%c]))/(Sqrt[a”2 + b~2]*(b + Sqrt[a”2 + b~2]

)*d"3) - (3*%bx(d"2*x"2xLog[1 + (a*(Cosh[c + dxx] + Sinh[c + d*x]))/(b + Sqr
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t[a™2 + b72])] + 2xd*x*PolyLog[2, -((ax(Cosh[c + d*x] + Sinh[c + d*x]))/(b
+ Sqrt[a”2 + b72]))] - 2xPolyLogl[3, -((a*x(Cosh[c + d*x] + Sinh[c + d*x]))/(
b + Sqrt[a™2 + b72]))])*(-1 + Cosh[2*c] + Sinh[2*c]))/(Sqrt[a”2 + b~2]*d~3)
))/(3*a~4) + Cschlc]*(Cosh[3*c + 3*d*x]/(108*a"4*d"3) - Sinh[3*c + 3*d*x]/(
108*a~4*d"3) ) * (27*a"2*b*Cosh [d*x] + 54*a~2xbxd*x*Cosh[d*x] + 54*a”2xbxd~2*x
“2*Cosh[d*x] - 27*a"2*b*Cosh[2*c + d*x] - 54*a~2*bxd*x*Cosh[2*c + d*x] - 54
*a " 2%b*d"2*x"2*Cosh [2*%c + dxx] + 108*a~3*Cosh[c + 2*xd*x] + 432*a*xb~2*Coshl[c
+ 2*d*x] + 108*a”~3xd*x*Cosh[c + 2*d*x] + 432*%a*xb~2xd*x*Cosh[c + 2*d*x] + 5
4xa~3xd"2*xx"2*xCosh [c + 2*d*x] + 216*%axb~2xd~2xx"2*Cosh[c + 2*d*x] - 108*a”3
*Cosh[3*c + 2*xd*x] - 432*axb~2*Cosh[3*c + 2*d*x] - 108*a~3*d*x*Cosh[3*c + 2
*d*x] - 432*axb~2*xd*x*Cosh[3*c + 2*d*x] - 54*a”~3*xd"2*xx"2*Cosh[3*c + 2*d*x]
- 216*a*b”2*xd"2*xx"2*Cosh[3*xc + 2*d*x] - 72*a”2*xb*d~3*x"3*Cosh[2*c + 3*d*x]
- 144%b~3*d"3*x"3*Cosh[2*c + 3xd*x] - 72*a”2*b*d”"3*x"3*Cosh[4*c + 3*d*x] -
144xb~3*d"3*x"3*%Cosh[4*c + 3*d*x] - 108*a~3*Cosh[3*c + 4*d*x] - 432*%axb”~2*C
osh[3*c + 4x*xd*x] + 108*a~3*d*x*Cosh[3*c + 4*xd*x] + 432*axb~2*d*x*Cosh[3*c +
4xd*xx] - b4*a~3*%d"2*x"2*Cosh[3*c + 4*d*x] - 216%a*xb~2*d"2*x"2*Cosh[3*c + 4
*d*x] + 108*a”3*Cosh[5*c + 4xdxx] + 432*a*b”2*Cosh[5*c + 4xdxx] - 108*a~3x*d
*x*%Cosh[b*c + 4*xd*xx] - 432xaxb~2*d*x*Cosh[b*c + 4*xd*xx] + 54xa~3*d~2*x~2*Cos
h[5*c + 4xdxx] + 216*a*b”2*xd"2*xx"2*Cosh[5*xc + 4*d*x] + 27*a”2*b*Cosh[4*c +
5%d*x] - b4*xa”2*xbxd*x*Cosh[4*c + 5*d*x] + 5d*a~2xbxd~2xx"2*Cosh[4*c + 5*xd*x
] - 27*a"2*b*Cosh[6*c + 5*d*x] + b4*a~2*xbxd*x*Cosh[6%c + 5*d*x] - 54*xa”2*bx*
d"2*x"2*Cosh[6*c + 5*d*x] - 4*a”3*Cosh[b*c + 6xdxx] + 12*a~3*d*x*Cosh[5*xc +
6*xd*x] - 18*%a”~3xd"2*xx"2*Cosh[5*c + 6*d*x] + 4*a~3*Cosh[7*c + 6*d*x] - 12x*a
~3*d*x*Cosh[7*c + 6*xd*xx] + 18%a~3*d"2*x"2*Cosh[7*c + 6*xd*x] - 8*a~3*Sinh[c]
- 24%a”3*xd*x*Sinh[c] - 36%a~3*d"2*x"2*Sinh[c] + 27*a~2*b*Sinh[d*x] + 54*a”
2+%b*d*x*Sinh [d*x] + 54*a~2xb*d~2*x"2+Sinh[d*x] - 27*a~2*b*xSinh[2*c + d*x] -
54*xa~2*bxd*x*Sinh [2*¥c + d*x] - 54*a”2xb*d”~2*xx~2*Sinh[2*c + d*x] + 108*a~3*
Sinh[c + 2*d*x] + 432*%a*xb~2*Sinh[c + 2*d*x] + 108*a~3*d*x*Sinh[c + 2*d*x] +
432*%axb"2xd*xx*Sinh[c + 2*d*x] + 54*a”~3*xd"2*xx"2xSinh[c + 2*d*x] + 216*a*xb~2
*d"2%x"2*%Sinh[c + 2*d*x] - 108*a~3*Sinh[3*c + 2*d*x] - 432%a*xb~2*Sinh[3*c +
2%d*x] - 108*a”~3*d*x*Sinh[3*c + 2*d*x] - 432*%a*b”2xd*x*Sinh[3*c + 2*d*x] -
54%a"3*d"2*x"2*Sinh [3*c + 2*d*x] - 216*axb”™2xd"2*x"2*Sinh[3*c + 2*d*x] - 7
2%a”2%b*d"3*x"3*Sinh [2*c + 3xd*x] - 144%b~3*d"3*x"3*Sinh[2*c + 3*d*x] - 72%
a~2%b*d"3*x"3*Sinh[4*c + 3xdxx] - 144%b~3*d"3*x"3*Sinh[4*c + 3xd*x] - 108*a
~3*3inh[3*c + 4*xd*x] - 432*a*xb~2+Sinh[3*c + 4*d*x] + 108*a~3*d*x*Sinh[3*c +
4xd*xx] + 432*axb”2*d*x*Sinh[3*c + 4*d*x] - 54%a~3*%d"2*x"2*Sinh[3*c + 4*d*x
] - 216*a*xb”2xd"2*x"2*Sinh[3*c + 4*xd*xx] + 108*a~3*Sinh[5*c + 4*d*x] + 432*a
*b~2%Sinh [b*c + 4*xd*x] - 108*a~3*d*x*Sinh[b*c + 4*xd*x] - 432xaxb~2*d*x*Sinh
[6%c + 4*xd*xx] + 54*a~3xd"2*x"2*Sinh[5*c + 4*xd*xx] + 216*axb~2*%d~2*x~2*Sinh[5
*C + 4*d*x] + 27*a”2xbxSinh[4*c + 5*d*x] - 54*a”2xbxd*x*Sinh[4*c + B*xd*x] +
B54%a”2*xbxd"2*x"2*Sinh [4*c + 5*d*x] - 27*a”2*b*Sinh[6*c + 5*d*x] + 54*a~2x*b
*d*x*Sinh [6*c + 5*d*x] — 54*a~2%b*d~2*x"2*Sinh[6*c + b*xd*x] - 4*a~3*Sinh[5*
c + 6%d*x] + 12*%a”3*d*x*Sinh[5*c + 6*d*x] - 18*a~3*d"2*x"2*Sinh[5xc + 6*d*x
] + 4*%a”3*Sinh[7*c + 6*d*x] - 12*a”3*d*x*Sinh[7*c + 6*d*x] + 18*a~3*d~2*xx"2
*Sinh[7*c + 6*d*x])))/(8x(a + bxCschl[c + d*xx]))
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Maple [F] time = 0.355, size = 0, normalized size = 0.

f (fx + e)z (cosh (dx + c))3 o

a + besch (dx + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e) " 2*xcosh(d*x+c) 3/ (a+b*csch(d*x+c)),x)

[Out] int((f*x+e) 2%cosh(d*x+c) 3/ (a+b*csch(d*x+c)),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fx*x+e) 2xcosh(d*x+c) 3/ (atb*csch(d*x+c)),x, algorithm="maxima"

[Out] -1/24*xe”2*x((3*a*xbxe”(-d*x - c) - a2 - 3*(3*a”2 + 4xb"2)*e” (-2*d*x - 2%c))*
e~ (3xd*xx + 3*c)/(a"3*d) + 24*x(a"2%b + b~3)*(d*x + c)/(a"4*d) + (3*xaxbxe” (-2
*d*x - 2%c) + a”"2%e” (-3xdxx - 3*c) + 3*%(3*a”2 + 4*xb"2)*e"(-d*x - c))/(a"3*d
) + 24x(a”2%b + b~3)*log(-2*bxe” (-d*x - c) + axe” (-2xd*x - 2%c) - a)/(a"4x*d
)) - 1/432%(144*(a"2*xbxd"3*f"2*xe~ (3*c) + b~ 3*d"3*f " 2*e” (3*c))*x"3 + 432x(a”
2+%b*xd"3kexf*e” (3*c) + b~ 3*xd"3kexf*e” (3*c))*x"2 — 2% (9*a~3xd"2xf " 2*x"2*e” (6%
c) + 6%(3*%d"2%exf - d*f~2)*a”3xx*xe”(6xc) - 2% (3*xd*xexf - £~2)*a"3*xe” (6%c))*e
T(Bxdxx) + 27*(2*%a"2xbxd"2+f "2xx"2%e” (5%c) + 2% (2xd"2¥exf — d*f72)*a”2xb¥x*
e~ (5*xc) - (2*xdxexf - f~2)*a~2xb*xe” (5%c))*e” (2*xd*x) + 54x(6x(dxexf - £72)*a”
3ke” (4*xc) + 8x(dxexf - f£72)*a*xb”2*e” (4*xc) - (3*a~3*xd"2+xf"2xe” (4*c) + 4*xa*xb™
2+%d72%f"2%e” (4*c) ) *xx"2 — 2% (3x(d"2%exf - d*f"2)*a"3*e” (4d*c) + 4x(d"2%exf -
dxf~2) *axb~2%e” (4*c)) *x)*e” (d*x) + 54*x(6x(dxe*xf + £72)*a~3*e” (2*xc) + 8x(dx*e
*f + £72)*axb™2xe” (2xc) + (3*a~3*d"2*f " 2*e” (2%c) + 4*xaxb~2xd"2+f " 2%e” (2*c))
*x72 + 2% (3k(d72xexf + dxf~2)*a"3*e”(2%c) + 4*x(d"2*xexf + d*xf~2)*axb”2%e” (2%
c))*x)*e” (=d*x) + 27*(2*%a"2xbxd"2*xf"2%x"2%xe"c + 2% (2xd"2*xexf + dxf~2)*a"2xb
*x¥ke”c + (2kdkexf + f72)*a"2xbxe”c)*e” (-2*d*x) + 2% (9*%a~3*xd"2*xf"2%x"2 + 6% (
3xd"2%exf + d*f72)*a”3*xx + 2% (3kd*exf + £72)*a"3)*e” (-3*xdxx))*e~(-3*c)/(a"4
*d~3) + integrate(-2x((a”3*b*f~2 + axb”~3*f"2)*x72 + 2x(a"3*bxexf + a*b”3xex
f)*x - ((a72*b"2xf"2%xe"c + b 4*f " 2*%e”c)*x”2 + 2*x(a"2%b " 2%exf*xe”c + b T4kexfx*
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e~c)xx)*e” (d*x))/(a~b*xe~ (2*d*x + 2%c) + 2*%a~4xb*e~(d*x + c) - a~5), x)

Fricas [C] time = 2.42445, size = 10886, normalized size = 17.12

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2xcosh(d*x+c)~3/(atb*csch(d*x+c)),x, algorithm="fricas")

[Out] -1/432*%(18*%a”~3*%d"2*xf"2%x"2 + 18*a " 3*d"2*e”2 — 2% (9*a~3*d"2+f "2*x"2 + 9*a” 3%
d"2*e"2 - 6%a”3xdxexf + 2*%a”"3*xf"2 + 6% (3*a~3*%d"2*xexf - a~3*d*f~2)*x)*cosh(d
*¥X + C)76 — 2% (9*%a"3*%d"2*xfT2*x72 + 9*a~3*%d"2*e”2 - 6xa”3kdxexf + 2%a”~3*xf"2
+ 6% (3*a”~3xd"2xexf - a~3*d*f~2)*x)*sinh(d*x + c)~6 + 12*a~3*d*exf + 27*(2x*a
“2xbxd"2%fT2%x 72 + 2%a”2xb*xd"2%e”2 - 2xa”2xbxdxexf + a"2xbxf”"2 + 2% (2%xa~2x*b
*d"2%e*xf - a”2xbxd*xf"2)*x)*cosh(d*x + c)75 + 3*(18*%a”~2xbxd~2*xf~2%x"2 + 18%*a
"“2xb*d"2%e”2 - 18*a " 2xbxdxexf + O*xa"2%b*f"2 + 18*%(2*a"2xbxd"2xexf - a~2xb*d
*f72)*x - 4k (9*%a”3xd"2*xfT2xx"2 + 9%a~3*%d"2*e”2 - 6*a”3kxdxexf + 2%a~3*xf"2 +
6% (3*a~3*d"2*%exf - a~3xd*xf~2)*x)*cosh(d*x + c))*sinh(d*x + c)75 + 4*a~3*f"2
- B4*x((3*a”3 + 4*xaxb~2)*d"2+xf72%x"2 + (3*a”3 + 4*xaxb"2)*d"2%e”2 - 2% (3*a”3
+ 4xaxb”"2)xdxexf + 2% (3*a”3 + 4*xaxb"2)*f"2 + 2x((3*a”3 + 4*axb”2)*d"2*xexf
- (3*%a”3 + 4*xaxb”2)*d*xf~2)*x)*cosh(d*x + c)”4 - 3*x(18*(3*a~3 + 4*axb™2)*d"2
*f72%xx72 + 18%(3*%a”3 + 4xaxb”2)*d"2*e”2 - 36%x(3*a”"3 + 4*xaxb”2)*xdxe*xf + 36%*(
3*%a~3 + 4*xaxb"2)*xf72 + 10%(9*a”~3*d"2+xf"2xx72 + 9*a~3*d"2*e”2 - 6*xa”3kd*exf
+ 2*%a”3*f72 + 6% (3*xa~3*d"2%exf - a"3kd*f"2)*x)*cosh(d*x + c)”2 + 36%((3*a”3
+ 4*xaxb”"2)*d"2xexf - (3*%a”3 + 4*xaxb"2)*xd*xf"2)*x - 45%(2*a”2xbxd"2xf " 2xx"2
+ 2%a”2%bxd"2%e”2 - 2%a~2xbxdxexf + a~2%bxf~2 + 2% (2%a"2xb*d"2xexf - a~2xbx*
d*xf~2)*x)*cosh(d*x + c))*sinh(d*x + c)~4 - 144%x((a"2%b + b~3)*d"3*f"2*xx~3 +
3% (a"2*%b + b73)*d"3kexfxx"2 + 3*x(a”2*b + b"3)*d"3*e"2*xx + 6x(a”2%b + b”3)*
cxd"2%e”2 - 6*%(a”2*b + b73)*c"2xdxexf + 2x(a”2*b + b73)*c"3*xf"2)*cosh(d*x +
c)"3 = 2%(72%(a"2*b + b~3)*d"3*xf"2%x"3 + 216*(a"2*b + b"3)*d"3kexf*xx"2 + 2
16%x(a"2*b + b~3)*d"3*e"2*x + 432*%(a"2*b + b~3)*c*d"2%e"2 - 432*%(a"2*b + b~3
Y¥cT2xdxexf + 144*%(a”2%b + b73)*c"3*%f72 + 20%(9%a”3*d"2*xfT2*xx"2 + 9%a~3*d"2
*e72 - 6*a”3kdkexf + 2*xa~3xf72 + 6% (3*%a”3*d"2*exf - a~3xd*xf~2)*x)*cosh(d*x
+ ¢c)73 - 135%(2*a”2xbxd"2+%f"2%x"2 + 2*a”2xbxd"2*e"2 - 2*xa”2xb*xd*exf + a”2x*b
*f72 + 2% (2*%a”2xbxd"2xexf - a”2%b*xd*f~2)*x)*cosh(d*x + ¢)~2 + 108*%((3*a”3 +
4xa*xb”"2) *d"2xf"2%x"2 + (3*%a”3 + 4*axb"2)*d"2xe”2 - 2% (3*a”3 + 4*axb”2)*d*e
*f + 2%(3*%a”3 + 4*xaxb"2)*f"2 + 2% ((3*a”3 + 4*xaxb"2)*xd"2xexf - (3*%a”3 + 4kax
b~2) *d*f~2) *x)*cosh(d*x + c))*sinh(d*x + c)~3 + 54*((3*a”3 + 4*xa*xb~2)*d~2xf
T2%x72 4+ (3*%a”3 + 4*xaxb"2)*d"2%e”2 + 2% (3*a”3 + 4*xaxb~2)xd*exf + 2%(3*a”3 +
4xaxb"2)*xf72 + 2x((3*%a”3 + 4*axb”2)*d"2*xexf + (3*a”3 + 4*xaxb”2)*kd*f72)*x)*
cosh(d*x + ¢)72 + 6%(9%(3*a”3 + 4*axb~2)*d"2+xf " 2%x"2 + 9*(3*a”3 + 4*axb~2)*
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d"2*e”2 - 5% (9*%a~3*d"2*xf"2*x”"2 + 9*%a~3*%d"2*e”2 - 6%a”3kxdxexf + 2%a”~3xf"2 +
6% (3*a~3*d"2*xexf - a~3xdxf~2)*x)*cosh(d*x + c)”4 + 18*(3*a~3 + 4*axb~2)*d*e
*f + 45%(2*%xa~2xbxd"2+xf"2%x"2 + 2%a”2xbxd"2*e”2 - 2*a~2*bxdxexf + a”2xb*xf~2
+ 2% (2*%a”2xbxd"2xexf - a”2%b*d*f”2)*x)*cosh(d*x + ¢)~3 + 18%(3*a”3 + 4x*a*xb”
2)%f72 - B4*x((3*a”3 + 4*axb"2)*d"2+xf"2%x"2 + (3*a”"3 + 4*xaxb"2)*d"2*e”2 - 2%
(8*%a™3 + 4*xaxb~2)*dxexf + 2% (3*a”3 + 4*xaxb”2)*f"2 + 2% ((3*a~3 + 4xaxb”2)*4d”
2%exf - (3*%a”3 + 4*xaxb~2)*xd*f~2)*x)*cosh(d*x + c)~2 + 18x((3*%a~3 + 4*a*b”2)
*d"2%exf + (3*a”3 + 4*xaxb"2)*xd*xf72)*x - 72*x((a"2*%b + b73)*d"3*xf"2xx"3 + 3x*(
a~2%b + b7T3)*d"3kexf*x"2 + 3*x(a”2%b + b"3)*d"3*ke”"2*x + 6x(a"2%b + b~3)*c*d”
2%e”2 - 6*%(a”"2*%b + b~3)*c"2xd*exf + 2%(a”2*b + b"3)*c"3*xf"2)*cosh(d*x + c))
*sinh(d*x + ¢)72 + 12*%(3*a~3*d"2%e*xf + a~3xd*xf~2)*x + 27*(2*a”2xb*xd~2*f ~2*x
T2 + 2*%a"2%bxd"2%e”2 + 2%xa”2xbkxdkexf + a"2xb*f"2 + 2% (2*a”2%bxd"2xexf + a~2
*b*xd*f~2) *x) *cosh(d*x + c) + 864*(((a™2*b + b~ 3)*d*xf~2*xx + (a~2%b + b~3)*d*
exf)*cosh(d*x + ¢c)73 + 3*x((a"2*b + b~ 3)*d*f " 2*x + (a"2*b + b~3)*d*exf)*cosh
(d*x + ¢)"2*sinh(d*x + c) + 3*((a"2%b + b~ 3)*d*f"2*xx + (a"2*b + b~3)*d*exf)
*cosh(d*x + c)*sinh(d*x + ¢)72 + ((a™2%b + b73)*d*xf~2*x + (a~2%b + b~3)*d*e
*xf)*sinh(d*x + c)”"3)*dilog((b*cosh(d*x + c) + b*sinh(d*x + c) + (axcosh(d*x
+ c) + axsinh(d*x + c))*sqrt((a”2 + b72)/a"2) - a)/a + 1) + 864x(((a”2*b +
b~3)*d*xf~2*x + (a”2%b + b73)*d*exf)*cosh(d*x + ¢c)~3 + 3*((a"2*b + b~3)*d*f
~2%x + (a”2*b + b73)*d*exf)*cosh(d*x + c) 2*sinh(d*x + c) + 3*%((a"2*b + b~3
Yxd*xf"2%x + (a”2%b + b73)*d*exf)*cosh(d*x + c)*sinh(d*x + c)”2 + ((a~2xb +
b~3) *d*f~2%x + (a”2%b + b73)*d*exf)*sinh(d*x + c)”3)*dilog((b*xcosh(d*x + c)
+ b*sinh(d*x + c) - (a*cosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/a
~2) - a)/a + 1) + 432x(((a"2xb + b~3)*d"2%e”2 - 2*x(a”2*b + b~3)*ckxd¥exf + (
a~2xb + b73)*c"2xf"2)*cosh(d*x + ¢)~3 + 3*((a"2*b + b~3)*d"2*%e”2 - 2*(a”2x*b
+ b73)*ckdxexf + (a”2%b + b"3)*kc"2xf"2)*cosh(d*x + c¢) 2*sinh(d*x + c) + 3%
((a™2*b + b™3)*d"2*e"2 - 2x(a"2*b + b~ 3)xc*dxexf + (a~2%b + b~3)*c"2*xf~2) *c
osh(d*x + c)*sinh(d*x + c)72 + ((a™2%b + b~3)*d"2*e”™2 - 2x(a~2xb + b~3)*c*d
xexf + (a72*%b + b73)*c”2xf72)*sinh(d*x + c)~3)*log(2*a*xcosh(d*x + c) + 2x*ax
sinh(d*x + c) + 2*xaxsqrt((a”2 + b~2)/a"2) + 2%b) + 432x(((a”2*b + b~3)*d~2x
e”2 - 2%(a”2*b + b"3)*ckxdxexf + (a”2%b + b7"3)*kc"2*xf"2)*cosh(d*x + c)~3 + 3%
((a™2*b + b™3)*d"2*xe"2 - 2x(a"2*b + b~ 3)xc*dxexf + (a~2%b + b~3)*c"2*xf"2) *c
osh(d*x + c) 2*sinh(d*x + c) + 3*%((a™2*b + b~3)*d"2*e”2 - 2x(a”2%b + b~3)*c
*dxexf + (a72%b + b73)*c"2*%f"2)*cosh(d*x + c)*sinh(d*x + ¢c)”2 + ((a™2*b + b
“3)*d"2%e”2 - 2*%(a”"2*b + b73)*ckd¥xexf + (a"2*b + bTI)*c"2xf"2)*sinh(d*x + c
)~3)*log(2*a*xcosh(d*x + c) + 2*axsinh(d*x + c) - 2*ax*sqrt((a”™2 + b~2)/a"2)
+ 2xb) + 432%(((a"2%b + b~ 3)*d"2*xf"2*xx"2 + 2% (a”"2*b + b~3)*d"2*xexf*x + 2*(a
“2%b + b73)*kckdkexf - (a"2xb + b73)*c”2*xf"2)*cosh(d*x + c)~3 + 3*x((a"2*b +
b~3)*d"2*xf"2xx"2 + 2% (a”2*b + b73)*d"2xexfxx + 2% (a”2*b + b7 3)*ckxdxexf - (a
“2%b + b73)*cT2*f"2)*cosh(d*x + c¢) " 2*sinh(d*x + c) + 3*x((a"2*b + b~3)*d"2x*f
"2%x72 4+ 2%(a”2*%b + b~3)*d"2%exf*x + 2%(a”2*%b + b"3)*ckxdxexf - (a”2%b + b”3
Yxc"2%f72) *cosh(d*x + c)*sinh(d*x + ¢)72 + ((a"2*b + b73)*d"2*xf"2%xx~2 + 2x%(
a~2%b + b73)*d"2*xexfxx + 2x(a"2%b + b73)*kckdkexf - (a"2xb + bT3)*cT2*xf72) *s
inh(d*x + c)~3)*log(-(b*cosh(d*x + c) + b*sinh(d*x + c) + (a*cosh(d*x + c)
+ axsinh(d*x + c))*sqrt((a”2 + b~2)/a"2) - a)/a) + 432x(((a"2*b + b~3)*d~2x
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£f72*xx72 + 2% (a”2*b + b~3)*d"2*xexf*x + 2*%(a"2%b + b~3)*kckxd¥xexf - (a"2*b + b~
3)*c”2*xf"2)*cosh(d*x + ¢)~3 + 3*((a"2*%b + b~3)*d"2*xf"2%x"2 + 2*%(a”"2*b + b~3
)*xd"2xexf*xx + 2*%(a”2*%b + b73)*ckxdxexf - (a”2%b + b”3)*kcT2*xf"2)*cosh(d*x + ¢
) 2xsinh(d*x + c) + 3*((a"2*b + b~3)*d"2*%f72%x"2 + 2*%(a”2*%b + b~3)*d"2xexf*
x + 2x(a"2xb + b~3)*ckd*kexf - (a"2*b + b~3)*c"2*%f"2)*cosh(d*x + c)*sinh(d*x
+ ¢c)72 + ((a”2*%b + b73)*d"2*f"2%x"2 + 2*%(a”2%b + b~3)*kd"2%e*xf*xx + 2*x(a~2*b
+ b73)*ckdxexf - (a”2*%b + b73)*xc”"2xf72)*sinh(d*x + c)~3)*1log(-(b*cosh(d*x
+ ¢) + bxsinh(d*x + c¢) - (axcosh(d*x + c) + a*sinh(d*x + c))*sqrt((a”2 + b~
2)/a”2) - a)/a) - 864*x((a"2xb + b~ 3)*f " 2*cosh(d*x + ¢)~3 + 3*x(a”2*b + b~3)*
f~2xcosh(d*x + c) 2*sinh(d*x + c) + 3%(a”™2*b + b~3)*f " 2*xcosh(d*x + c)*sinh(
d*x + ¢)72 + (a”2xb + b~3)*f"2xsinh(d*x + c)”~3)*polylog(3, (b*cosh(d*x + c)
+ b*sinh(d*x + c) + (axcosh(d*x + c) + a*sinh(d*x + c))*sqrt((a”2 + b"2)/a
~2))/a) - 864*x((a"2%b + b~3)*f"2xcosh(d*x + c)~3 + 3x(a”"2*b + b~3)*f " 2*cosh
(d*x + c) " 2*xsinh(d*x + c) + 3*(a"2%b + b~3)*f 2*cosh(d*x + c)*sinh(d*x + c)
2 + (a”2%b + b~3)*f"2*sinh(d*x + c)~3)*polylog(3, (bxcosh(d*x + c) + b*sin
h(d*x + c¢) - (a*cosh(d*x + c) + a*sinh(d*x + c))*sqrt((a”™2 + b~2)/a"2))/a)
+ 3% (18*%a"2+b*d"2*xf"2*x"2 + 18*%a”2*b*d"2*xe”2 + 18*a~2xbkxdxexf - 4x(9*a~3*d”
2%f72xx72 + 9%a”3xd"2%e”2 - 6*a~3kdkexf + 2%a~3*xf72 + 6% (3*xa”3xd"2%exf - a”
3xd*f"2) *x) *cosh(d*x + ¢)75 + 9*a ™ 2xb*f~2 + 45x(2*xa~2%b*xd"2*xf"2*x"2 + 2*a”2
*bxd"2%e”2 — 2%a " 2xbxdxexf + a"2xb*f"2 + 2% (2xa”2xbxd"2*exf - a"2xbxdxf~2)*
x)*cosh(d*x + ¢)74 - 72%((3*a”3 + 4*axb~2)*d"2+xf"2%x"2 + (3*a”~3 + 4*xaxb~2)*
d"2*%e”2 - 2x(3*a”3 + 4xaxb”2)*d*exf + 2% (3*%a”3 + 4xaxb"2)*xf"2 + 2x((3*a”3 +
4xaxb~2) *d"2xexf - (3*%a”3 + 4*axb”2)*d*xf~2)*x)*cosh(d*x + c)~3 - 144*x((a"2
*b + b73)*dA73*FT2*xx"3 + 3x(a”2%b + b73)*dA"3kexf*x"2 + 3*x(a"2%b + b~3)*d"3*e
"2%x + 6*%(a”2*%b + b"3)*cxd"2%e”2 - 6*%(a”2*b + b"3)*c"2xdxexf + 2+%(a”2*b + b
~3)*c”3*%f"2) *kcosh(d*x + ¢)~2 + 18*(2*a"2%b*d " 2*exf + a~2xbxd*xf~2)*x + 36%*((
3*a~3 + 4*xaxb”2)*d"2*fT2%x"2 + (3*%a”3 + 4*xaxb”2)*d"2%e”2 + 2*%(3*a”3 + 4xaxb
“2)xdxexf + 2% (3*%a”3 + 4xaxb"2)*f72 + 2% ((3*a”3 + 4*xaxb~2)*d"2%exf + (3*a”3
+ 4xaxb”2)*d*f~2)*x) *cosh(d*x + c))*sinh(d*x + c))/(a"4*d"3*cosh(d*x + c)~
3 + 3*%a"4xd"3*cosh(d*x + c) " 2*xsinh(d*x + c) + 3*a~4*d"3*cosh(d*x + c)*sinh(
d*x + ¢c)”2 + a"4*xd"3*sinh(d*x + c)~3)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)**2xcosh(d*x+c)**3/(a+bxcsch(d*x+c)),x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (fx + 6)2 cosh (dx + c)3

besch(dx +c¢) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e) 2%cosh(d*x+c) 3/ (a+b*csch(d*x+c)),x, algorithm="giac")

[Out] integrate((f*x + e) 2xcosh(d*x + c)~3/(b*csch(d*x + c) + a), x)
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(@+fx)cosh3(c+dx)
a+bcsch(c+dx)

3.28

Optimal. Leaf size=400

2 2 qectax 5 5 qettax 5 5
f (e )PolyLog(Z,—b_m) bf(a )PolyLog(Z,—m) Rfeoshcrdn ! FE)
a*d? a*d? a3d? ‘

[Out] -(b*xf*xx)/(4*xa~2xd) + (b*x(a”2 + b"2)*(e + f*x)72)/(2*xa~4*f) - (2*f*Coshlc +

d*x])/(3*axd"2) - (b~ 2*f*Coshl[c + d*x])/(a"3*d"2) - (f*Coshlc + d*x]~3)/(9%
axd”2) - (b*(a”2 + b"2)*(e + f*xx)*Log[l + (a*xE~(c + d*x))/(b - Sqrt[a™2 + b
~2])1)/(a~4%d) - (b*x(a”"2 + b™2)x(e + f*x)xLog[l + (a*E~(c + d*x))/(b + Sqrt

[a”2 + b72])])/(a"4*xd) - (bx(a”2 + b~2)*f*PolyLogl[2, -((a*E~(c + d*x))/(b -
Sqrt[a”2 + b~2]))]1)/(a"4*d~2) - (bx(a”2 + b~2)*f*PolyLog[2, -((a*E~(c + dx

x))/(b + Sqrt[a™2 + b~2]))])/(a"4*d"2) + (2%(e + f*x)*Sinh[c + d*x])/(3*axd

) + (b"2%(e + f*x)*Sinh[c + d*x])/(a"3*d) + (b*f*Cosh[c + d*x]*Sinh[c + d*x

1)/ (4xa~2xd"2) + ((e + f*x)*Cosh[c + d*x] " 2*Sinh[c + d*xx])/(3*axd) - (b*(e

+ f*x)*Sinh[c + d*x]~2)/(2*a"2x*d)

Rubi [A] time = 0.551043, antiderivative size = 400, normalized size of antiderivative =

number of rules

1., number of steps used = 18, number of rules used = 13, integrand size = 26, —————— =
integrand size

0.5, Rules used = {5594, 5579, 3310, 3296, 2638, 5565, 5446, 2635, 8, 5561, 2190, 2279, 2391}

2 5 qectax 5 5 qectax 5 5
f (e )PolyLog(Z,—m) Cbf(a )PolyLog(Z,—m) Rfeoshrdn P TE)Cr
a*d? a*d? a3d? ‘

Antiderivative was successfully verified.

[In] Int[((e + f*x)*Cosh[c + d*x]~3)/(a + bxCschl[c + d*x]),x]

[Out] -(b*fx*x)/(4*xa~2+d) + (b*x(a”2 + b~2)*(e + fxx)~2)/(2*¥a~4xf) - (2*fxCoshlc +

d*x])/(3*axd"2) - (b~ 2*f*Coshl[c + d*x])/(a"3*d"2) - (f*Coshlc + d*x]~3)/(9%
axd~2) - (bx(a”2 + b™2)x(e + f*xx)*Logl[l + (a*E~(c + d*x))/(b - Sqrt[a”2 + b
~21)1)/(a~4xd) - (bx(a”2 + b"2)*(e + f*x)*Logl[l + (a*E~(c + d*x))/(b + Sqrt

[2™2 + b™2])]1)/(a"4*d) - (b*x(a"2 + b~2)*f*PolylLog[2, -((a*E~(c + d*x))/(b -
Sqrt[a”2 + b™2]))]1)/(a"4*d~2) - (bx(a”2 + b~2)*f*PolyLog[2, -((a*E~(c + dx

x))/(b + Sqrt[a”2 + b~2]))])/(a"4*d"2) + (2%(e + f*x)*Sinh[c + dxx])/(3*axd

) + (b72%(e + f*x)*Sinh[c + d*x])/(a"3*d) + (bxf*Cosh[c + d*x]*Sinh[c + d*x

1)/ (4xa~2%d"2) + ((e + fxx)*Cosh[c + d*x]~2+Sinh[c + d*x])/(3*a*xd) - (b*x(e

+ f*x)*Sinh[c + d*x]~2)/(2*a"2x*d)
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Rule 5594

Int[((Ce_.) + (£_)*(x_)) " (m_)*(F_)[(c_.) + (d_)*(x_)]1"(n_.))/(Cschl(c_.)
+ (d_)*x)I*M_.) + (a_)), x_Symbol] :> Int[((e + f*x) m*Sinh[c + d*x]*F
[c + d*x]"n)/(b + a*Sinh[c + d*x]), x] /; FreeQ[{a, b, c, d, e, £}, x] & H
yperbolicQ[F] && IntegersQ[m, n]

Rule 5579

Int[(Cosh[(c_.) + (d_.)*x(x )] (p_.)*x((e_.) + (f_.)*(x_)) " (m_.)*Sinh[(c_.) +

(d_)*x )1 (m_.))/((a)) + (b_.)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> D
ist[1/b, Int[(e + fxx) m*xCosh[c + d*x] p*Sinh[c + d*x]"(n - 1), x], x] - Di
stla/b, Int[((e + f*x) m*Cosh[c + d*x] p*Sinh[c + d*x]"(n - 1))/(a + b*Sinh
[c + d*x1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && IGtQ[n,
0] &% IGtQ[p, 0]

Rule 3310

Int[((c_.) + (@_D)*x_))*((b_.)*sinl[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :>
Simp[(d*(bxSin[e + f*x])"n)/(£72*n"2), x] + (Dist[(b"2*(n - 1))/n, Int[(c
+ d*x)*(b*Sinle + f*x])~(n - 2), x], x] - Simp[(b*(c + d*x)*Cos[e + f*x]*(b
*Sinfe + f*x])"(n - 1))/(f*n), x]) /; FreeQl[{b, c, d, e, f}, x] && GtQ[n, 1
]

Rule 3296

Int[((c_.) + (@_)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol] :> -Simp[
((c + d*x) m*Cos[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)"(m - 1)*Cos[
e + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, 0]

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, xI]

Rule 5565

Int[(Cosh[(c_.) + (d_.)*x(x_)]1 " (m_)*((e_.) + (£_.)*x(x_))"(m_.))/((a_) + (b_.
)*Sinh[(c_.) + (d_.)*(x_)]), x_Symbol] :> -Dist[a/b~2, Int[(e + f*x) m*Cosh
[c + d*x]"(n - 2), x], x] + (Dist[1/b, Int[(e + f*x) m*Cosh[c + d*x]"(n - 2
)*Sinh[c + d*x], x], x] + Dist[(a”2 + b~2)/b"2, Int[((e + f*x) m*Coshl[c + d
*x]"(n - 2))/(a + b*Sinh[c + d*x]), x], x]) /; FreeQ[{a, b, c, d, e, f}, x]
&& IGtQ[n, 1] && NeQ[a"2 + b~2, 0] && IGtQ[m, O]

Rule 5446



177

Int[Cosh[(a_.) + (b_.)*(x )I*((c_.) + (d_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*
(x_ )] (n_.), x_Symbol] :> Simp[((c + d*x) m*Sinh[a + b*x]~(n + 1))/(bx(n +
1)), x] - Dist[(d*m)/(b*(n + 1)), Int[(c + d*x)"(m - 1)*Sinh[a + bxx] " (n +
1), x1, x] /; FreeQ[{a, b, ¢, d, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + dx*x
Ix(b*Sinf[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2*x(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2+*n
]

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 5561

Int[(Cosh[(c_.) + (d_.)*(x_)]*((e_.) + (f£_.)*x(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]), x_Symbol] :> -Simp[(e + f*x)"(m + 1)/(b*xf*x(m + 1)),
x] + (Int[((e + f*x)"m*E"(c + d*x))/(a - Rt[a"2 + b~2, 2] + b*E"(c + d*x))
, x] + Int[((e + f*x)"m*E"(c + d*x))/(a + Rt[a”2 + 172, 2] + b*E~(c + d*x))
, x1) /; FreeQ[{a, b, c, d, e, £}, x] && IGtQ[m, 0] && NeQ[a"2 + b2, 0]

Rule 2190

Int [CCCF_)"((g_D*((e_.) + (£_.)*(x_)) )" (n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
Int[Logl[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps
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(e + fx) cosh’(c + dx) e [t fD) cosh’(c + dx) sinh(c + dx) ;
a + besch(c + dx) r= b + asinh(c + dx) *

(e+fx) cosh®(c+dx)
3 >
_ Jler frycosh’c+dndx U)o Geay

a a
_f cosh®(c + dx) N (e+ fx) cosh?(c + dx) sinh(c + dx) N 2 f (e + fx)cosh(c + dx) dx )
B 9ad? 3ad 3a

_ b(a®+0?) e+ fx)? _ feosh®(c +dx) , Ae+ fr)sinh(c+dx) P(e+ fx)sinh(c +c
- 204 f 9ad? 3ad a3d

2
3 b (ﬂz + bz) (e + fx)? ~ 2f cosh(c + dx) ~ b?f cosh(c + dx) B fcosh3(c + dx) B b (a +
B 2a4f 3ad? a3d? 9ad?

_ bfx N b (ﬂz + bz) (e + fx)? B 2f cosh(c + dx) ~ b? f cosh(c + dx) B fcosh3(c + dx) |
 4a2d 204 f 3ad? asd? 9ad?

_ bfx N b (012 + bz) (e + fx)? i 2f cosh(c + dx) ~ b? f cosh(c + dx) B fcoshs(c + dx) |
 4a?d 2atf 3ad? add? 9ad?

Mathematica [C] time = 5.82828, size = 743, normalized size = 1.86

csch(c + dx)(asinh(c + dx) + b) [f (36b (a2 + 2b2) (PolyLog (2, \/HZLJ:; b) + PolyLog (2, —\/azi—:?b) + (¢ + dx)log (1
ac+o— a?+b*+

Antiderivative was successfully verified.

[In] Integrate[((e + f*x)*Cosh[c + d*x]~3)/(a + b*Cschlc + dxx]),x]

[Out] -(Cschlc + d*x]*(b + a*Sinh[c + d*x])*(-36*%a~2*d*e*(-(b*Log[b + a*Sinh[c +

d*x]]) + axSinh[c + d*x]) + (9*a™2xfx(-(b*(2%c + I*Pi + 2%d*x)~2) - 32%b*Ar
cSin[Sqrt[1 + (Ixb)/al/Sqrt[2]]*ArcTan[((I*a + b)*Cot[((2*I)*c + Pi + (2%I)
xd*x)/4]) /Sqrt[a”2 + b~2]] + 8*axCosh[c + dxx] + 4xb*x(2%c + I*Pi + 2*d*x +
(4*I)*ArcSin[Sqrt[1 + (I*b)/al/Sqrt[2]])*Logl[l + ((-b + Sqrtl[a™2 + b~2])*E~

(c + dx*x))/al + 4*xbx(2%c + I*Pi + 2xd*x - (4*I)*ArcSin[Sqrt[1 + (I*b)/al/Sq

rt[2]])*Log[1 - ((b + Sqrt[a”2 + b72])*E~(c + dx*x))/al - (4*I)*b*PixLogl[b +
axSinh[c + d*x]] - 8*bxcxLogl[l + (a*Sinh[c + d*x])/b] + 8*bx(PolyLogl[2, ((

b - Sqrt[a™2 + b"2])*E"(c + d*x))/al + PolyLog[2, ((b + Sqrt[a”™2 + b72])*E~

(c + d*x))/al) - 8*axd*x*Sinh[c + d*x]))/2 + 12*dxe*(3*bx(a”2 + 2xb~2)*Logl
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b + a*Sinh[c + d*x]] - 3*a*(a”™2 + 2*b"2)*Sinh[c + d*x] + 3*a~2*b*Sinh[c + d
*x]72 - 2*%a”3*Sinh[c + d*x]~3) + f*(18*a*(a”2 + 4*xb~2)*Cosh[c + d*x] + 18*a
~2%b*d*x*Cosh[2*(c + d*x)] + 2*xa~3*Cosh[3*(c + d*x)] + 36*xbx(a~2 + 2*¥b~2)*(
-(c + d*x)~2/2 + (c + d*x)*Log[l + (a*E~(c + d*x))/(b - Sqrt[a”2 + b~2])] +

(c + d*x)*Logl[l + (a*E~(c + d*x))/(b + Sqrt[a™2 + b~2])] - c*Logl[b + a*Sin
hlc + d*x]] + PolyLog[2, (a*E~(c + d*x))/(-b + Sqrt[a”2 + b~2])] + PolyLogl
2, —((a*E~(c + d*x))/(b + Sqrt[a”2 + b"2]))]) - 18*ax(a”2 + 4*b~2)*d*x*Sinh
[c + d*x] - 9*%a~2xb*Sinh[2*(c + d*x)] - 6*a”3*d*x*Sinh[3*(c + d*x)])))/(72%
a~4xd~2*(a + b*Cschlc + d*x]))

Maple [B] time = 0.191, size = 1102, normalized size = 2.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x+e)*cosh(d*x+c) 3/ (a+b*csch(d*xx+c)),x)

[Out] 1/8%(3*a”2kd*f*xx+4*xb~2xd*f*x+3%a " 2xd*e+4*b”~2xd*xe-3*a " 2xf-4xb~2*f) /a~3/d " 2xe
xp (d*x+c) -1/16%b* (2xd*xfxx+2*d*e+f) /a~2/d"2%exp (-2*d*x-2xc) —1/16%b* (2xd*f*xx+
2xdxe-f)/a"2/d"2%exp (2*d*x+2%c) —1/8% (3*a~2+4*b~2) * (d*f*x+d*e+f) /a~3/d"2*exp
(=d*x-c)+1/72* (3xd*f*xx+3*d*e-f) /a/d"2*%exp (3*d*xx+3*c) +b~3/a"4/d"2*f*c*1ln(a*e
xp (2%d*x+2%c) +2xb*exp (d*x+c)-a) -2*%b~3/a"~4/d"2xf*c*1ln(exp (d*x+c))-b~3/a~4/d*
fx1ln((-axexp(d*x+c)+(a~2+b~2) " (1/2)-b)/(-b+(a"2+b~2)~(1/2)))*x-b~3/a~4/d " 2%
fx1ln((-axexp(d*x+c)+(a~2+b~2) " (1/2)-b)/(-b+(a"2+b~2) " (1/2)))*c-b~3/a~4/d*fx*
1n((axexp(d*x+c)+(a~2+b~2) ~(1/2)+b) / (b+(a~2+b~2) ~(1/2) ) ) *x-b~3/a~4/d"2*f*1n
((axexp(d*x+c)+(a™2+b~2) " (1/2)+b) /(b+(a”2+b72) " (1/2) ) ) *c+1/a"2xb/d"2*f*c~2-
1/a”2xb/d*e*1n(a*exp (2xd*x+2*c) +2*b*exp (d*x+c) -a)+2/a"2*xb/d*ex1n (exp (d*x+c)
)-1/a"2*%b/d"2xf*dilog((-a*exp(d*x+c)+(a~2+b"2) " (1/2)-b)/(-b+(a~2+b"2)~(1/2)
))-1/a"2%b/d"2xf*xdilog((a*exp(d*x+c)+(a”2+b~2) " (1/2)+b)/(b+(a"2+b~2)~(1/2))
)+1/2%b~3/a~4*xf*x"2-b"3/a"4*xexx-1/72x (3xd*xf*xx+3*d*e+f) /a/d"2%exp (-3*d*x-3*c
)+2/a”2xb/d*f*c*xx-1/a"2%b/d*f*x1n((-axexp (d*x+c)+(a~2+b"2) " (1/2)-b)/(-b+(a”2
+b72) " (1/2)))*x-1/a"2*%b/d"2*f*1n ((—a*exp (d*x+c)+(a”2+b~2) ~(1/2)-b) / (-b+(a"2
+b72)7(1/2))) *c-1/a"2xb/d*xf*1n((a*xexp(d*x+c)+(a”2+b"2) " (1/2)+b) / (b+(a~2+b"2
)~ (1/2)))*x-1/a~2*%b/d"2xf*1n((a*xexp (d*x+c)+(a~2+b"2) ~(1/2)+b) / (b+(a"2+b~2) "~
(1/2)))*c+1/a~2%b/d~2*f*c*1n (axexp (2xd*x+2xc) +2*bxexp (d*x+c)-a)-2/a"2xb/d"2
xf*xcxln(exp(d*x+c))+2*xb~3/a"4/dxfxc*xx+1/2/a"2*%bxf*x"2-1/a"2*b*exx+b~3/a"4/d
~2xf*c"2-b"3/a"4/d*ex1n(axexp (2xd*x+2*c) +2xb*xexp (d*x+c)-a) +2%¥b~3/a~4/d*ex1n
(exp(d*x+c))-b~3/a~4/d"2*xf*dilog((-axexp(d*x+c)+(a~2+b"2) " (1/2)-b)/(-b+(a"2
+b~2)~(1/2)))-b~3/a"4/d"2xf*xdilog((a*xexp(d*x+c)+(a”2+b~2) " (1/2)+b) / (b+(a~2+
b"2)7(1/2)))
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Maxima [F] time = 0., size = 0, normalized size = 0.

1 (3 abe-9x=¢) _ g2 _ 3 (3 a%+4 bz)e(‘2 dx-2 C))e(3 dx+3c) 24 (azb + b3)(dx +¢)  3abel2dx-20) 4 g2(-3dx=30) ;3 (
-—e + +
24

add atd add

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*cosh(d*x+c)”~3/(atb*csch(d*x+c)),x, algorithm="maxima")

[Out] -1/24*xex((3*axbxe”(-d*x - c) - a”2 - 3*(3*a”2 + 4xb72)*e” (-2*d*x - 2*c))*e”
(3*xd*x + 3*c)/(a”3*xd) + 24*x(a"2xb + b~ 3)*(d*x + c)/(a~4*xd) + (3xaxb*xe”(-2x*d
*x — 2%c) + a”"2*%e” (-3xdxx - 3%c) + 3*%(3*a”2 + 4*xb"2)*e”(-d*x - c))/(a"3*d)
+ 24%(a”2*%b + b~3)*log(-2xbxe” (-d*x - c) + axe” (-2xdxx - 2%c) - a)/(a"4xd))
- 1/144%fx ((72*%(a~2%b*d"2%e” (3*c) + b~ 3*d"2*xe” (3*c) ) *x~2 - 2*%(3*a~3*xd*xx*e”
(6xc) - a~3*xe”(6*c))*e” (3xd*xx) + 9% (2*a~2xb*d*x*e” (5%c) - a~2xbxe”(5*c))*e”
(2xd*x) + 18*(3*a”3*xe” (4*xc) + 4xaxb™2xe”(4*c) - (3*a~3xdxe”(4xc) + 4*xaxb™ 2%
d*xe” (4*xc))*x)*e” (d*x) + 18+ (3*a~3*e”(2*c) + 4*xaxb~2xe”(2%c) + (3*a~3*xd*xe” (2
*c) + 4xaxb”2xd*e” (2*%c) ) *x)*e” (—d*x) + 9k (2*a"2*xbkd*x*e”c + a~2¥b*xe”c)*e” (-
2%d*x) + 2% (3*a”3*d*x + a~3)*e” (-3*d*x))*e” (-3%c)/(a"4*d"2) - 18xintegrate(
16 ((a~2xb"2*e"c + b~4*e"c)*x*e” (d*x) - (a”3*b + a*b~3)*x)/(a"b*xe” (2xd*x +
2xc) + 2*a~4xbxe”(d*x + c) - a”5), x))

Fricas [B] time = 1.98321, size = 5828, normalized size = 14.57

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*cosh(d*x+c) "3/ (atb*csch(d*x+c)),x, algorithm="fricas")

[Out] 1/144*(2*(3*a~3xd*f*x + 3*a”3*d*e - a~3*xf)*cosh(d*x + c)76 + 2*%(3*a”~3xd*xf*x
+ 3*%a"3*d*xe — a~3*f)*sinh(d*x + c)”6 - 6*a~3kxdxfxx - 9% (2*a " 2*bkd*xf*x + 2%
a~2xb*xd*e - a~2*b*f)*cosh(d*x + c)~5 - 3*%(6*a”2xbxd*xf*x + 6*xa~2xb*d*e - 3*a
“2xb*xf - 4*(3*a”"3xdxf*x + 3*xa~3*d*e - a~3*f)*cosh(d*x + c))*sinh(d*x + ¢c)~5

- 6*a”3*xd*e + 18*((3*a~3 + 4*axb~2)*d*f*x + (3*a”~3 + 4*xaxb~2)*d*e - (3*a”3

+ 4xaxb”"2)*f)*xcosh(d*x + c)74 + 3*(6%(3*a”~3 + 4xaxb~2)*d*xf*x + 6%(3*a”3 +
4xaxb~2) *dxe + 10*(3*a”3*kdxf*x + 3*a~3xdxe - a~3*f)*cosh(d*x + c)~2 - 6x(3%

a~3 + 4*xaxb”2)*f — 15x(2*xa”2¥b*xd*f*x + 2*a " 2*xbkd*e — a~2xb*f)*cosh(d*x + c)
)Y*¥sinh(d*x + c)74 - 2%a”3*xf + 72x((a”™2*b + b~3)*d"2xf*x"2 + 2*¥(a"2%b + b~3)
*d"2%e*x + 4*x(a”"2%b + b~3)*c*d*e - 2*%(a”2*b + b~3)*c"2xf)*cosh(d*x + c)”3 +
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2% (36*%(a”2*%b + b73)*d"2xf*xx"2 + 72%(a"2*b + b~3)*d"2*xexx + 144%x(a”2%b + b~
3)*kckdxe — 72x(a"2xb + D73)*c”2*f + 20*%(3*a"3xdxfxx + 3*a~3*d*e - a”~3*f)*co
sh(d*x + c)73 - 45x(2*xa~2xbxdxf*x + 2*a~2*b*d*e - a~2xb*xf)*cosh(d*x + c¢)~2
+ 36%((3*a”3 + 4*xaxb~2)*d*xf*x + (3*a”™3 + 4*axb"2)*xdxe - (3*a”3 + 4*axb”2)*f
Y*xcosh(d*x + c¢))*sinh(d*x + c)~3 - 18%((3*a”3 + 4*axb™2)*d*xf*x + (3*%a~3 + 4
*axb~2)*d*e + (3*a~3 + 4*xaxb”2)*f)*cosh(d*x + c)~2 + 6% (5x(3*a”~3xd*xf*x + 3%
a~3*d*e - a”3*f)*cosh(d*x + c)74 - 3*%(3*a”3 + 4*xaxb~2)*xdxfxx - 15%(2*a”2*b*
d*xf*x + 2*%a~2xbxdxe - a~2%b*f)*cosh(d*x + c)~3 - 3%(3*a”3 + 4*a*b”2)*d*e +
18* ((3*a~3 + 4*axb™2)*d*xf*x + (3*a”3 + 4xa*xb~2)*d*e - (3*a”3 + 4*xaxb~2)*f)*
cosh(d*x + ¢)72 - 3*(3*a”"3 + 4*xaxb~2)*f + 36*%((a"2*%b + b~3)*d"2*xf*xx"2 + 2x%(
a"2*b + b73)*d"2*exx + 4x(a"2*b + b~3)*ckd*e - 2*x(a"2*%b + b~3)*c”2*f)*cosh(
d*x + c))*sinh(d*x + ¢)72 - 9% (2*a~2*bkd*xf*x + 2*xa~2xbxd*e + a~2*b*f)*cosh(
d*x + c) - 144*x((a"2*b + b~3)*fxcosh(d*x + c)~3 + 3*(a"2xb + b~3)*f*xcosh(dx*
x + c)"2xsinh(d*x + c) + 3*(a"2%b + b~3)*fxcosh(d*x + c)*sinh(d*x + c)~2 +
(a”2*%b + b~3)*f*sinh(d*x + c)~3)*dilog((b*cosh(d*x + c) + bxsinh(d*x + c) +

(a*xcosh(d*x + c) + a*xsinh(d*x + c))*sqrt((a”2 + b"2)/a"2) - a)/a + 1) - 14
4x((a"2xb + b~3)*f*cosh(d*x + c)~3 + 3*x(a"2xb + b~3)*f*cosh(d*x + c) 2xsinh
(d*x + c) + 3*(a"2*b + b~3)*f*xcosh(d*x + c)*sinh(d*x + c)~2 + (a"2*b + b~3)
xf*xsinh(d*x + c)~3)*dilog((b*cosh(d*x + c) + bxsinh(d*x + c) - (a*cosh(d*x
+ ¢) + axsinh(d*x + c))*sqrt((a”2 + b72)/a"2) - a)/a + 1) - 144x(((a"2*b +
b~3)*d*e - (a”2%b + b~ 3)*c*f)*cosh(d*x + ¢c)~3 + 3*x((a™2*b + b"3)*d*e - (a~2
*b + b73)*c*kf)*cosh(d*x + c¢) 2*sinh(d*x + c) + 3*((a"2*b + b~3)*d*e - (a™2%
b + b73)*cxf)*xcosh(d*x + c)*sinh(d*x + ¢c)~2 + ((a™2%b + b~3)*d*e - (a"2*xb +

b~3) *c*xf)*sinh(d*x + c)~3)*log(2*a*cosh(d*x + c) + 2*axsinh(d*x + c) + 2%*a
xsqrt((a”2 + b72)/a"2) + 2xb) - 144x(((a"2%b + b~3)*d*e - (a"2%b + b~3)*cx*f
Yxcosh(d*x + ¢)73 + 3*x((a"2*b + b~3)*d*e - (a”2*b + b~3)*c*f)*cosh(d*x + ¢)
“2*%sinh(d*x + c) + 3*%((a"2%b + b~3)*d*e - (a"2%b + b~3)*c*xf)*cosh(d*x + c)*
sinh(d*x + ¢c)72 + ((a"2*b + b~3)*d*e - (a”™2*b + b~3)*c*xf)*sinh(d*x + c)~3)*
log(2*axcosh(d*x + c) + 2%axsinh(d*x + c) - 2%a*xsqrt((a”2 + b~2)/a"2) + 2*b
) — 144x(((a"2%b + b7 3)*d*xf*x + (a~2xb + b~ 3)*c*f)*cosh(d*x + ¢)~3 + 3x((a”
2%b + b73)*kdxf*xx + (a"2%b + b~3)*ckf)*cosh(d*x + c) " 2*sinh(d*x + c¢c) + 3*((a
“2*%b + b73)*d*xf*x + (a"2*b + b~3)*c*f)*cosh(d*x + c)*sinh(d*x + c)~2 + ((a~
2%b + b73)xd*f*xx + (a”2xb + b~3)*c*xf)*sinh(d*x + c)~3)*log(-(b*cosh(d*x + c
) + bxsinh(d*x + c) + (a*cosh(d*x + c) + axsinh(d*x + c))*sqrt((a”2 + b~2)/
a"2) - a)/a) - 144x(((a"2%b + b~3)*dxfxx + (a~2%b + b~ 3)*c*f)*cosh(d*x + c)
~3 + 3*%((a”2*b + b"3)*dxfxx + (a~2%b + b~ 3)*c*f)*cosh(d*x + c¢) 2*sinh(d*xx +

c) + 3x((a"2xb + b~3)*dxf*xx + (a~2%b + b~ 3)*cxf)*cosh(d*x + c)*sinh(d*x +
c)”2 + ((a72%b + b73)*dxf*x + (a”2*b + b7~3)*c*f)*sinh(d*x + c)~3)*1log(-(b*c
osh(d*x + c) + b*sinh(d*x + c) - (a*cosh(d*x + c) + axsinh(d*x + c))*sqrt((
a2 + b72)/a"2) - a)/a) - 3x(6*a"2%b*xd*f*x - 4*(3*a"3xdxf*x + 3*a~3*d*e - a
~3*f)*cosh(d*x + c)75 + 6*xa~2%b*xd*e + 15%(2*%a " 2xbxd*xf*x + 2*xa~2*b*d*e - a”2
*b*f)*cosh(d*x + c)™4 + 3*xa~2xb*xf - 24%((3*a”3 + 4*axb~2)*dxfxx + (3*a~3 +
dxaxb~2)xdxe - (3*%a~3 + 4*a*b”2)*f)*cosh(d*x + ¢)~3 - 72%((a"2*b + b~3)*d"2
*fxx"2 + 2% (a”2%b + b"3)*d"2*%e*xx + 4x(a”2%b + b73)*ckd*e - 2x(a"2*b + b~3)*
c"2xf)*cosh(d*x + ¢c)72 + 12x((3*a”~3 + 4*a*xb~2)*d*f*x + (3*a”™3 + 4*xaxb~2)*d*
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e + (3*a”3 + 4xaxb~2)*f)*xcosh(d*x + c))*sinh(d*x + c))/(a"4*d"2*xcosh(d*x +
c)"3 + 3*%a~4xd"2*xcosh(d*x + c) 2*sinh(d*x + c) + 3*a~4*xd"2*xcosh(d*x + c)*si
nh(d*x + ¢c)72 + a"4xd"2*sinh(d*x + c)~3)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x+e)*cosh(d*x+c)**3/(at+bxcsch(d*x+c)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (fx + e) cosh (dx + c)3

besch(dx +c)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx+e)*cosh(d*x+c)~3/(atb*csch(d*x+c)),x, algorithm="giac")

[Out] integrate((f*x + e)*cosh(d*x + c)~3/(b*csch(d*x + c) + a), x)
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3
3 99 f cosh™(c+dx)

a+bcsch(c+dx)

Optimal. Leaf size=85

(az + bz) sinh(c+dx) b (a2 + bz) log(asinh(c +dx) +b)  psinh®(c +dx) sinh®(c + dx)
- +

a3d ad 2a2d 3ad

[Out] -((bx(a”2 + b~™2)*Logl[b + a*Sinh[c + d*x]])/(a"4*d)) + ((a”2 + b~2)*Sinh[c +
d*x])/(a"3%d) - (b*Sinh[c + d*x]~2)/(2%¥a"2*d) + Sinh[c + dxx]~3/(3*axd)

Rubi [A] time = 0.182335, antiderivative size = 85, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 4, integrand size = 21, i L

0.19, Rules used = {3872, 2837, 12, 772}

integrand size

(a2 + b?) sinh(c + dx) b (a? +b?)log(asinh(c +dx) +b) bsinh®(c +dx) sinh®(c + dx)
- - +
a’d a*d 2a%d 3ad

Antiderivative was successfully verified.

[In] Int[Cosh[c + d*x]~3/(a + b*Cschlc + d*x]),x]

[Out] -((bx(a”2 + b~2)*Log[b + a*Sinh[c + d*x]])/(a"4xd)) + ((a”2 + b~2)*Sinh[c +
d*x])/(a"3*d) - (b*Sinh[c + d*x]~2)/(2*xa”2%d) + Sinh[c + dxx]~3/(3*axd)

Rule 3872

Int[(cosl[(e_.) + (f_)*(x_)I*x(g_.))"(p_.)*(cscl(e_.) + (£_)*(x )]1*(b_.) +
(a_))~(m_.), x_Symbol] :> Int[((g*Cos[e + f*x]) px(b + a*Sin[e + f*x])"m)/S
in[e + f*x]"m, x] /; FreeQ[{a, b, e, f, g, p}, x] && IntegerQ[m]

Rule 2837

Int[cos[(e_.) + (f_)*(x )] (p)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x)]1) " (m_
Ox((c_.) + (d_)#*sin[(e_.) + (f_.)*x(x_)]1)"(n_.), x_Symbol] :> Dist[1/(b7px*
f), Subst[Int[(a + x)"m*x(c + (d*x)/b)"n*x(b"2 - x72)"((p - 1)/2), x], x, bxS
infe + f*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n}, x] && IntegerQ[(p - 1)/
2] && NeQ[a"2 - b~2, 0]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 772

Int[((d_.) + (e_)*x_D))"(m_H)*x((£_.) + (g_.)*&x))*((a)) + (c_.)*x(x_)"2)7(
p_.), x_Symbol] :> Int[ExpandIntegrand[(d + exx) m*x(f + gxx)*(a + c*x72)7p,
x], x1 /; FreeQl{a, c, d, e, £, g, m}, x] && IGtQ[p, O]

Rubi steps

f cosh3(c + dx) gy =i f coshB(c + dx) sinh(c + dx)
a+besch(c+dx) ib + ia sinh(c + dx)

2_,2
iSubst (f =) dx, x,ia sinh(c + dx))

a(ib+x)
T a3d
2_.2
iSubst ( f x(?b; ) dx, x,ia sinh(c + dx))
- a*d
b(a?+b?
iSubst (f (az (1 + é) M ’ ) + ibx — xz) dx, x,iasinh(c + dx))
a b—ix
B a*d
b(a? +b?)log(b + asinh(c + dx))  (a +b?)sinh(c +dx) psinh®(c +dx) sinh(c+
a*d add 2a2d 3ad

Mathematica [A] time = 0.223873, size = 75, normalized size = (.88

6a (a2 + bz) sinh(c + dx) — 6b (az + bz) log(a sinh(c + dx) + b) — 3a2bsinh?(c + dx) + 243 sinh®(c + dx)
6a*d

Antiderivative was successfully verified.

[In] Integrate[Cosh[c + d*x]~3/(a + b*Cschlc + d*x]),x]

[Out] (-6*b*x(a”2 + b~2)*Log[b + a*Sinh[c + d*x]] + 6*ax(a”2 + b~2)*Sinh[c + d*x]
- 3xa"2*b*Sinh[c + d*x]~2 + 2%a”3*Sinh[c + d*x]73)/(6*a”~4*d)
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Maple [B] time = 0.053, size = 428, normalized size = 5.

! t hdx+c+1_3+ ! t hdx+c+1_2 b t hdx+c +1_2 ! t hdx+c+
3da\ 2 T2 2da "M 2 T2 242 "M\ 2 T2 da "M 2 T2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(d*x+c)~3/(a+b*xcsch(d*x+c)),x)

[Out] -1/3/d/a/(tanh(1/2*d*x+1/2%c)+1)"3+1/2/d/a/(tanh(1/2*d*x+1/2*c)+1)"2-1/2/d/
a~2/(tanh(1/2*d*x+1/2%c)+1) " 2*b-1/d/a/(tanh(1/2*d*x+1/2*c)+1)+1/2/d/a"2/(ta
nh(1/2xd*x+1/2*c)+1)*b-1/d/a~3/(tanh (1/2*d*x+1/2*c)+1)*b"2+1/d/a"2*x1n (tanh(
1/2*d*x+1/2*c)+1) *b+1/d*b"3/a"4*x1n(tanh (1/2*d*x+1/2*c)+1)-1/d*b/a"2*1n(tanh
(1/2%d*x+1/2%c) ~2*xb-2*a*tanh (1/2*xd*x+1/2*c)-b)-1/d*b"3/a"4*1n(tanh (1/2*d*x+
1/2%c) "2xb-2*axtanh (1/2*d*x+1/2*c)-b)-1/3/d/a/ (tanh(1/2*d*x+1/2*c)-1)~3-1/2

/d/a/ (tanh(1/2*xd*x+1/2*c)-1)"2-1/2/d/a"2/(tanh(1/2*d*x+1/2*c)-1) "2xb-1/d/a/
(tanh(1/2%d*x+1/2*c)-1)-1/2/d/a"~2/ (tanh(1/2*d*x+1/2*c)-1)*b-1/d/a~3/(tanh (1
/2%d*x+1/2%c)-1)*b"2+1/d/a"2*1n(tanh (1/2*d*x+1/2*c)-1) *b+1/d*b~3/a"4*1n(tan
h(1/2*d*x+1/2*c)-1)

Maxima [B] time = 1.21209, size = 247, normalized size = 2.91

(3 abe=#=0) _ 42 _ 3 (3 a? +4 bz)e(‘2 dx-2 C))e(3 dx+3c) (azb + b3)(dx +c)  3abe-2dx-2¢) 4 g2,(-3dx-3¢c) L 3 (3 a2 + -
- 2443d - a*d - 24a3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c) 3/ (atb*csch(d*x+c)),x, algorithm="maxima")

[Out] -1/24*x(3*axbxe”(-d*x - c) - a2 - 3*(3*a”2 + 4*xb~2)*xe” (-2*d*x - 2*c))*e” (3%

d*x + 3*c)/(a"3xd) - (a”2%b + b~"3)*(d*x + c)/(a"4xd) - 1/24*(3*xaxbkxe” (-2*xdx*

X — 2*%c) + a"2%e”(-3*d*x - 3*c) + 3*(3*a"2 + 4xb"2)*e”(-d*x - c))/(a"3*xd) -
(a™2%b + b73)*log(-2%b*e” (-d*x - c) + axe” (-2*d*x - 2%c) - a)/(a"4x*d)

Fricas [B] time = 1.82615, size = 1613, normalized size = 18.98

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cosh(d*x+c) "3/ (a+b*csch(d*x+c)),x, algorithm="fricas")

[Out] 1/24*x(a"3*cosh(d*x + c)”6 + a"3*xsinh(d*x + c)~6 - 3*a”2*bxcosh(d*x + c)~5 +
24x(a~2%b + b"3)*d*x*cosh(d*x + ¢c)~3 + 3*(2*xa~3*cosh(d*x + c) - a~2%b)*sin
h(d*x + ¢)~5 + 3*%(3*a”3 + 4*axb”~2)*cosh(d*x + c)~4 + 3*(5%a”"3*cosh(d*x + c)
2 - b*a"2*b*cosh(d*x + c) + 3*a”3 + 4*a*b”2)*sinh(d*x + c)~4 - 3*a~2xb*cos
h(d*x + c) + 2*x(10*a”"3*cosh(d*x + c)~3 - 15%¥a”2*bxcosh(d*x + c)~2 + 12%(a"2
*b + b73)kd*x + 6%x(3*%a”"3 + 4*axb~2)*cosh(d*x + c¢))*sinh(d*x + ¢c)~3 - a~3 -
3*%(3*a”"3 + 4*xaxb~2)*cosh(d*x + c)”2 + 3*(5*xa~3xcosh(d*x + c)”4 - 10*a"2*bx*c
osh(d*x + c)73 + 24*x(a"2*b + b~3)*d*x*cosh(d*x + c) - 3*a~3 — 4xa*xb~2 + 6x*(
3*xa”~3 + 4xaxb~2)*cosh(d*x + c)~2)*sinh(d*x + c)”2 - 24*x((a"2%b + b~3)*cosh(
d*x + ¢c)”3 + 3*x(a"2xb + b~3)*cosh(d*x + c) 2xsinh(d*x + c) + 3*(a"2*b + b~3
)*cosh(d*x + c)*sinh(d*x + c)72 + (a”2%b + b~3)*sinh(d*x + c)~3)*log(2*(a*s
inh(d*x + ¢c) + b)/(cosh(d*x + c) - sinh(d*x + c))) + 3*(2*xa~3*cosh(d*x + c)
5 - B*a”2*b*cosh(d*x + c)~4 + 24x(a”2%b + b~ 3)*d*x*cosh(d*x + ¢)72 + 4% (3%
a~3 + 4*axb"2)*cosh(d*x + ¢c)”3 - a™2*b - 2*(3*a”3 + 4*a*xb~2)*cosh(d*x + c))
*sinh(d*x + c))/(a"4*d*cosh(d*x + c)~3 + 3*a~4*d*xcosh(d*x + c) 2*sinh(d*x +
c) + 3%a"4xdxcosh(d*x + c)*sinh(d*x + c)~2 + a~4*d*sinh(d*x + c)~3)

Sympy [F] time = 0., size = 0, normalized size = 0.

f cosh® (c +dx)

a+ besch (¢ + dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c)**3/(atb*csch(d*x+c)),x)

[Out] Integral(cosh(c + d*x)**3/(a + b*csch(c + d*x)), x)

Giac [A] time = 1.18495, size = 215, normalized size = 2.53

(ﬁb+bﬂk%qﬂdﬂﬂtﬁkﬂﬂw+24) a%ﬂ@@ﬁ@_é%kdf_3amﬂ@@Hd_A%P@f+1mﬂfkwﬁd_aﬂ
atd " 24 B3P

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(d*x+c) 3/ (atb*csch(d*x+c)),x, algorithm="giac")
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[Out] -(a"2*%b + b~3)*log(abs(ax(e~(d*x + c) - e~ (-d*x - c)) + 2xb))/(a"4*xd) + 1/2
4x(a~2xd"2x(e”(d*x + c) - e~ (-d*x - ¢))~3 - 3*a*xb*d™2x(e”(d*x + c) - e~ (-d*

X — ¢))72 + 12%xa"2%d"2x (e (d*x + c) - e"(-d*x - c)) + 12%b"2xd"2*(e” (d*x +

c) - e (-d*x - ¢)))/(a"3xd"3)



188



ol e S R

LT S S o S e S S S S S Sy S S et
H S © 0 N A W N R o ©

Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],

189




22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
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66
67
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If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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71
72
73
74
75
76
77
78
79
80
81
82
83
84
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86
87
88
89
90
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95
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97
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417
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103
104
105
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107
108
109
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111
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113
114
115
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131
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is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
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ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by )
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)




170
171
172
173
174
175

176
177
178
179
180
181
182
183
184
185
186

187
188
189
190
191
192

203

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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